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SECTION  I 


INTROPUCT'ION 


X.I  Background 

Concorn  for  tho  ability  of  struoturon  to  withntand  oxtromo 
loaclinga  associatad  with  aocidont  aonditiono  in  racoiving  incroannd 
attention  from  onginoors.  To  dotorinino  tho  dogroo  of  aafoty  aHaoclatod 
with  tho  ability  of  thoir  dosigns  to  sustain  damage  and  absorb  energy, 
engineers  must  now  study  the  dynamic  largo-deflection  elastic-plastic 
responses  of  structures  subjected  to  those  impact  and  transient  loads 
which  may  occur  in  an  accident.  For  instance,  aircraft  and  aircraft 
engine  designers  are  now  studying  the  responses  of  turbojet  engine  contain- 
ment structures  which  may  be  subjected  to  impact  by  engine  rotor  fragments 
following  the  potential  failure  of  high-energy  rotating  engine  parts 
(caused  by  the  ingestion  of  birds  or  other  foreign  objects,  low  cycle  and 
high  cycle  fatigue,  etc.). 

The  power  industry  is  concerned  with  components  and  equipment  of 
conventional  and  nuclear  powerplants  which  may  be  subjected  to  impact  from 
a wide  variety  of  "internally  generated"  missiles  such  as  rotor  blades, 
rotor  disk  segments,  pipe  or  valve  segments,  etc.  or  to  "externally- 
generated"  missiles  such  as  tornado-propelled  pipes,  rods,  planks,  utility 
poles,  and  automobiles,  or  to  Impact  by  aircraft  or  other  such  vehicles. 
Naval  vehicles,  such  as  submarines,  must  be  designed  to  undergo  signifi- 
cant transient  undersea  environmental  loadings.  Nonlinear  transient 
response  emalysis  is  also  employed  in  studies  of  offshore  drilling  plat- 
forms, response  of  buildings  to  seismic  loadings,  energy-absorbing  capacity 
of  automobiles,  aircraft  crashworthiness  design  and  assessment,  etc. 

The  loadings  and/or  fragment  sizes,  masses,  geometries,  and  especially 
the  attendant  impact  velocities  for  these  "threats"  are  in  an  analysis 
domain  quite  different  from  those  of  "military  missiles  or  loadings". 
Therefore,  the  extensive  impact,  penetration,  perforation,  and  response 
data  which  have  been  collected  for  the  military  in  experiments  on  Various 
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niotallic,  rainfarcod  concroto,  or  othor  target  matorl.als,  eannot  Borvo  aa 
a baalR  fob  atruotural  dooign  againnt  tho  otted  civilian  throatn, 

AltliQugli  many  ntructuron  may  bo  donignod  to  wlthRtand  oovoro  loadn 
by  incroaBlng  thoir  bulk,  tho  addition  of  oxconnivo  woight  may  introdnco 
novoro  f3conomic  pnnaltion  or  dogradatlon  in  porformanon  for  many  applioa'-’ 
tionn.  Par  offlclont  minimum  woight  donign,  it  in  thon  noaonnary  to  tako 
bottar  advantaqn  of  tho  onorgy-obnorbing  capaoition  of  matorialn  by 
permitting  thorn  to  undergo  largo  plaotie  ntrainn  and  doforrantionn.  Tho 
oomplox  and  nonlinoar  eharaotor  of  ouch  otructural  problomo,  howovor» 
makuQ  it  imposBlblo  to  dovolop  a clannieal  analytical  aolution,  and 
attention  has  boon  direotod  at  approximate  methods.  Tho  computer  has 
provided  a practical  means  of  obtaining  meaningful  predictions  for  these 
types  of  complex  problems,  and  corresponding  numerical  analysis  procedures 
have  been  developed  and  expanded. 

In  order  to  provide  detailed  transient  response  data  of  the  high  resolu- 
tion and  accuracy  required  for  a definitive  assessment  of  tho  various 
predictive  methods,  a variety  of  impulsive  loading  and  impact  experiments 
has  been  Conducted  at  the  MIT-ASRL,  including  impact  tests  of  steel 
spheres  against  or  impulse  loading  of  aluminum  beams  tU*  and  aluminum 
panels  [2] , The  missiles  and  targets  introduced  in  these  experiments 
pose  well-defined  Impact  configurations  and  conditions  for  which  transient 
strain,  permanent  strain,  and  permanent  deflection  data  of  high  quality 
have  been  obtained.  These  test  conditions  have  included  impulse  loading 
or  impact  velocities  sufficient  to  produce  responses  of  veurious  severities 
up  to  and  including  threshold  rupture  conditions;  often  finite  strains 
well  beyond  the  "small  strain  range"  were  observed. 

To  date,  an  accurate  and  rational  accounting  of  theoretical  transient 
structural  response  prediction  methods  capable  of  incorporating  the  effects 
of  large  strains  and  deformations  in  metallic  structures  siabjected  to 
impact  or  impulse  loading  has  not  been  demonstrated.  No  comparisons 
between  small  strain  theory  predictions  and  finite  strain  theory  results 


Numbers  in  brackets  t 1 denote  references  given  in  the  reference  list. 
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hflvo  bc'Bn  found  in  thn  litemturfi  to  ^scnirfaln  tho  iran^n  of  validity  of 
Rfnali  strain  theory# 

The  compariaonn  of  prodiotiona  va.  oxporlmonto  in  tho  literature 
unually  inveivo  only  diapiacetnontOt  With  one  oxcaption  f3]  ^ no  coinparinona 
have  boon  found  whioh  ahow  strain  ronulta  vn.  oxpnrininnta.l  mnanuromontn 
for  ntrninn  that  nrn  outoido  tho  ''amall  attain"  range,  it  la  to  bn  noted 
that  dinplaGoment  ronulta  are  a muoh  poornr  baain  of  oatabllahlng  the 
validity  of  a finite  olomnnt  formulation  than  tho  unn  of  diroot  atrain 
oompnrlnona.  fitrainn  involve  dnrivatioo  of  dinplacomonta  and,  honen,  are 
a muoh  finor  monauro  of  accuracy  of  numorieal  mothodo.  Purthormoro,  tho 
Htruino  tliomnolvoo  aro  uoually  of  primary  intoront  and  oiynificancc. 

Siuco  tho  otroao-otrain  curvoa  for  many  otructural  matorialo  are 
usually  vary  flat  in  the  plaatic  range,  a email  error  in  tho  atrain  will 
produce  a smaller  error  in  the  atroauj  whoreao,  a small  error  in  the  atreas 
will  produce  a much  larger  error  in  the  atrain,  For  this  reason,  atrain- 
baaod  criteria  for  necking  and  fracture  are  more  "sensitive"  and  more 
roliiible  than  are  atreaa-basod  corresponding  criteria. 

It  is  evident  that  finite  strains  are  present  in  impulsively-loaded  or 
impacted  ductile  metal  structures  deformed  to  the  threshold  of  rupture. 

For  example,  the  steel-sphere  impacted  and  explosively-loaded  beams  and 
panels  reported  in  Refs.  1 and  2 suffered  large  strains.  Some  of  them 
slightly  exceeded  the  rupture  tlireshold,  while  other  specimens  experienced 
large  strains  but  did  not  rupture,  in  addition,  static  uniaxial  tensile, 
compressive,  and  cyclic  loading  tests  have  been  conducted  at  the  MIT-ASRL 
on  the  same  aluminum  material  employed  in  the  beam,  plate,  and  shell  large 
strain  elastic-plastic  transient  response  experiments.  These  tests 
revealed  that  the  6061-T651  aluminum  material  used  for  the  impulsively- 
loaded  and  steel-sphere  impacted  beam  and  plate  specimens  fractures  at 
strains  that  cannot  be  considered  "small".  The  6061-T651  aluminum  test 
coupons  that  were  machined  parallel  to  the  plate-stock  roll  direction 
(or  longitudinal,  "L",  specimens)  fractured  in  static  uniaxial  testa  at 

relative  elongations  ■=■  0.8,  where  = -gi  - 1,  bdihg  the  final 
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(initial)  gago  length.  Large  perr.anant  strains  (recorded  using 
mechanically  lightly'-scribod  marks)  in  the  impulsively'- loaded  and  stoe) 
shere  impacted  plates  reached  « 0.3  tor  the  specimens  that  were  at 
the  rupture  threshold. 

necognining  that  finite  strain  offnats  are  present  in  these  prolalems, 
reiii'Uile  predictions  demand  that  such  etfocts  bn  included  rationally  and 
properly  in  the  analysis. 

Various  foniiulations  have  bo(m  ompioyod  to  treat  nonlinear  static 
and/or  dynamic  problomo  involving  large  rotations,  largo  strains,  and 
path-lmlopondent  or  path-dupendont  mutijrial  rionlinouritioui  uoo  for 
oxamplo,  the  articlua  of  Buthu  ot  al.  [4],  Nomat-Nasour  [9],  and  .Stricklin 
and  Halo  lor  [6] . All  of  those  formulations  uuo  oithur  throu-'dlmunaional 
continuum  oquationo  (most  of  thum  rostrlctod  to  piano  strain,  piano  atrosn, 
or  axlsymmotric  solids)  or  the  mombrano  theory  of  platoa  and  shollo 
(rootricted  to  very  thin  shollo).  Furthormoro , only  iootroplo  and/or 
kinomatlc  hardening  rules  arc  present  in  these  finito-atraln  elastic- 
plastic  formulations,  and  it  seems  that  none  of  the  computer  implementa- 
tions of  these  formulations  employ  a (total  Lagrangian)  fixed  reference 
configuration  for  the  analysis  of  finite-strain  plasticity. 

Of  course,  the  strain-displacement  equations  which  are  valid  for 
finite  strains  and  large  displacements  of  a three-dimensional  continuum^ 
have  been  Itnown  for  more  than  a century  [7,  page  270]  being  due  to.  Cauchy 
(8,9,10  and  11,  for  example]  who  fully  elaborated  the  theory  of  small 
strain,  obtaining  it  by  specialization  from  his  general  theory  of  finite 
strain.  The  history  of  the  membrane  theory  of  plates  and  shells  goes 
back  to  the  eighteenth  century  (12] , However,  the  equations  for  large 
strains  ot  thin  bodies  involving  both  membrane  and  bending  effects  are 
more  difficult  to  derive  and  ate  not  found  in  explicit  form  at  least  in 
the  readily  accessible  engineering  literature.  Koiter  [13,  page  2] 


as  And,  consequently,  the  even  simpler  strain-displacement  aquations  of 
a three-dimensional  cofttinUom  under  the  simplifying  assumptions  of 
plane  strain,  plane  stress,  or  axiaymmotry  are  also  well  known. 
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rocQgnizQfl  that  the  strain-displacement  relations  for  large  deflections^ 
of  shells  are  ''extremely  complicated",  It  is  the  prosonco  of  second 
derivatives  and  the  larger  number  of  tormn  In  curved  beamn»  platen,  and 
shells  that  rostrlctn  tho  extonnlve  literature  in  finite  strain  analysis 
to  the  equations  of  throe-dJmonsional  continue  and  their  simplified 
vornlons,  or  to  mowbrano  theory.  Hie  only  method  of  analynin  of  transient, 
large-deflection,  finite-strain,  olontic-plantic  renponne  of  ntructuren 
utllining  shell  theory  (Including  both  membrane  and  bending  effoctn)  nenmn 
to  be  the  PKTR08  [14-31]  ’soriun  of  codon  Uev(5,lopod  in  tho  period  19no-l<)7!j. 

There  are  many  fundamontal  differoncen  botwcu;n  Mie  formulatlonu  used 
In  tho  prmiont  ntudy  and  that  of  tlio  uurllor  work  of  PliTROS,  Tluj  prenont 
oquatiant]  arc  aolvcd  by  the  upatial  flnlto-olumunt  method  while  PHTROS  in 
a opatial  finite-dlfforonco  computer  codo.  Also,  all  of  tho  cquationo  In 
tho  prusunt  analynia  arc  oaat  in  tho  ruforontial  doscription*^  of  motion 
taking  a fixed  (Indepondunt  of  time)  placGmont*^  aa  roferunco,  while  PETROS 
uoua  easuntially  tho  preuont  placomont  aa  tho  roforonco.  Alao,  thoao  two 
analyaoo  differ  in  the  typo  and  implomontation  of  finite  atrain  plasticity 
theory  used. 

a r Ko i to r /do^^^  large  de f lo ctiona " aa  being  characterized  by  the  abaenco 

of  restrictions  aa  to  the  magnitude  of  the  displacements , which  is 
different  from  the  engineering  definition  of  "large  deflections"  — 
usually  understood  aa  deflections  larger  than  the  thickness  of  the 
thin  body  but  smaller  than  its  spanwise  dimensions. 

b:  Still  called  the  Lagrangian  description  of  motion,  especially  by 
hydrodynami cists,  although  it  was  first  introduced  by  Euler. 

c;  Tho  choice  of  this  reference  placement  is  arbitrary,  it  can  be  any 
configuration  that  the  body  has  or  might  occupy,  but  usually  one 
chooses  the  original,  undeformed  configuration.  Truesdell  122,  page  79] 
writes  about  the  referential  description:  "Some  form  of  it  is  always 

used  in  classical  elasticity  theory,  and  the  best  studies  of  the 
foundations  of  classical  hydrodynamics  from  Euler's  day  to  the  present 
have  employed  it  almost  without  fail". 

d:  Truesdell  calls  it  the  "relative"  description  [22,  page  89]  and  it 
should  not  be  confus.ed  with  the  spatial  description  of  motion,  known 
as  "Eulerian"  by  hydrodynamicists. 
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Bottor  choicofl  of  stroBfj  and  stroBS  rata  am  made  in  the  pranant  anaXyaifl. 

In  the  pant  two  dacadoa  tho  nunibar  of  pwblicationB  concornad  with  finite 
strain  plaotiaity  has  grown  trcmondcmaly  and  significant  ndvancon  have 
boon  mada  In  tho  fin id  of  oonntitutivo  oquationn.  Tho  pronont  ntudy 
provides  a moro  systomatic  and  aonr-iintont  prooontatloni  formulation » and 
implomontation  of  tho  concopts  involved  than  has  boon  found  in  tho 
technical  litoruturo.  On  tho  other  hand,  tho  following  useful  features 
of  PETROS:  (1)  the  strain-rate  dependent  raochanical-aublayor-modol  for 

time-dependent  plasticity  (the  present  analysis,  however,  does  not  include 
relaxation  effects  and  is  restricted  to  isothermal  conditions)  and  (2)  a 
body-fixed  system  of  convected  (intrinsic)  coordinates,  are  employed  in 

the  present  analysis* 

1^2  purpose  of  the  Present  Study 

The  present  work  extends  to  the  realm  of  finite  strain  the  work  done 
by  the  MIT-ASRL  on  developing  finite  difference  methods  [14-21]  and 
finite-element  methods  [23-31]  of  structural  analysis  to  predict  large- 
displacement,  elastic-plastic  transient  response.  The  object  is  to 
develop  a finite  element  analysis  for  ^ structures  (beams,  rings, 
plates,  and  shells)  that  incorporates  finite-strain,  elastic-plastic, 
time-dependent  material  behavior  implemented  with  respect  to  a fiJ^ 
reference  configuration,  and  is  valid  for  finite  strains  and  rotations. 

The  results  obtained  from  this  analysis  are  compared  with  experimental 
data  as  well  as  with  results  obtained  from  "small  strain"  large- 
displacement  analysis  in  order  to  ascertain  the  range  of  validity  of  the 
"small  strain"  approximation. 

1.3  Synopsis  of  the  Present  Study 

Section  2 contains  the  concepts  that  are  necessary  for  the  develop- 
ment of  a general  finite  strain  theory  for  thin  bodies  with  path-dependent 
and  time-dependent  material  nonlinearities.  The  theory  is  systematically 
formulated  in  a body-fixed  system  of  convected  coordinates  with 
materially-embedded  vectors  that  deform  in  common  With  the  continuum. 

A parallel  development  is  presented  in  the  traditional  fixod-in-space 
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nytjtom  of  canntant  vnutoro  timployod  tn  thn  larger  majority  of  bookn  in 
oontinmufl  mnohanion.  After  a very  brief  refronhor  of  tonnor  analynin,  tlio 
kinomaticH  of  a duforraablo  continuum  aru  trnatiul  in  luimo  dotaiJ.,  Uofinimf 
deformation  and  ntraln  tenoorn  and  thaj.r  ratnn,  an  wo.1.1.  an  ntrnnn  tonnorn 
and  tho  dlfforont  ntrmn..  raton  that  arc  obtained  according  to  different 
obnervern. 

Many  pitfalln  in  tho  anaJ.ynen  of  variouii  invnntigationn  artf 
indicated.  A very  important  point  that  hao  boon  conointently  neg looted 
by  many  analyatn  and  computer  programn  iu  to  indicate  preclHoly  tn  what 
form  tho  conntitutivo  propertiua  have  to  bo  input.  Moat  invootigatora 
after  an  elaborate  treatment  of  a general  theory  in  tensor  notation, 
leave  undefined  tho  constitutive  equations  to  bo  moasurod  in  the 
laboratory,  in  Subsection  2.5  the  homogeneous  uniaxial  irrcstational 
deformation  of  a continuum  is  treated,  with  at  least  two  purposes  in 
minds  (1)  to  give  a clear  physical  understaisding  of  the  quantities 
involved  in  the  analysis  (which  is  not  possible  to  obtain  through  tho 
tensor  index  notation)  and  (2)  since  the  most  common  material  tost  is 
the  uniaxial  test,  to  identify  precisely  what  are  the  quantities  that 
one  should  measure  in  the  laboratory  (as  well  as  how  to  express  these 
data  to  conform  With  the  constitutive  equations  used  in  the  theoretical 
material  model) . 

The  general  form  of  the  constitutive  equations  employed  in  the 
analysis  is  presented  in  Section  3. 

In  Sections  4 and  5,  tlie  previous  developments  of  Sections  2 and  3 
are  utilised  to  derive  consistent  strain-displacement  equations  and 
constitutive  equations  which  are  valid  for  finite  strains  and  rotations 
of  thin  bodies.  Some  of  these  equations  seem  to  bo  original  (have  not 
been  found  in  the  literature  by  the  authors) . 

Discussed  in  proper  perspective  in  Section  6 are  tho  different  forms 
of  analysis  currently  utilized  to  analyze  transient  response  problems 
with  material  and  geometric  nonlinuarities , as  well  as  several  different 
timewise  finite  difference  operators  used  to  integrate  tho  transient 
responso  equations.  Also,  the  form  of  analysis  utilized  in  tho  computer 
program  and  the  solution  of  tho  governing  equations  are  discussed. 
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In  Soction  7 the  prodictions  of  tho  finite  olomont  computer  praqrame 
tlint  imorporate  the  flnito-ntrain  ola«tic~plaBtia  tlmo-dopondoijt  theory 
dovolopod  in  the  provloun  noctiona  are  compared  with  experimental  data 
for  canes  of  ImpulRive  loading  as  well  as  impact  loacjing  that  produced 
• transient  nonlinear  structural  roaponsea.  It  is  shown  that  for  the 
problems  investigated,  tho  finite  strain  theory  developed  in  this  report 
gives  much  hotter  predictions  than  tho  traditional  small  strain  theory 
— and  at  no  additional  cost.  These  problems  contain  the  nonlinear 
path-dependent  and  time-dependent  response  characteristics  typically 
experienced  by  ductile  metal  structures  when  full  advantage  is  taken  of 
their. energy  absorbing  capacities. 

The  entire  study  is  siunmarized  and  pertinent  conclusions  are  drawn 
in  Section  8. 

Finally,,  those  -readers  who  are  interested  in  the  principal  results 
obtained  and  a discussion  of  those  results  (without  the  developmental 
details)  need  read  only  Sections  7 and  8. 


section  2 

GENERAE  FORMULATION 


for  tl,o  -i«tion.lUpn  nucoesary 

r:r  “ ~ r,  t 

- ::c:‘r  ::r:  rr::-  ~ 

mechanics  tliat  has  boon  rosoonalhi  ^ ^ approach  to  continuum 
uui.n  rosponsiblo  for  tho 

in  the  leet  throe  he  he.  ! !“ 

influenced  this  write-uo  am.  m ’ References  tliat  have 

N1-49J,  Malvern  £50],  Jaunsemls"rL"r\'eIgVj52r'''''^ 

T©nsojrs  are  considered  a a i ^ 

the  dj^  representation  (instead  TT  of 

»llectlo„  Of  ceponoots,  bocou..  those  ILTrT'"’  " 

--to  es;;:  zzz:::2zz:::t-  — 

Classic  works  of  schoslao  wi,  „ on  this  subject  are  the 

end  dchlM  ,b4,,  S.  sen  J ““  «3,,  «.a  sv„,e 

<«<•  ncalcnod  ospeclaurfoTsLtnV' 

monograph  of  Ericksen  167]  the  mH  ^ °°ntinuum  mechanics  are  the 

J > the  inodern  treatittent  nf 

Bowen  and  Wang  f68] , and  the  clear  and  i,  .7  "" 

and  45].  presentation  by  Sedov  [41,42 

When  considering  finite  defornations  it  ^ 
between  a present  configuration  and  a t'  essential  to  distinguish 

««any  purposes  one  identifies  as  th^  configuration  which  for 

c^  aoitc  strum  shbits  in:L:::Cd::Li::rT""' 

of  these  are  useful  for  tho  sol  ti  ^ handful 

Cf  rsto-trpo 

- -u  infmit:;!— :::::— 
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havo  to  bo  doCinod  propurly.  It.  tmrnn  out  that  tlio  ptrain,  ntroHP,  ntrain 
rato,  and  utronu  rato  moapuroa  whioh  a phynlca.Uy”valid  thoory  of  finlto 
dofui:mat.ton  of  an  olaatic-plantio  conhlnuiun  unon  ato  not  ( unfortunate Ly) 
the  naino  moanuron  which  are  convmiiont  for  the  nutnorioal  computation  of 
tho  problem,  and  that  both  of  thene  moanuron  (the  meanuren  that  the 
phynlcally-valid  theory  and  the  numerical  nolutlon  uoon)  are  not  the  name 
an  the  quantitien  that  one  unually  moanuron  in  a Inboratory.  Ilonce,  it 
is  of  qroat  importance  to  define  all  of  those  quantitloo  in  a consistent 
and  rational  way,  and  to  define  the  rolationahipn  that  transform  one  sot 
of  quantities  into  another.  If  this  ia  not  done  proporly  and  consistently 
in  every  area  of  analysis  (the  physical  formulation,  the  numerical  analysis 
of  the  problem,  and  tlio  experimental  measurements  of  the  quantities  that 
are  necessary  for  the  solution  of  the  problem) , then  the  results  are  not 
goinq  to  be  fruitful. 

Since  the  theory  and  analysis  used  in  the  present  work  is  of  consider- 
able generality,  a great  many  definitions  are  necessary.  The  work  of 
laying  down  tho  foundations  of  this  analysis  has  been  exhaustive  and  time 
consuming.  Unfortunately,  many  of  the  results  present  in  Section  2 are 
scattered  in  a number  of  references,  some  of  them  of  difficult  access,  and 
other  results  are  just  not  present  in  any  work. 

2 . 2 Notation 

Scalars  (zero  order  tensors)  are  identified  simply  by  letters?  for 
example,  the  volume  V,  the  mass  density  p,  and  the  mass  m. 

Vectors  (first  order  tensors)  are  identified  by  letters  with  an  over- 
bar: the  displacement  vector  u,  tha  velocity  vector  v,  and  the  position 
vector  R. 

Second  order  tensors  are  identified  by  letters  with  double  overbars; 
for  example,  the  Cauchy  stress  tensor  o,  the  Green  (hagrangian)  strain 
tensor  Y*  tensor  W. 

Tho  scalar  components  of  tensors  are  denoted  by  attaching  indices  to 
a kernel  letter  witliout  ovorburs.  This  kernel  letter  is  tho  same  letter 
used  to  denote  the  tensor  quantity.  These  indices  are  lower  case  letters 
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whoa  tho  tanoor  io  oxproBaod  in  tnrmB  of  tho  bafio  vj  ctorn  of  tho  curvi- 
linnar  coopdinatci  oyatotn  of  tlio  yoforonco  (undoformod  or  initial) 
configuration.  Tluiy  arci  capital  lottnra  when  tlio  tonnor  in  oxpronnod  in 
tcrmti  of  the  bano  vootorn  of  tho  curvilinear  coordinate  nyntom  of  tho 
proaont  (doi'ormod  or  current)  configuration.  Rinco  tho  bano  voctorg  of 
a rectangular  Cartoaian  ayotom  are  conntantn  (with  roapoct  to  apace  and 
time) , tho  base  voctora  of  tho  Cartesian  syatoma  i the  roforonce  and 
present  configuration  are  tlio  same.  Hence,  it  is  an  arbitrary  choice  to 
assign  either  lower  case  or  capital  letters  to  the  indices  of  a tensor 
component  in  a Cartesian  system.  Usually  tliis  choice  is  done  according 
to  the  most  frequently  used  curvilinear  representation  of  the  tensor. 

When  the  components  of  tensors  are  referred  to  a rectangular 
Cartesian  coordinate  system,  they  are  identified  by  a circumflex  sign 
"•'ll  "hat'')  on  top  of  the  kernel  letter.  Components  of  tensors 

referred  to  a curvilinear  coordinate  system  do  not  have  the  circumflex 
sign  (they  do  not  wear  hats) . 

For  example  A is  a second  order  tensor;  Aj^^  are  its  components*  in 
a curvilinear  coordinate  system  related  to  the  reference  configuration, 
Aj.j  are  its  components*  in  a curvilinear  coordinate  system  related  to 
the  present  configuration;  and  A^^  are  its  components  in  a rectangular 
Cartesian  coordinate  system. 

In  order  to  help  the  reader,  Table  1 relates  the  notation  utilized 
in  this  review  with  the  notation  utilised  in  some  treatises  of  Continuum 
Mechanics.  The  number  in  parenthesis  Indicates  the  page  in  which  tlie 
quantity  is  defined  or  first  appears. 

2.3  Review  of  Tensor  Analysis 

2.3.1  Vectors 

In  an  n-dimonaional  vector  apace  any  set  of  n linearly  independent 

vectors  b,,  b^,  ...  b is  called  a basis.  Any  v in  the  space  can  be 
12  n 

oxprossod  as  a unique  linear  coinbination  of  the  n base  Vectors  of  tlic 
basis : 

*Thosc  components  are  the  so-called  covariant  components. 
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V « 2 V*'  D. « V 


^ v'b,  *<’ +■  b, 


Tho  coefCioionta  are  called  the  contravariant  oompononta  i.o., 
with  superscript  k of  the  vector  v with  respect  to  the  basis  bj^.  Note 
that  the  base  vectors  bj^  need  not  be  unit  vectors,  and  they  need  not  bo 
orthogonal. 

If  the  Euclidean  vector  space  is  referred  to  a basis,  then 


a»ur 


Va  V‘ 


and  then 


d*v  = u*'  V*  b^*b« 


where  u.v  is  the  dot  or  scalar  product  of  the  vectors  u emd  v. 


(2.4) 


then  it  follows  from  Eq.  2.3  that 

iX-V  « LL*' V^( 


(2.5) 


Note  that  g is  symmetric;  that  is, 

ITS 


since  the  dot  product  of  two  vectors  is  commutative; 


=bi-bf 


Dual  (or  reciprocal)  base  vectors  b*^  (q  ® 1,2,  ...  n)  are  defined  for  each 
given  set  b^  (p  » 1,2,  ...  n)  of  base  vectors  in  Euclidean  vector  Space 
as  the  set  of  vectors  satisfying 


Ep.b'  = 


(2.8) 


12 


IT  JT 

whoi'o  tho  Kronockor  delta  iS  is  defined  by  S 

B a 


f 1 if  r"3 


0 if  rf(fi 


Por  tlae  important  caoe  of  ordinary  voctora  with  n ” 3 
the  dual  bano  vuctora  b in  terma  of  the  oriqinal  banla  bj^ 
croaa  product  (u  x v)  aa  followas 


one  can  oxpreaB 
by  uaing  tho 


(2.9) 


If  the  given  basis  is  orthonormal  (composed  of  mutually  orthogonal  unit 
vectors),  then  ^ ® right-handed  system)  and  the  dual 

basis  is  identical  to  the  given  basis.  When  the  base  vectors  of  the  given 
basis  are  mutually  oithoqonal  but  not  orthonormal,  than  tlie  magnitude  of  each 
of  the  dual  base  vectors  is  then  the  reciprocal  of  the  corresponding  base 
vector  in  the  given  basis s 

I b j “ 7 where  j b ^ | bj^  • (2.10) 

|bKl 

Covariant  components  v.  (i*e.  subscript  k)  of  the  vector  v with  respect 
*-k  ^ 

to  the  basis  b are  defined  as 

Vst  a Ek  (2.11) 


Note  that 


Vp'V.bp 

y1  = V- 


(2.12) 

(2.13) 


The  fundamental-tensor  components  g 


ij' 


ij 

g » 


i. 

g»4 , 


.i 


are  defined  as 


follows: 


(2.14) 
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oboorvo  that  tho  Hollowing  rolationn  are  aatisfiodi 


3‘j 
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^ f • i> 

a-j  “ &j  • 


(2.15) 


i 

Therefore,  one  can  expresn  the  contravnrtant  componontn  v and  the 
covariant  componentn  of  a vector  v in  termn  of  the  roclprocal  componentn 


and  the  fundamental- tenqor  componentn,  an  followni 


Vi=  V-Ei=  = v^gtj 

= V* b'  = Vj  S'* • S'  " Vj 

V‘  = v-E'=  VJbj'b's  vJgj-  = v**  Sj 

Vj » V*bt-  Vj  b*^ • bt * Vj  gi  I =*  Vj  Si 


Evidently  the  various  sets  of  quantities  g^j,  gi^^,  g.j  and  g^.  have  the 
property  that  when  they  are  used  as  the  coefficients  of  a linear  transfor- 
mation operating  on  the  covariant  or  contravariant  components  of  a 
vector,  they  yield  as  a result  of  the  operation  tlxe  components  of  the  same 
vector  (covariant  or  contravariant  components,  depending  on  which  set  is 
used) . These  quantities  are  therefore  components  of  the  unit  (second- 
order)  tensor  1 such  that 

V = V.X  » X • V (2.17) 


The  unit  tensor  1 is  also  called  the  fundamental  tensor  or  the  metric 
tensor*  of  the  space.  The  g^^  are  its  covariant  components,  g its 
contravariant  components,  and  its  mi«ed  components.  The 

process  of  raising  or  iowaring  indices  can  also  be  performed  on  the  base 
vectors  themselves:  ^ 


They  are  called  the  metric  tensors,  because  all  essential 
ties  of  space  are  completely  detexrmined  by  these  tensors, 
derivatives . 


metric  proper- 
and  their 
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i1 

Tho  matricna  (g  and  Aro  invorsQ  to  each  othon 


(2.19) 


By  dcifinltion,  tJio  dotoxminontB  of  thooa  matr.lcoo  nro 


g*  det  [gij] 


^ [g'^J 

3 


2.3,2  TonuorB 

2. 3, 2.1  Linoor  Voctog  Punctions 

A second  order  tensor  T is  a linear  vector  function  associating  witli 
each  argument  vector  another  vector,  s.g., 

u-'T-v  (J.20) 

For  any  given  basis  b^i  b^#  b^  either  of  the  two  vectors  may  be 

represented  by  either  covariant  or  contravariant  components  v.  or  v^  and 

i 2 ^ 

or  u • There  arei  thus^  four  possible  sots  of  n coefficients  for  the 

four  different  linear  transformations 

ai=T^vi  u-T;'!'vj  u.‘-T‘jvj 


involving,  respectively,  the 

covariant  components 


T 


contravariant  components  T 
or  mixed  components 


ij 

ij 


or  X*^ 


i • * i 

Since  in  general  X.^  / X^.,  it  is  necessary  to  observe  carefully  the 
order  of  the  indices. 

One  can  also  express  these  tensor  components  as  the  dot  products  of 
the  base  vectors  and  the  second  order  tensor,  using  Eqs.  2.12  and  2.13, 
as  follows,  observe  that  since  u,  “ b..u  and  v,  = b. .v,  then 

* ^ J J 
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(2.22) 


tk  ■ bi’T-b„ 

— i.  k 

• k p ^ ^ 

i.  . ^ Dl  * I'D 

nr^i  * 

1 ^ k 

' I • b ^ 

t t ^ *7^ 

’ i '-r 


A gymmofcrio  tenaor  T ia  doCinod  os  ono  that  if»  opoi;atipnal*l.y  idantioaX  to 
ito  tranopoflo  T^»  ao  that  i£  T ia  synunotricj 

T-t^ 

(2.23) 

"T*  • ^ » V . £or  any  vector  v 


Al80(  its  components  obeyi 


T.j-Ti>  T‘J.T‘‘ 


(2.24) 


It  is  convenient  to  write  the  mixed  components  of  a symmetric  tensor  T as» 

TjsT']-Tj‘ 

But  note,  that,  in  general  (even  for  symmetric  and  antisymmetric  tensors) 

Tj^Ti 

J 

For  a symmetric  tensor,  the  matrix  of  covariant  or  contravariant  components 
is  symmetric  while  the  mixed  component  matrices  are  not  in  general 
symmetric,  because  the  third  equation  relates  elements  of  the  two 
different  matrices  of  mixed  components  instead  of  symmetrically  placed 
elements  of  the  same  matrix.  To  make  this  point  clear,  and  for  convenient 
reference,  these  matrices*  are,  for  n ■=  3t 


*The  symbol  | | 1 | is  standard  notation  for  matrices  in  books  on  tehsor 

analysis  (for  example,  see  Refs.  7,22,40,41,42,  and  61). 
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(2.?.7) 


T 

' M 

T,. 

T„ 

T„ 

T,. 

T,. 

T„ 

T« 

T„ 

C8; 

li 

T,. 

T„ 

T„ 

T3, 

T„ 

f.fT 

T„ 

T.. 

T« 

•J'M 

y II 

II 

•y-  II 

•y  i*a 

ai 

-y  ISt 

y II 

OS2 

yia 

My  %% 

•-y  21 

-y  II 

•y  3t 

T” 

iT 

y is^r 

y II 

yai 

y II 

r; 

I • 

1 • a 

T'* 

ry, 

yi  • 

T*‘ 

1 *4 

V.: 

Ti  • 

1 • % 

-pi  » 

1 . a 

T'  ' 

-1-  • 1 
• 1 • 

T‘* 

y 1 

•7^*  1 

1 X • 

y.  3 
1 I ♦ 

y.  1 
1 3 « 

T'^ 

1 j • 

• % 
1 3 * 

• d»  w 

T^.  if  T is  symmetric » implies  for  n « 3t 


t:; 

«MM  1 • 

1 ♦ a 

T»  • 

-p*  1 Mp  * 1 Mp«  1 

1 1 » * a • * 3 ♦ 

T^; 

*-pa  ♦ 

T*  ’ 

M -p • 3 -p*  a 

• 1 • 1 a • 1 3 • 

T?; 

T»  • 

1 • k 

T»  * 

1 • 3 

p»*  3 *p  • 3 p * 3 

1 1 i la*  1 3 . 

(2.20) 


(2.29) 


(2.30) 


(2.31) 
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or 


( — • 


in  of foot,  indopananntly  of  itn  ponitlon,  whothor  up  or  down,  tho  first 
indnx’of  an  olomont  of  tho  matrix  dnnoton  tho  numtior  of  tho  r«;w,  and  thn 
aocond  tho  numbnr  of  tho  oolwnn  oorronpondlng  to  that  nlomnnt. 

An  Sodov  polntn  out  (41) , tho  oporntlonn  of  addition,  of  multlpUcm- 
tion  by  a numbor,  and  of  noalar  multipllaatlon  of  tonnorn  of  tho  nocond 
rank  oorroopond  to  analogouD  oporatlonn  on  matrieofU  honoci,  tho  uuo  of 
mothodo  and  ronulto  of  matrix  oalculuo  faeiUtatou  tho  dovolopmont  of 
tho  theory  of  tonoor  functiano. 

Tho  apnrational  product  (T.8  or  tI)  of  two  oocond  order  tonooro 
(T  and  1)  produces  a aocond  order  tensor  (P)  such  that 


f .T-5 

(2.32) 

Also, 

P • V » (T * T*(S’V^ 

(2.33) 

Its  components  are  given  by 

Pij»Tl!:  S.j-T.kS'j 

(2.34) 

(2.35) 

(2.36) 

pU=t;';  S'J. 

(2.37) 

TWO  scalar  products  (l.e.,  T»S  and  T“S)  of  two  second  order  tensors  can 
be  defined.  The  scalar  product  T.S  is  produced  by  a double  contraction 
of  the  outer  product  as  follows : 

T:  S » T’^SiJ  = TyS‘j»T;jS'i'!  'Tl-lStj  (^.ae, 
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Note  that  the  two  first  suffixes  are  the  same,  while  the  two  second 
indices  are  the  same. 

The  scalar  product  is  defined  as  follows » 


a 


sri=T:-isj‘. 


(2,39) 


Note  that  the  two  inside  Indices  are  equal  and  the  two  outside  indicns 
arc  equal • In  general  iifl  fi  T**a»  but  if  either  one  of  the  tvy  tensors 
nymmetvic  then  ihH 


2. 3. 2, 2 Dyadio  Repronontation  of  n Tensor 

»-  * -■  "itawesaaMmit — iLiu.w  wani^ 

The  open  product  or  tonoor  produofe  SB  of  two  vootora  a and  B ia  eallod 
a dyad,  h linear  combination  of  auoh  dyadu  la  called  a dyadic.  Mighor- 
ordur  open  ptoducto  are  called  polyada  and  linear  comblnatlona  of  polyado 
arc  called  polyadico  (all  polyado  In  a polyadio  muat  bo  of  tlici  oamo  order) . 
All  usual  multiplicative  rules  of  olemuntary  algebra  hold  for  polyada, 
uxoupt  that  open  multiplication  la  not  commutative,  that  la,  in  general 

ib  f Cl 

Also,  the  single  dot  product  of  two  dyads  la  not  commubutlves 


^b.Sd 

The  scalar  product  (or  double  dot  product)  of  two  dyads  denoted  by 
abicd  is  defined  as  the  scalar  obtained  by  tnultiplylng  together  the  two 
scalar  products  a.c  and  b.d.  Note  that  the  first  vector  of  the  first 
dyad  multiplies  the  first  vector  of  the  second  dyad,  and  the  second 
vector  of  the  first  dyad  multiplies  the  second  vector  of  the  second  dyad. 
The  scalar  product  la  commutative: 

at>  icd  « (a*c)(b*3^«  (c*  a)  (d  (2.42) 

* c d J a b 
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The  doubla  dot  notation  witli  the  two  dote  on  the  eeune  leveil  donotea 
the  product  obtained  by  multiplying  the  two  outoido  veatoro  together  and 
the  two  inside  voctorn  togetl^oct 

mm  mm  pmm  r-r* 

at>**cc3l  * (a-oi)(b*c}  (2.43) 

Every  ancond  order  tonaor  con  bo  reprooontod  na  a dyadic,  a linear 
combination  of  tho  n^  dyado  formed  from  n linearly  independent  baao 
voctora  of  tho  n-dimenoional  vector  apace  on  which  the  tonaor  ia  defined. 

in  throe  diroonslons  (n  3^  n *9)  with  baao  vectors  bj^»  b / 
^3'  write  any  second  order  tensor  T ast 


t = t"E,E,  ^rE.E,*T'*E,E, 
*T‘'bJ,^T“E.E»+r*b,b. 
+rE»E,  tT’‘b,E.  + T"E.E, 

T-r‘bJ. 


(2.44) 


(2.45) 


ITS 

where  the  T are  the  contravariant  components  of  the  tensor  with  respect 
to  the  basis  S^bg.  In  Euclidean  vector  space,  by  introducing  the  dual 
basis  b , one  obtains  additional  representations  for  Tt 


T-  T‘  Ub,-T,,E'E‘-Tr;E,E‘=T;!  E^E. 


The  convention  of  upper  and  lower  Indices  does  not  guarantee  a unique 
tensor  for  a given  set  of  components,  since,  for  example,  in  general 


t:;LEVT:;E‘E, 


(2.47) 


For  definitivoness,  the  convention  that  the  first  index  on  the  tensor 
component  goes  with  the  first  vector  Cf  the  dyad  is  adopted  as,  for 
example t 
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(2.48) 


— p>r  *1  I ^ i 'T^f  * 1 ^ L 

1 l.fcbrb  T |,&bbt" 

'I'lu'  jioly.uUr  nu'i’i-'iiniitat  imi  of  ,i  tunnor  miiki'n  it  imu-li  ulmplor  to  davolup 
tlu'  Ulv'ory  at  opurationn  on  tonnorn,  partioulnrly  In  Hin  theory  of 
illClhu'i'ntintLon  of  toniiorn  witJi  runpoot  to  coordihateii  or  nanlar  pam- 
mot.t'i'n  when  the  vi'etorn  of  tlie  hnnc^i'  are  vnr tabl**#  .ind  enpeei.nl iy  when 
a qiven  tennor  hnn  to  he  eomiiclnred  nimnltnneounly  in  different  baneti 
niovinq  witli  reepect  to  one  another. 


2,3.2. ^ Covariant  Dtfferontiatton  of  a Tennor 

Tlu!  net  of  iiartial  derivatives  (wiU\  roapoct  to  the  eoordinatos)  of 
a covariant  vector i in  general,  in  not  a tensor . 


The  covariant  derivatives  of  a tensor  component  are  defined  in  such 
a way  tJiat  tliey  are  tensor  components  which  reduce  to  tire  usual  partial 
derivatives  in  rectangular  Cartesian  coordinates.  The  covariant  deriva- 
tive appears  naturally  when  tlie  p^artial  derivative  of  a vector  is  taken, 
and  in  the  process  certain  non-tensor,  three-index  quantities,  called 
Christoffel  Symbols  arise  naturally  when  partial  derivatives  of  the  base 
vectors  are  taken;  since  the  base  vectors  arc  functions  of  position,  they 
cannot  be  treated  as  Constants  in  differentiation.  The  derivative  of  the 
covariant  and  contravariant  base  can  bo  shown  to  be; 


(2.49) 


(2.50) 


whore  the  (nontensor)  three  index  quantities  called  Christoffel  symbols 
of  the  second  kind  are 
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If  thQ  coordinato  gyatam  is  Cartesian,  i.o,  the  base  voetoro  are 
constants,  then  the  Christoff el  symbols  of  tho  second  kind  are  identically 
zero: 


r ^ 1 /n 
{i  jl  =0 


for  a Cartesian  coordinate  system. 


Therefore,  the  covariant  derivative  (denoted  by  a.  .)  of  a oovariant 

i»  j 

vector  component  a^  iss 


Similarly,  the  covariant  derivative  (denoted 
vector  ccanponent  a^  is: 


by  a ,^)  of 


a contravariant 


(2.54) 


(2.55) 


(2.56) 
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and 


all 


(2.57) 


Covariant  dorivativoa  of  higher  ordor  tonaor  coiripononta  appear  quite 
naturally  when  the  partial  derivative  of  the  polyadic  is  taken.  For 
example/  if 

then 


hence , 


-pr*  "ST  ^ 

'r " &£'■ 


similarly# 


T».r-  i&  - T..  l>  ‘,1  - T„  ;i 


(2.62) 
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whore. 


^3 


1111^1  <0  I* 


rl'-a 


(2.63) 


2.4  Kinematics  of  o Deformable .Modium 

Motion  in  always  dotorminod  with  rospoct  to  some  roforonco  coordinate 
ayntem.  A corroapondonce  botwoon  numbers  and  spatial  points  is  oatab- 
lishod  with  tho  aid  of  a coordinate  system.  A continuous  medium  represents 
a continuous  accumulation  of  material  points.  By  definition,  knowledge  of 
tho  motion  of  a continuous  medium  implies  knowledge  of  the  motion  of  all 
material  points.  For  this  purpose,  one  must  treat  individually  distinct 
material  points. 

In  kinematics,  a continuous  medium  may  be  conceived  of  as  an  abstract 
gec^etrical  object,  and  not  merely  a material  body.  For  instance,  it  may 
sometimes  be  agreed  to  represent  by  points  in  a plane  the  prices  of  some 
products  and  to  study  the  motion  of  prices  in  economics  by  the  methods 
of  tho  kinematics  of  continuous  media* 

Besides  the  concept  of  laws  of  motion  and  coordinate  systems,  one 
must  still  introduce  for  the  description  of  the  motion  of  continuous  media 
certain  other  concepts,  in  particular,  that  of  velocities  of  particles  of 
a continuum  medium,  strain  tensors  are  fundamental  characteristics  which 
arise  in  the  deformation  of  bodies,  and  they  enter  into  the  basic  equations 
which  describe  the  motion  of  continue.  Strain  tensors  compare  two  states 
of  a medium,  while  the  rate-of-deformation  tensor  is  a characteristic  of 
the  medium  at  a given  instant  of  time. 


2*4*1  General  Pea  crip tion 

Lower  case  letters  are  used  for  quantities  that  identify  the  points 
of  the  medium  at  some  reference  instant  of  time  t^.  Capital  letters  are 
used  for  quantities  that  correspond  to  the  points  of  the  medium  at  the 
current  time  t. 
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conaidor  arbitrary  diaplacomontn  of  a continuum.  Lot  tha  position 
of  tho  points  of  thD  continuum  bo  dnfinod  in  a roctangular  Cartoaian  cvntom 
of  npatial  (Rulortan)  coordinatoo  X^.  X^,  X-j  and  tho  roforonoo  ’ 

position  of  tho  pointn  of  tlui  continuum  by  tho  roforontial  (alao  callod 
Lagrangian  or  matorinl)  coordinaton  = X^  « x^#  x^  (boro,  for 

oxumplo,  it  ia  convoniont  to  adopt  5 X^  no  aa  to  difforontiato  botwoon 
Xj^  and  X^) . Thin  ayatcm  of  Cartoaian  coordinatoa  ia  fixod-in-apaco,  or 
inertial,  and  it  has  ortlionormal  baao  voctora:  i^  i^  « i^. 

Also,  it  will  bo  convenient  to  use  tho  convoutod  body~fixod  (also 
callod  intrinsic)  system  of  (Lagrangian,  material  or  embodded)  curvilinear 
coordinates  which  moves  with  the  points  of  tho  medium,  has  base  vectors 
g^  in  the  reference  configuration  and  base  vectors  5^.  = g^  In  tho  deformed 
configuration.  These  two  systems  can  be  displayed  conveniently  as  follows; 
for  a three-dimensional  Euclidean  space; 


Fixed^in-Space 

(Inertial) 

System 


Rectangular 
Cartesian 
Coordinates  * 


Reference 
Configuration 
(t  = t^) 


X 

X 

X 


1 

2 

3 


Body->Fixed 

(Convected/ 

Intrinsic/ 

or 

Embedded) 

System 


Base 

Vectors 


Curvilinear 
^ Coordinates 


Base 

Vectors 


Present 

Configuration 

(t  « t) 


X 

X 

X 


1 

2 

3 


^2 

**3 

r 


Reference 

Configuration 


(t 
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Present 

Configuration 

(t  « t) 


Noto  OlM  U.O  IL.9t.n,la„)  ooordln.t«a  "<ro«o„»  l„to  tha  moaium, 

»na  they  aofor»  with  It  ao  that  a ,l,an  material  paint  la  alwaya  laentlllea 
with  Itn  natetlal  eooralnate  When  motion  la  .onnlaoroa,  all  throe 
boaea  (1^,  ana  0,)  can  ootnoiao  at  aoma  Inatant  of  time,  but  the  rate 
of  ohango  of  thoao  baaoa  with  roapoot  to  the  motion  of  a flxoa  point  of 
the  meaium  will  bo  different. 

Position  vectors  ? and  R (see  Pig.  i)  from  the  origin  of  the 
cartesian  system  to  the  undeformed  curvilinear  system  5^  with  base 
vectors  g^  and  to  the  deformed  curvilinear  system  with  base  vectors 

.a 


Gj,  respectively,  are  defined  as 


r « Xtl 


Tl»XsIt 


dr  »dxil; 

dR-dX;yri»d^‘G,«d5iG* 

Observe  that,  for  ^ time  t. 


(2.64) 


|i=  Gi. 

^l#G^ 

and  that 

Xi  = Xi 

i^x  - Li 

H 

It 

Gx 

Xi-Xx 

(t-t.) 

(2.65) 


The  base  vectors  of  the  undeformed  and  deformed  configuration,  in 
the  convected  system  can  be  expressed  as: 


The  metric  tensor  components  in  the  undeformad  and  tho  doformod  con' 
figuration  are 


Tho  dotorminants  of  those  matrices  are  defined  as 


i — 1 

“O 

III 

G * 

det  ' 

[s„l 

Tho  rociprocal  base  vootora  aro 

& 

axj  T- 

G*= 

aH,i' 

8 ^ ^3  . 

1’- 

G‘ 

_ Ga 

Vg’ 

G‘= 

Gs'^G, 

G*= 

5, -a. 
Vg^ 

The  contravariant  components  of 

the  metric 

tensor 

ares 

Also,  the  following  relationships  are  satisfied: 

[G* 

^]=l 

lGij]  ' 

1 . 
3 ■ 

= det  [g‘J] 

1 

G 

= dfi 

:t[G“J 

(2,67) 


(2.68) 


(2.69) 


(2,70) 


(2.71) 


(2.72) 


(2.73) 


(2.74) 
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2. 4 t 1.1  Double  Tonaorp 


Lot  M bo  a material  point  idontifiod  by  r =■  itf>  original 

pofiition  and  R *=  final  position  in  Euolidoan  npaco.  Tho 

ounntition  conntituto  a dowbXo  tnnnor*  if  thf>y  obey  tUo  trann 

P-'-q  P...Q  

K M 

formation  law  for  a tonoor  of  typo  T„“’  whon  tho  coorcUnaton  am 

trnnnformcid,  and  for  a tonnor  x^”'"’  whnn  tho  x.  ooordinaton  am  trann- 

p...q  i 

formed.  Ab  a npocial  caao,  it  follown  that  tho  componontti  of  a doublo 

1>  w 

tonnor  of  tho  type  trannforro  an  acalarn  undor  x.,  tranuformationa. 

P, , “ 1 

In  other  words,  ordinary  tonsor  fiolds  aro  inoludod  as  a spocial  kind  of 
double  fields. 


2. 4. 1.2  The  Unit  (Metric)  Tensor 

The  unit  second  order  (metric)  tensor  1 can  be  expressed  as: 


= . G„Q*G^*  G*‘G.Gc  = S*G,G^4'S*G, 


(2.75) 


Observe  that  the  mixed  components  are  the  same  in  any  coordinate  system. 


2.4. 1.3  The  Displacement  Vector 

A displacement  vector  u can  be  defined  as  the  vector  difference 
between  the  position  vector  R defining  the  present  location  of  a material 
point  and  the  position  vector  r defining  the  reference  (undeformed) 
location  of  that  same  material  point: 

a = ^ - r «•’« 


with  components 


Observe  that 

U-l'X*  - Xi, 


(2.78) 


*When  the  indices  of  a kernel  letter  do  not  all  belong  to  the  same  space, 
the  quantity  is  called  a connecting  quantity  [61]. 
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2. 4 .1.4  Thci  VolQcltv  VaptQg 

Tho  velocity  voator  v of  roatojrlal  pointp  of  a nioving  aontinnuw  i-R 
dofinod  by  tho  matorial  timo  dorivatlvo*  (time  dorivativo  holding  tlio 
(Dutorlal  aoordinatofi  confitnnt)  of  tho  dioplaoojnont  vontor  ui 


vsa« 

at 

• 1 

f)«Tl 

~ at 

li  » 

aji 

(2.79) 

• 

• ---  4^ 

0 1 mm 

A 

1 T 

dui  1 

— i 

A 

at 

1 L'C  « 

Xl*eirt»tT 

at 

Notice  that 

• 

f « 

i‘’ 

|‘=0 

• 

# L\ 

rS' 

« 0 

(2,d0) 

This  velocity  vector  v has  components t 

7*  Vi|‘=  V,  Tj,  » ^ G|  *V  Gi 

v..d,  = X, 


By  differentiating  with  respect  to  time  t keeping  C **  constant,  one 
obtains  the  time  derivative  of  the  deformed  base  vectors  from  Eqs.  2.64, 


•bv 


(2.03) 


-1  “ I 

Prom  differentiation  of  the  scalar  product  G • Gj  ® derivatives 

of  the  contravariant  base  vectors  are  found  to  be: 


(5*-G^  + Q*'G^=  S>0 


*This  derivative  with  respect  to  timo  is  symbolized  in  this  work  by  a dot 

on  top  of  the  quantity  being  differentiated.  The  symbol  is  also  often 
used  in  hydrodynamics  texts  for  tho  material  time  derivative. 
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G*-G^=-G*-G,  =•  -G*-(V%5>  -Vw  S: 
G^-Qj  =-V% 


(2.04) 


G*--V%G^-V*/G, 


2.4.2  Do formation  and  Strain  Tonaoys 
2.4. 2.1  Tho  Deformation  Gradiant  Tonsor 

Thu  dofotmation  gradient  tensor  P is  tlio  simplest  to  define  in  terms 
of  the  deformation  equations  and  it  includes  more  information  about  the 
motion  than  do  the  strain  tensors. 

The  deformation  gradient  tensor  is  denoted  by  f,  and  its  transpose 
by  The  deformation-gradient  P is  defined  as  the  tensor  w^ose 
rectangular  Cartesian  components  are  the  partial  derivatives  and  which 

wX  j 

operates  on  an  arbitrary  infinitesimal  material  vector  dr  at  r ^ to 
associate  with  it  a vector  dR  at  R as  follows: 

cll^  * F~*  c)k  » dr  • P (2.85) 

Also^ 

Gi » = r’’ 

I (2.86) 

k^Gxrl 

Evidently  P measures  rotation  as  well  as  deformation  since  a vector  a 
deforms  and  rotates  to  become  Because  the  deformation  gradient  P 
includes  the  rotation  as  well  as  the  deformation#  constitutive  equations 
employing  it  will  have  to  be  constructed  so  tliat  they  will  not  predict 
a stress  arising  from  pure  rigid  body  rotation. 
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The  dofarmation  ciradient  tensor  F oporates  on  the  vectore  dr  and 
asHoaiatod  with  the  reference  configuration,  to  produce  the  vectors  dR 
and  Gj,  rospcotivoly,  which  are  associated  with  the  present  configuration. 
Therefore,  P is  a double  tensor  (previously  defined  in  Subsection  2.4) . 


components  of  this  double  tensor  arot 

A 


r = = rJ.G, 

- = 


Ptsm  Ego.  2.8S,  2.64,  and  2.87,  ono  can  obtain  oxproooiono  for  tho 
components  of  f,  as  follows i 


dl?.  - r • cJr  s dXi  tt  ® ( f^jrirj)'((3i;<^rKVl^cixji  (2. 


88) 


Honce , 


^ -iXx 


(2.88a) 


Prom  Eg.  2.76,  one  can  enpress  the  comppnents  of  P in  a rectangular 
Cartesian  fixed- in-space  frame  in  terras  of  the  displacement  vectors 


X.%  “ Xt  + L^t 


(2.89) 


Hence, 


(2.90) 


One  can  also  express  P in  terms  of  components  in  the  conveoted  system,  by 
employing  Eg.  2.86  as  follows s 
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F 


(2.91) 


Honno , 


Thornforoi 


(2.92) 


= a‘'* 

Fxj  =Gi<r 

Fi'j  =GxkC(*'^ 


(2.93) 


(2.94) 


(2.95) 


Ga 

Also,  S’  oan  bia  axpseased  in  toms  of  components  of  the  diaplacoment 
vector  in  a convected  system,  as  follows: 


PromEqs.  2.76,  2.77,  2.69,  2.52,  2.53,  2.54,  and  2.55,  one  obtains: 

5^  ^tT  3'  <2.97) 

Then 


Then 


(2.98) 


(2.99) 
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Thorofore, 


12.100) 


Honco, 


F‘J  =^'‘“(S^  + uU)=g‘^  + tL'/ 
FF.  (&1+  1^4/“  &1  + 


(2.101) 


(2.102) 


(2.103) 


2. 4. 2. 2 Thu  Spatial  Dcifomation  Gradiont  Tonoor 

Tlno  opatial  doformation  gradiunt  tonaar  t’  io  tho  invorso  of  tliu 

Cp 

dufemation  gradient  tenuoir  F.  It  opuratea  on  tile  quantities  asaociated 
with  tho  present  eonfigumtion  (dR  and  Gj.)  to  produce  the  quantities 
aesociatod  with  thu  roforonce  configuration  (dr  and  g^) , as  follows j 


dr,=  F-'.olR»c!ll-(F'T 

§i-r'-Gx  = 5x'(f7 


(2.104) 


(2.105) 


Components  of  the  spatial  deformation  gradient  tensor  P are: 

r- (ht.ijj- (FtYs.=(F-').j|^G^ 

- ( (F-')I"  - (F-TGxG^ 

= (F-')„G*G'=  (F-')"^Gx5^=  (F'%^5"5, 


(2.106) 
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utilising  Eqp.  2.i,04,  2,105,  2.04,  and  2.106,  ono  can  obtain  expronnlonn 
for  thoflfi  compojiontn,  an  followni 


d 


r 


F''.(JR»d 


Honca , 


(2.107) 


Also,  from  Bq.  2.78: 


Xt 


(2.108) 


Hence, 


(2.109) 


Brom  Eqs.  2.105  and  2.106: 


Hence) 


(2,110) 


Therefore# 


(F  r'. 

(F-')a  ■ 


(2.111) 


(2.112) 
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(2.U3) 


Aqrtln,  from  Eqii.  and  3.10Gi 


li- r'-G,-[(FT«G.G"K-(r)"5 


Erom  Eqn.  ?..7G,  2.11,  ?,.CiG  ami  2.52-2.515,  ono  ubtaliui! 

^u.  r n 

SeI‘  ay  " 


Then 


Then 


^j=  Gj-  Li,^rGx  = (&j-U%)Gi 

( Sj’  - IX %)  Gi  = ( j Gi 


Therefore 


Hence, 


(F-')„-G„(s‘-U',)-G„-U... 


(rr'-G“(&i-tt%>&  -U'. 

(rx*  •&.,G"'(6l-tt‘,.>  s; -U.; 


(2.U4) 

(2.115) 

(2.116) 

(2.117) 

(2.118) 

(2.119) 

(2. 120) 
(2.121) 
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RotftUpn#  Btrntc'h,  ang  Strain  >ri;3nnnr,i 
Tho  *,o,^pc,«ltio„  thoorT™.  that  ,„y  i„v..rtiw„ 

tiannC£.rmntlon  »'  h,m  two  uniiiuo  multlplioiitlvo  itacomtHjBltloMi 


********  fWitfM 

F =~R  -11°  V-U 


(2.1J12) 


An  which  R in  orthuqcnal  (R.r  - I)  an.l  S «n.i  V arc  iwotrlc  (0  » 

V - V )aiKl  pocitivo  definite,  g i«  ,:aLUuI  the  rotation  tenner.  S ia 

the  r^ht  «tretch.ton»Q^  and  v i«  the  loft  otrotch  tcnaor  of  the 
deformation..  ' ' 

^ one  may  consider  the  defonnatioh  of  an  infinitesimal  volume  element 
at  r to  consist  of  the  auccosaivo  application  ofs 

(1)  A stretch  by  the  operator  U,  and 

(2)  a rigid  body  rotation  by  the  operator  R. 

Alternatively,  the  same  deformation  can  bo  produced  by  the  successive 
application  of? 

(1)  A rigid  body  rotation  by  R,  and 

(2)  a stretch  by  v. 


It  ca^  show^tli^the  following  relations  are  valid: 

U *=Ll-Ll“-  F^r  V f-F^  «.U3, 


Cauchy-Green  Deformation  Tensors 

square  of  the  right  stretch 


C_1UHjJ>  r-F 


(2.1^4) 


is  called  the  riaht  Cauchy-Green  deformation  tensor.  The  square  of  the 
left  Btrotch  tensor 


w 

See>  for  example,  Section  83  of  P.R.  Halmos  fhef  ...  .w: 

d.L.  Erickson  (Ref.  67).-  i^uction  43  of 
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{2.  US) 


Ih  cflUtHl  thu  loCt  Cauchy-UrDon  tonnor  of  aoConnatian.  ,T,t  aan  Uo  oanily, 
nhown  that 


(2.126) 


The  riqht  Cauchy-Groan  deformation  tonaor  C ia  anaooiatod  with  tl»o 
roforonoo  configuration,  and  it  gives  the  new  squared  length  (dS)^  of  the 
differential  line  element  dR  into  which  the  given  differential  oloment  dr 
is  deformed: 

(dS)S  cl'R'cl'R.a(cl?.F^)‘(F*d?)=clK»(F’^*F)*jF»clF'C-cl5^(2.127) 


The  inverse  of  the  left  Cauchy-Green  deformation  tensor  B,  denoted 

=■-1  2 
by  B gives  the  initial  squared  lengtJi  (ds)  of  a deformed  differential 

line  element  dR 

(ds)%  dF.d?  =(dK-(F-’7}-(P"-J^)=J'^-(F-Ff-clK 

__  (2.128) 

= dU-3"-dll 


The  right  Cauchy-Green  deformation  tensor  has  components 

C - Cij  Li  Lj  - C •‘^i|j  - Cij  II'  - Cj  1' 


(2.129) 


and  from  Eqs.  2.124,  2.88,  2.90-2.95  and  2.100-2.103,  one  can  express 

S 

C in  terms  of  tlie  displacement  vector  components,  as  follows: 


^Xk  ^Xk 

axj 


(2.130) 


t 


hXi  ^xeaxj 
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C.J  = (fikj  = F*.  F^j  = 

6,  (2.131) 


Ci*  /rr'‘''\'^ir^*  r— •Ir-fe*  ili^ 

= (si+Uit,')(Sj+  u.*',j)*  S]+a';j+u.j,‘+ai,‘u*‘,j 

C->»(FU7F*j=Fi:F^j-j‘V^G.K 
= (si + u.4,‘)(3^'‘+  hV)= 


(2.132) 


(2.133) 


Notice,  that  although  C ^ P,  from  Eqs.  2.95,  2.132,  2.94,  and  2.131,  the 
following  components  are  equal: 


: » 

C\0  # 1^ 

I ^ r 


'j 


The  Green  Strain  Tensor 

The  Green*  strain  tensor  y Is  defined  as  follows! 


(2.134) 


(2.135) 


x.4-(c-t) 


(2.136) 


"According  to  Truesdell  "(Ref.  15,  page  266) , this  strain  measure  was 
introduced  by  Green  in  1841,  and  by  St.  Venant  in  1844;  since  its 
components  are  usually  referred  to  a fixed  reference  configuration,  it 
goes  by  the  name  of  "Lagrangian  strain"  in  the  older  engineering  litera' 
ture. 


-3 


From  Eq.  2,124,  It  la  oaaily  ahown  that  oqulvalont  exproaalona  aro; 


(2.i37) 


This  strain  moaHuro  givos  tho  change  in  the  squared  length  of  the  material 
vector  dr  as  follows  from  Eqs.  2.127  and  2.128: 


(dS)  ”(ds)  =d*R*d"R  ” d?*dr 


(2.138) 


Expressing  this  in  terms  of  the  material  vector  dr,  one  obtains  from 
Eq.  2.127: 

(dS)  “(ds)  =dF»C-dr  -dr«i’dr  = c1F‘ (C  “i)'dF  (2. 

Defining  Y = (C-1) , one  obtains 


139) 


(2.140) 


(2.141) 


Components  of  the  Green  strain  tensor  y are: 

These  components  can  be  expressed  in  terms  of  the  displacement  vector 
components,  from  Eqs.  2.136  and  2.130-2.133,  obtaining; 

i, 


, . 4 (C  , - s,) . i (g.  ^ - 6 

(2. 

= z:(‘^r  a‘j)= i (Gx<r-|ij)=(ut,j+Uj,i+  u-^j 

V]  = i - s] )=(u^  . a*  a,.> 

fi = 1 (C‘j  - -i  uVt  aV 


2.142a) 
142b) 

(2.142c) 


(2.142d) 
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Tho  Alwansi  Styain  Tonsor 

The  Almonsi*  strain  tonsor  o iP  dofinod  as  follows i 


l-i(I-B-) 


(2.143) 


Equivalent  oxproHfiionB  Cor  thn  Aljnanoi  strain  ci  are  obtained  from  tho 
definition  of  tho  loft  Cauchy-Groon  deformation  tonnor  B,  Eq.  2.12Si 


(2.144) 


The  Almansi  strain  also  gives  tho  change  in  the  squared  length  of  the 
material  vector  dr  aa  follows^  from  Eqs.  2.138,  and  2.128: 


(d  S)'-  (dsT= dH-I'dll  - dH-B'-dR.  dR*(i  - f: 


.11?  (2.145) 


88  1 S3  S3«»  2, 

Defining  6 = t ( 1"B  ) , one  obtains : 


(2.146) 


Components  of  the  Almansi  (Eulerian)  strain  tensor  e are: 


(2.147) 


(2.148) 


(2.149) 


According  to  Trueadell  (Ref.  15,  page  266),  this  strain  measure  was 
introduced  by  Almansi  in  1911  and  Hamel  in  1912 > since  its  ctxnponents 
are  usually  referred  to  the  present  configuration,  it  goes  by  the  name 
"Eulerian  strain"  in  the  older  engineering  literature. 
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(2,150) 


ej  =i(&i  " 


e*'  = 


(2.151) 


obfu’rvo  that  tho  covariant  compononto  of;  tho  Grocn  Y ond  Almnnnl  o ntraln 
tomiorn  with  ruBpoct  to  tho  roforcnco  baoo  voctorn  and  to  tho  pronont 
baoo  voctorn  G^,  roopoctlvoly,  aro  tlio  namoj 

* S-x-ff 

Therefore,  from  Eqs.  2.140,  2.64,  and  2.141: 

(dS')*’-  (ds)^ 


or 


s dr»  *df  ® ^ j 


(2.152) 


Also,  from  Eqs.  2.145,  2.64,  and  2.146s 

/ I * 


(dSf  - (ds)_  , . g ■ j-R  . da'  Gx  • e • G J 

= dfe.‘G*‘(ei,rG*Gi^)’Gjd£^ 


(dSf-.(dlL  , 


(2.153) 


Of,  course,  although  Y^^^j  “ these  aro  different  tensors,  and  this 

cejutility  doGB  not  hold  In  tho  ijhBoluto  tunsor  notn.tion* 
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other  strain  Moaaurea 

Since  in  Euclidean  apace  diatancoa  are  meaRured  by  a quadratic  form, 
the  cauchy^Groon  deformation  tenaora,  and  the  Green  fmd  Almanai  atrain 
tnnaorn  are  by  far  the  moat  popular  r train  moanurnn.  However,  an 
Wninnenberg  I70J  han  obnerved,  anjr*  moanuro  eufficiont  to  dotormino  tho 
diroctionn  of  tho  principal  nxnn  of  ntrain  and  tlio  magnitudon  of  tho 
principal  olongationn  may  bo  omployod  and  in  fully  general. 

other  Htrain  moanuron  of  intorent  in  tho  pronont  analynin  aro  tho 
elongation  tonoorn  S (annociatod  with  tho  name  of  Biot  [71,  pago  ua|)  and 
E (aanociatod  with  tho  namo  of  swalngor  [72])  aa  well  as  tho  logarithmic 
strain  tonaors  fi  and  I (asBociatod  with  the  namo  of  lloncky  [73]).  Thoao 
strain  tensors  aro  defined  as  follows: 

E ■ LL"i  i-Vr'^’F  - 1 

E » i -(vf=  I - i - VT-7F 
fl  - in  a = i V C =-^i(rTp)4i(I.2f ) 

H ® V V in©  = - jin(l-Z&) 


(2.154) 

(2.155) 

(2.156) 

(2.157) 


with  components 
A 


e = tj  t'l 


E = E..G  E”6,Q.  - E"aG 


(2.158) 
pr  ;=rj  (2.159) 


As  a matter  of  fact,  it  is  possible  to  describe  strain  Correctly  by 

tensors,  Truesdell  points  out  (Ref.  15,  page  269): 

usuallJ^lcd'^S  advantage,  and  attempts  of  this  kind  have 

usually  led  to  confusion  if  not  disaster". 
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7^ 


(2.1G0) 


H= 

H = Hj  Q^S" 


Holationn  botwcioit  attain  TuniiogH 

Tlic'  tnnnorn  U)  ci,  y,  a,  nnU  II  oil  havo  tho  nnnui  prinpll>(i3.  axon  of 
ntrnin  at  r,  in  tlio  roforoneo  nhapo  at  t t^.  Tho  tonnorn  V,  n,  o,  R 
and  II  all  havo  tlio  nomo  principal  axon  of  n train  at  R,  in  tho  pronont 
nliapi'*  at  t ti  Tho  rotation  tonnor  R onrriua  principal  axon  of  ntrain 
at  r into  principal  axon  of  strain  at  H. 

Tho  tonnors  U and  V havo  tho  oawo  principal  values.  Those  principal 
valuot),  callod  tho  principal  strutchou  \ , aru  tho  ratios  of  tho  dofortnod 

Cl 

lino  olemonts  dS  in  tlio  principal  directions  b to  tho  undeCormod  lino 

0l  ^5 

olemonts  ds  in  tho  same  principal  dtroctiohsi  \ = -r-^  . 

“ a ds_ 

. a va  ^ i 

The  tensora  C and  B have  the  same  principal  values  (X^) , and  those 

principal  values  are  equal  to  tho  squares  of  the  principal  stretches  X . 

=j  a 

The  principal  values  of  the  strain  tensor  y ai?e  related  to  the 
principal  stretches  bys  ^ principal  values 

strain  tensor  o are  e = ^ (1  - (X  ) , The  principal  values 

of  tile  elongation  tensor  g are  related  to  the  principal  stretches  by 

while  tho  prihcipal  Values  of  the  elongation  tensor  E are 
E “ 1 “ (X  ) . The  principal  values  3 and  H of  the  tensors  fi  and  H 

^ Kjt  Cx  Oc 

are  equal;  that  is^  and  are  related  to  the  principal  stretches 

hy  ^ « K.n  X^.  The  mixed  components  of  the  tensor  ff  and  the  tensor 

H in  tlie  reference  base  and  tlie  present  base  respectively,  are  equal: 


Hi=H 


X 


(2.162) 


If  the  axes  of  deformation  are  fixed  and  several  deformations  are 
carried  out  successively,  each  principal  component  of  the  tensors  H and 

sx 

C[  in  the  resultant  deformation  is  equal  to  the  sum  of  the  corresponding 
principal  components  for  the  sevoral  successive  deformations*  For  tho 
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tonsoiTB  u,  c,  y i,  and  V,  5,  G,  E this  property  does  not  exist.  The 
components  of  tha  tensors  G, .V,  i,  E,  H,  H are  complicated  irrational  or 
transcondontal  functions  of  the  components  of  P,  and  hence  in  the  solution 

j=*  es  {=? 

of  problems  it  Lt^  unuaUy  bf^ttar  to  uno  cojnponontR  of  Yf  c and  o,  B Ininco 
they  are  polynomials  in  the  componnntn  of  P)  rather  than  li,  E,  H and  V,  E 
and  n an  moasurns  of  strain. 


2,4,3  Pid.'ormation  Rate  ‘fonnorn 
;;.4.3.1  The  Rnte"-oC"PoCoginntion  ym>.nor 

The  ratO'"Of”doformation  tonnor  B (also  callod  ntretchinci)  in  the  rate 
of  changu  of  the  ntroteh  U or  V at  R in  thd  ohapo  at  time  t + r,  with 
roopoct  to  that  at  time  in  tho  limit  as  u 0 122)  t 

\4(i) 

whore,  in  tliis  notation  the  subscript  t denotes  that  the  present  (time  t) 
configuration  has  been  chosen  as  the  reference  configuration.  Also,  in 
this  notation  [22] : 


(2.164) 


If  a fixed  reference  configuration  Is  used,  then 

dR  • S • ju  - 1 jt  ° i 

dR‘5  • dU  = |;(dt-dv  dv-dU) 

Also,  it  can  be  shown  that 

e 

Components  of  D ares 
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167) 


Sinco  u^  1h  Bymmotric,  rq  1r  d,  hoinq  ItR  dorivativo  with  rnapoot  to  b 
parainotori 


D « W ■ D„  33*’-  D"  h%-&] 


Roaallinq  tliat  tho  volocity  vnctnr  v n u t3  r can  ho  oxprnruind  an 

^ = V,  Ti  • V*G,.  G* 


(;M69) 


Thon: 


i I ^Xx  > 


(2.170) 


D »“G 


I (S*  ■Gj)=^(Gj'Gj-^G.'Ga)(2. 


171) 


i (v„.  .v„.) 


(2.172) 


D”  . -i-  G”  ■ X-  GVG„-f  ^T.'-VV) 


(2.174) 


2.4. 3. 2 Relations  between  Strain  Rato  TensorB 

Observe  that  the  covariant  components  D__  of  the  ratc-of “deformation 

o IJ 

tensor  D in  conveoted  coordinates  are  equal  to  the  material  rate  of  the 
covariant  components  y^j  ^he  Green  (Lagrangian)  strain  tensor  y and 
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alno  .^x'o  oqurtl  to  tho  mat-.oj:.1  al  ratn  of  covariant  campononta  , of  tho 

« 

Altnansi  (Eulorian)  strain  tenaor  ej 

T)  =:  f G = ^Cl,  “ 'X'  , = iS 


(2.175) 


Out,  thin  tlonn  not  at  all  imply  that  tho  rato-of-(lofomiatlon  tnnnor  in 
nqnal  to  th>  mntnrial  raton  of  tho  Gmon  and  Almanni  ntrnin  ttinnorn.  in 
l'ant(  tho  rnatnnqnlnr  Cartonlnn  pomponnntn  am  dlf fnront} 

A 


.A. 


£)s^  ^ 


(2.17C.) 


and  tho  convoatoU  mixud  eoraponontn  aro  difL’oronti 

s:/ 


^ j “ 3 “ 3 “ iWiU  <- 

(G^eR.)”  (a“eKj+6“'eKj='2D“eKff'^Dj 


(2.178) 


= -^D!G^’'eK^+I5=D^2D!e^D!(  Sj  -2e;) 


Then, 


Also/ 


D*"  * V * e" 


(2.179) 


(2.180) 


The  material  rate  of  the  Green  strain  tensor  can  be  expressed  as 


• 

? = 

F 

■=.i 

l-R^-E'R-UL 

5 -( 

R' 

(2.181) 


(2.182) 
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with  oomponanta 


Y = Y.j  ^ |j  “ ^ j a' ' ^‘i  ‘■j 

Tho  rolation  bot*roon  tto  ffllKed  components  of  the  clnformation  rate  in  tho 

I 

present  cant iq nr a'lon  D ana  tlie  rate  of  the  arson  strain  tensor  (oithor 

• * i 

Yj)  will  bn  q13  Itnpurtf^nco  in  tho  formulntian  of  thn  conntitutivn 
mjuntionti  for  uin  fixnd  rnfnronao  configurntion.  Thin  rolation  nan  bn 
obtainofl  ni.i  follown  ninon,  from  Pq. 


..J 


i c-j = . Gkx  d: 

i c‘  = tl . ^**Gkx  d;  = c'  i>i  - (s!+2k!)d* 

V;-QD*  -(si^2Yi)B^ 


(a. 104) 


<2. IBS) 


(2.186) 


(2.187) 


(2.188) 


The  rate  of  the  Almahsi  (Eulerian)  strain  tensor  acMits  many  interpre- 
tations > since  this  strain  tensor  is  referred  to  the  Current  (deformed) 

configuration.  For  example,  the  rate  observed  by  an  observer  that  remains 

S 

f ixed-in-space , canoted  by  e,  constitutes  a tensor  with  components 

6.=  G G *6  GxQ^®S^Gx^  ® (2.189) 

Since  — (Ij^)  » 0.  it  follows  that 
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Olio) 


(2.190) 


Another  rate  is  the  change  observed  by  an  observer  that  rotates  and 
deforms  with  the  medium:  the  "convected  rate".  However,  different 

tensors  are  obtained  from  convected  dxfferentxatxon  of  different  represen 
tations  (coutravariant,  covariant,  and  mixed)  of  the  same  tensor.  For 
example,  the  components  obtained  by  differentiation  of  the  covariant 
( conve  cte  d)  components  e ^ ^ » 


4B 


,ma  tho  oompoiinntfi  obt.ninod  by  di  tfinontintlan  of  tJiu  mixnd  (coiivtuitiul) 


cumponuntn  u 


1. 


eTi-e'?;  e„-G„e'j;  c>.i« 


194) 


,.in'  not  L’ompoiu'nln  of  unu  and  tin'  .uwk»  tonimn 

A > A A 


ej  # j e**"  # e‘® 


(d.199) 


a . 4 . 3 . :<  !jr>in  Tnnuor 

Thu  tipin  t<5nnori  W {alv-o  tiallud  vortieity  tonnor)  in  the  ultimate 
rate  of  chanye  of  the  rotation  f<  at  R from  the  iiruuent  ahapo  to  one  the 
body  had  juat  before  or  will  have  juat  afterward: 


W s (i) 


(2.196) 


Motions  in  which  W “ 0*  are  called  irrotutional.  They  form  tlvj  main 
Bubjoct  of  Btudy  in  claaBical  hydrodynamics • 

If  a fixed  roforcuco  configuration  is  used,  more  complicated  formulae 

ensue : 


v=  n-n""  + (uL-a"- uc'-ul)-r’’ 


(2.197) 


Components  of  W are : 

A 


V "itj jGjG* 

Vx.  = i (f , - = i (V,,, 

W!,=f (vv-v,/) 

y«  .i  (v7  - 

*Whel-u  0 in  aefined  as  the  tensor  whioli  obeys  A*0  = H for  any  tensor  A. 
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DieCorontiat.1,nq  t\w  ruXntion  il  (t)  .K.  (T)'*’  =“•  1 with  roopoct  to  T,  aiiJ 


luittinq  i ” t,  ono  Cindn  that  W in  nkowi 


w ^ v^=o 


(2.  MO) 


••  ''’iil-'  ciroiliuiit  Tuimor 

Tlio  ivpntlal  voioclt/  yfaUiont  tonnor  L in  tha  uit.imnto  rato  of  ch.iiuio 
of  tlu'  (InConnation  iji  cuUont  tonnor  P ot  K from  tho  prom'nt  iiliapo  ,to  ono 
tlu'  body  had  junt  boforo  or  will  havo  :|unt  afterward! 


L ^ ft  (t) 


For  a fixed  reference  configuration: 


L»  F'F 


(2.201) 


(2.202) 


AlsOf  * 


L-  ® Gpad  R ® G\rad  V 

which  justj.fies  the  name  spatial  velocity  gradient. 

Also,  differentiating  the  polar  decomposition 

Ft  W *l?-i  W • lit  C^)  “ Vt  W ' Rt  W 

with  respect  to  T,  and  then  setting  T = t,  one  finds  that 

L =S  + W 


(2.203) 


(2.204) 


(2.205) 


This  result  shows  that  D and  W are  the  symmetric  and  skew  parts  of  tne 
velocity  gradient: 


Henceforth,  Grad  sliall  denote  tlie  gradient  operator  witli  respect  to  the 
spatial  coordinates  X , while  cjrad  shall  denote  the  gradient  operator 
with  respect  to  tlic  referential  (material)  coordinates 
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(2.206) 


V4(c-n 


It  altto  exprofinoR  tho  fundomontal  Eulor-Cauchy-StokeiR  docomponition  of  tho 
instantanooufj  motion  at  R and  t into  tho  nuro  of  a pum  ntrotching  (B) 
along  tho  mutually  orthogonal  axoa  and  a rigid  npin  (W)  of  thooo  oxoo, 
Componontn  of  E aro! 

L = L„  u jj  = L„  5^6'-  = L";  S.G' 


(2.207) 


r - 

2i}G 


L*’-Vr  L^>V%  - 


208) 


2.5  Stress  Tensors 

At  a typical  material  point  M,  consider  a differential  element  of 

area  dA  in  the  present  configuration « and  a differential  element  of  area 

dA^  in  the  reference  configvuration.  The  orientations  of  these  differential 

elements  of  area  are  defined  by  their  unit  normal  vectors  5 (for  dA)  and 

n (for  dA  ) . 

o 

The  force  transmitted  across  the  differential  element  of  area  dA 

at  the  material  point  M is  dP,  and  the  corresponding  traction  vector  is 

$ = Also,  it  is  convenient  to  define  a fictitious  force  df  = (f)  ^.dP, 

oA 

or  di.G^  * dPeg^#  a traction  vector  measured  with  respect  to  the  undeformed 

area  t = , and  a fictitious  traction  vector  dt  « These  vectors 

have  (Components: 


— A 


hlg*'  dP“  F*  JP 

dP=clF5t  dP  6i*dTxG  dP“JPirL*dPgi,»dPi,  Jj‘'  (2,209) 


51 


2 » « X Tho  Cduchy 

Tho  Cauchy  ntroaa  tonaor,  0 (HomotiraoH  called  Eulcrlaii  atroRR  in 
the  onqinooring  litoraturo)  in  doflnod  as 


r = N-ff 


(2.210) 


componontn  of  thin  nymmotx'ic  tonnor*  aro 


^=4crjj=a”6x6,=cr„  G'6"  = 0JGi6^ 

Tho  first  subscript  on  a component  of  0 idontifios  tho  piano  on  which  it 
acts,  while  tho  soeond  subscript  identifies  the  direction  of  that 
ewnponent.  The  definition  can  bo  expressed,  in  component  form  as: 


(2.212) 


or 


T*»o-*^N^-o-|lSr 


(2.213) 


(2.214) 


T * li  = 0-*^  RG,  - 


The  Kirchhoff  Stress  Tensor 

Ihe  Kirchhoff  stress  tensor  H , can  be  defined  conveniently  in  tertns 
of  the  Cauchy  stress  tensor  as; 


It  is  not  a law  of  mechanics  that  the  Cauchy  stress  tensor  is  symmetric. 
Truesdell  (32,  page  14)  points  out  that  it  has  been  known  for  a century 
that  the  presence  of  couples^  acting  whether  from  within  the  material 
like  body  forces  or  upon  contiguous  portions  of  material  like  stresses, 
is  sufficient  to  render  the  stresu  tensor  unsyrametric.  These  couple 
stresses  may  arise  from  inhomogeneity  of  strain.  Some  presentations  of  tlie 
continuum  tXieory  of  dlslocati6ns  in  finite  strain  make  use  of  couple 
stresses  (pola,r  medium).  However,  for*  the  present  purposes,  the  couple 
stresses  are  ignored  and  attentidn  is  restricted  to  the  nonpolar  case. 
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(2.?16) 


Of,  oquivnlently ; 


T a O" 

P 

j SR  i 

S pss 

5-^ 

(2.217) 


wliore  is  tlio  mawfi  dentjity  of  tho  matorial  in  tho  foforonpo  configufa- 
tion  at  t t^,  do  fined  bys 


(2.218) 


whoro  m is  tUo  mass  and  tho  volume  in  the  roference  configuration. 

The  mass  density  p of  the  material  in  the  present  configuration  at 
t » t is  defined  by: 


(2*219) 


Here,  again,  m is  the  mass,  and  V the  volxjme  in  the  present  configuration. 
Observe  that  once  a fixed  reference  configuration  is  chosen,  is  a 
constant  for  a material  point,  while  p is  a function  of  time.  The 
equation  (2.219)  for  the  mass-density  expresses  a relation  between 
the  body  and  such  shapes  as  it  may  assume.  To  each  shape  of  the  body 
one  may  apply  Eqs.  2.218  and  2,219  to  obtain  the  same  mass  for  the  same 
part  of  the  body: 


If  one  writes  J for  the  absolute  value  of  the  Jacobian  detemdnant,  then 
a theorem  of  integral  calculus*  shows  that 


dV,  -J 


For  example,  Theorems  3-13  and 


3-14  of  [74]  and  Theorem  8.26  of  [75]. 
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(2.222) 


or 

tJs  I det  rj  - -7^ 

Thornforo,  ono  can  nine,  axpronn  tho  KirchhoCf  ntronH  t am 

“ “ ^ O'- Jo- * Uet fir  = /y  0- 

Since  the  Cauchy  stress  tensor  o is  synunotric,  the  Kirchhoff  ntross  tensor 
is  also  symnetrict  Cotapononts  of  this  tensor  arui 

^ = rx^rkiTj  = r„5*5^ . tj 

The  Kirchhoff  stress  tensor  can  be  defined  also  from: 


dP®  '^^x<r(^tclAe)rj*t^^(iicc)Ao')6^  * r J (mdAo)^ 

w N ✓ (2.225) 

since  from  Nanson's  relation  (page  169  of  [50]) 


NidA=  ^ MidAo=  J n;  dA.  ‘}WhiJAc 

Hence , 

jQ 


(2.226) 


(2,221) 


A ^ 


(2.228) 


2.5.3  The  Second  Piola-Kirchhoff  Stress  Tensor 

The  Second  Piola-Kirchhoff  stress  tensor  I is  defined  as: 


(2.229) 
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whoro  t is  a psaudo-traction  vector  ralatii^  a fictitious  difforontial 
force  dP  to  the  original  area  dA^  as  t « ^ . Thin  psoudo-traction 
vector  ie  defined  by  the  aomo  relation  that°rolates  the  differential  of 
the  ponition  vector  to  the  deformed  configuration  dR  to  the  difforontial 
of  the  ponition  vector  to  the  undeformod  configuration  dr.  Prom  Eqn.  2.85 
and  2.86i 


cl"R.  = F-dF  ■ 

and  Gx  ® F ' 0.  w 

(2.230) 

then 

dP  = F-dF 

and  £ « p . 

(2.231) 

or 

J.r'.d? 

and  t 

(2.232) 

observe  that  those  re la t ions  imply 

d?-a-dP-G, 

(2.233) 

Writing  these  expressions  in  component  form: 

dP"6x  = r-d?'g, 

-dP‘F.g,-dFGx 

(2.234) 

(2.235) 

Hence 

dp^=dp‘ 

iT-V 

(2.236) 

But 

dPx  4 

(2.237) 
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of  course 


dP?td? 


t t 


(2.23B) 


Tho  fjoGond  Piola'-Kirchhofi;  Rtrosa  iq  a nyjranotrlo  tanBor  if  tbo  Cauchy 
Rtrooq  tonnor  in  Bynwnotric. 

ExproBBing  thn  Socond  Piola-KirchhoCf  ntronn  tanner  S in  componont 


form: 


Its  definition  <Eq.  2.229)  can  also  be  exprosaed  in  componont  form  as 


rJ  e‘ 

t = y\iS 


1 . r A ^ 


(2.240) 


(2.241) 


dP.  S5(.JA.)f.j . S]  “• 

Observe,  from  Eqs.  2.236,  2.241,  and  2.228  that  ® J 


Then, 


Hence , 


(2.243) 


(2.244) 


(2.245) 


The  contravariant  components  (with  respect  to  the  reference  basis  ,i^) 
of  the  Second  Piola-Kirchhoff  stress  tensor  S and  the  contraVariant 
components  t (with  respect  to  the  present  basis  G ) of  the  Kirchhoff 

4* 
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stroHs  tonisor  T aro  equal.  However,  this  does  not  at  all  Imply  that  the, 
Kirchhoff  ntreRO  and  the  Second  Piola-Kirchhoff  atreaa  are  equal. 

2.5.4  The  Pirnt  Plola-Kirchhof t Stroaa  Tonaor 

The  Flrat  piola-hirchhoff  atroan  tonnor  I (alao  called  nominal  atrona) 
in  a double  tennor*  defined  an i 


7" 

t » h-  I 


{2.?Ah) 


obnorvo  that  tho  double  tonnor  T oporntoo  on  thci  unit  vector  n,  nnnoclatod 
with  the  roforonco  configuration,  to  produce  tho  traction  vector  t 
associated  witli  tho  presont  configuration.  Tho  First  Piola-Kirchhoff 
stroas  tensor  is,  in  general,  an  unsymmotric  tonaor.  Compononta  of  this 
stress  tensor  arc: 

ssps  7^  — r- 1 • _ -f- 

I * 1 ® I ® I •■j  ^ M * K • ^ 

Truesdell  and  Noll  [40]  define  the  First  Piola-Kirchhoff  stress  as  the 
transpose  of  this  definition  (Eq.  2.246)  and  denote  it  with  the  symbol 
f , employing  the  following  components: 


X I , =TJ : Gy 

in  their  analysis. 

The  definition  of  the  First  Piola-Kirchhoff  stress  tensor  T,  is,  in 
component  form 

T ^ 

-p.i.TTT'  '^*'*7^^  A 'T’^.r  (2.249) 


(2.248) 


dP =T'’^  (mciA.)G3-=T-j  (niclA.)6  (2. 

^'see  Sxibsection  2.4  for  a definition  of  a double  tensor. 


I 


-T-  i.  tT 

^ I 


(2.251) 

obBorvp  that  tho  mixpd  oompononta  pf  the  Kirchhoff  Rttoflo  tennor  with 
roapoct  to  tho  proaont  hnoiq  5^.,  and  tho  following  mijcod  componontn  of 

tho  Pi.pt  Piola-^Kirchhoff  nttoon  with  roopoot  to  tho  .ofo.onoo  and  pronont 
conf Igmmtion  hanin^  npo  ogunli 


(2.2S2) 

Aloo,  tho  following  oontravariant  compononto  of  tho  Kirchhoff, 
Piola-Kirohhoff,  and  Socond  Piola-Kirchhoff  atrosa  tensor  arc 

, Firot 
equal: 

r**’=T^^=  s‘j 

] 

(2.253) 

Relations  botweon  Stross  Tensors 

The  following  relationships  between  the  stress  tensors  can  bo  shown 


^ 

S = ^ F"-5'- (F"7=  O'-'R • U.*' 

s = r".  f • (f-'7  = ur'  •U'^-  f u"' 


(2.254) 

(2.255) 

(2.256) 

(2.257) 

(2.258) 

(2.259) 
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(2.?.eu) 


4 r-'s-F^=  4^-a-s-a-u^ 

r»  r“ 

F' 5-F'^=  l.-^-S- U.-'R'^ 


{2.2C>D 


T-  S-0.-R 


(2.362) 


S®  = S ^ ^ TT  =T* 

O'  ® ^ r *T  = & Ll‘T 

P>  /'o 


(2.263) 


F-T  = ■R.-II-T 


(2.264) 


-I 


S-T-  (FT-T-U  -Tl 


(2.265) 


ThQ  relation  between  the  mixed  components  of  tJie  Kirchhoff  stress  in  the 

I 

present  configuration,  in  the  body-fixed  convected  coordinate  system,  T.  , 

ii  i 

and  the  components  of  the  Second  Piola-Kirchhoff  stress  (S  or  Sj)  will 
be  of  importance  in  the  formulation  of  the  constitutive  relations  in  the 
fixed  reference  configuration  used  in  this  work.  This  relationship  will 
be  needed  in  later  parts  of  the  analysis. 

Since  the  contravariant  components  of  the  Kirchhoff  stress  tensor 
component  in  the  present  configuration  and  the  Second  Piola-Kirchhoff 
stress  tensor  component  in  the  reference  configuration  are  equal: 


it  follows  that 


(2.266) 


(2.267) 


59 


'^K  “ Qj-n  - SJ  - Si  [s\  1 2V()  •2-2‘^s) 

Hence,  the  mixed  camponenta  ate  related  by; 


^K'Cl^  Si  =(s*^  + 2-!c{)Sj 


or 


(2.270) 


laton  and  «.to.  ot  n,.„.  ■ ,,, 

The  tlmo  dotiVBtivB  of  tonoor  flolda,  ,uoh  ae  atroso,  that  aro 
aesociatod  with  tho  Etoaont  con£l,„tatlon,  ad.,ltB  Infinite!,  many 

foul  T equations,  it  is  oonueniont  that  the 

following  conditions  (76]  should  be  satisfied: 


1.  The  Leibnis  rule  of  differentiation  of  a product. 

The  time  derivative  should  be  a tensor  quantity  of  the 

same  type  as  the  original  tensor/  in  particular,  if  the 

original  tensor  is  symmetric,  its  time  derivative  should 
also  be  symmetric. 


3.  The  derivative  should  be  defined  uniquely,  i.e.,  starting 
from  one  definition,  the  same  tensor  should  be  obtained 
by  differentiation  of  various  representations  of  the 
same  original  tensor. 

4.  vanishing  of  the  time  derivative  of  a tensor  should 

induoe  vanishing  of  the  time  derivative  of  its  arbitrary 
invariant. 


5: 


The  time  derivative  of  the  tensor  should  vanish  when  the 
material  point  of  a continuum  with  It,  environment  perform. 
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a rigid  body  motion  and  tho  tensor  does  not  vary  in  time 
intrinsically  with  respect  to  tho  material  point, 

Since  tJui  Cirnt  time  derivative  of  a tensor  (defined  in  this  fashion) 
uonntitutns  a new  tonMor  field,  second  and  higher  time  derivatives  can 
be  defined  by  considorinq  thin  field.  It,  therefore,  suffioen  to  analy?!e 
in  detail  the  definition  of  VJio  flrnt  ti-me  derivative. 

Three  different  ty)-ien  of  observers  will  be  considered t (1)  an 
obnurver  tliat  stays  fixed  in  an  Inertial  frame,  (:()  an  ubnervnr  that 
tqMii'J'l  diid  moves  with  tlio  body,  and  ( J)  observiirs  that  move,  mtal;e, 
and  do  form  (In  different  fashions)  wlih  l.he  Imdy. 

The  time  derivative,  defined  frcMii  tho  viewpoint  of  an  olinorvor 
rumainin<(  ut  rout  i»i  iU)aco  will  bo  Cnllitd  the  "fi,xud~obuurvor  rate*' . Tfio 
time  derivative,  defined  from  the  viewiioint  of  an  obuurver  that  moveu  with 
the  particle,  partielpating  in  Itu  rotational  motion,  will  be  called  the 
" co-rotational  rate" . 

The  time  derivative,  defined  from  the  viewt^oiat  of  an  obanrver  that 
movea  with  the  particle,  parti ciputincj  in  ito  rotatory  motion,  and 
deforming  in  common  with  the  continuum,  will  be  called  lUie  "conveeted 
rate”  (there  exists  more  than  one  type  of  this  derivative,  according  to 
what  one  defines  as  “deforming  in  common"  with  the  continuum) , 

2.6,1  Rates  of  the  Unit  Tensor 

It  is  intuitive  that  a good  definition  of  the  time  rate  of  a tensor 
would  make  tho  rate  of  the  unit  tensor  1 vanish.  It  seems  appropriate, 
tlrerefore,  to  investigate  what  time  rates  satisfy  this  condition. 

(a)  Fixed-Observer  Rate 

It  will  be  shown  that  the  fixed-observer  rate,  denoted  by  C*^),  of 
the  unit  (metric)  tensor  vanishes t 

i.  S ^ ( i ) * 0 (2.271) 

In  the  fixed-in-space  Cartesian  represehtation t 
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(2.272) 


T-^i(SyT,Tj)  = 0 


slncQ 


i^(r0=5  i(SyVO 


3t 


(2.273) 


In  tho  convQctod  systom^  with  tho  reference  configuration  metric  t 


and  similarly  for 


(2.275) 


In  the  convected  system,  with  the  present  configuration  metric  this 

result  is  not  trivial,  since: 


Gi4T  t 0 


A X«* 


*1^  r w G #0  Qx  ^ 0 

Employing  Bq.  2.84.  one  finds: 

d 


± = 


dt 


(Gij.  G ^G^}  = Gut  G*G"^+ G«tG*Q*^+  6„  G*G 

=G„G^G^^  G«  (-V:k  5’')G^  a,  6T-V!.  S 
= G„G^6'-  Gk,V:xS^5"-  G,k  G^G^ 

= (G..  - - v:,  6„,)G*S^=  G„6'6 


(2.276) 


6x^  = 6„-G,.V:,-Vr.GK. 

But,  fr<»5i  Eq.  2.172 

a.=v.,^  -V,,, 


(2.277) 


(2.278) 
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Ili^nco 


G.,  ^-0  1 = 0 


AIho,  for  the  jnlHml  comppnentn; 


i = s:G.G^  8^5,6"^ 

-s‘.(v:xGK)s^s;s.(-v:KG^j 

= s:v:k6.g'-s:v%g.g^ 

= (VV-V%)Gx6".  G*G,G"=0 


(2.28d) 


For  tlie  contravariant  components  s 

T = i "'G.  G^^  = G^"Gx  G,  ^ ^ G^eX 

= &^GA  - 6”(V^  5k)5<t  - 6“"G,  (V^^Gk) 

= G‘"G.G^^  G^’V%  G.G,  + 6‘’'V!kG.G^ 

= (Q^"  ^ G*"VTk  - V%  G“0GA“  G‘'G.G^ 

ca  ^ . (2.281) 

G*""6 

But,  from  Eq.  2.173 
Hence  0 

0 1 = 0 
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(b)  Convoctod  Ratog 

Tho  convoctod  rato  in  tho  timo  dorivntlvo  of  tho  convoctod  componontn 
of  till?  tomior.  For  oxaroplo,  for  tho  vinlt  tonoon 


1= 


(21284) 


Ikmco,  employing  Eg.  2,172: 


G,,  = Gx,  = 2IDx, 


(2.265) 


I 


(2.266) 


Another  convooted  rato , denoted  by  ( ^ ) » can  be  obtained  from  the  material 
rate  of  the  contravariant  components,  as  follows: 


1 “ 


(2.287) 


Prcan  Eq.  2.173; 


(.2.288) 


Therefore, 

~ 3 

I =-ZH 


Two  other  convected  rates,  denoted  by  ( ) and  ( ) can  be  obtained  from 

the  material  rate  of  the  mixed  components: 


ill 

^ X • 

(2.290a) 

Hence 

> 

* 

^ * - 

O --3T  ~ 

85-0 

(2.2'JOb) 
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Thoroj^ort^ 


i - 0 


(:>.:’ooc) 


la) 


(2.291b) 


Therefore 


-=•  = 

1=0 


(2.291c) 


which  shows  that  ortly  the  "mixed”  convected  rates  ( ) ( ) of  the 

wit  (metric)  tensor  do  vanish;  wliile  the  contravariant  ( ) and  cbvariant 

convected  (^)  rates  of  the  unit  (metric)  tensor  do  not  vanish. 


( c)  Co- Rotational ■ Rate 

The  co-rotational  rate  can  be  obtained  from  the  additive  decomposi' 
tion  of  the  velocity  gradients,  Eq.  2.205j 


(2.292) 


The  expression  for  the  fixed~observer  rate  (Eq.  2.277)  in  convected 
coordinates  can  be  expressed  as: 


G = G„  - Gxk  (d*  - (d:^V^x)G, 

\ixcd  Convoctod  Deformation  Bpin  Defoxinatiou  Spin 
Hate 


Deformation 
Kate 


Defoxinatiou 
Rate 


W 

(2,293) 


B\ixcd 
Observer 
Rate 

Thoroforo,  tlio  co-rotational  rate  (the  rate  observed  by  an  observer  that 
rotates  but  does  not  deform  with  the  body)  should  be 


{2.73Aa) 


.Co-Rotntionnl  Convoctod  Deformation  Deformation 

r 

Gx,  = Gx,  - I>x<r  'D,^  = 6x,-2I> 

Hence,  from  Eq.  2.172: 


x-S 


6x.-0 


Similarly: 


G -G  +G  1)k  + 3)kG 


»G" 

Hence,  from  Eq.  2.173: 


(2.29<lh) 


(2.294c) 


(2.295a) 


(2.295b) 


Therefore, 


J_  * 0 


(2.295c) 


The  co-rotational  rate  of  the  unit  (metric)  tensor  does  vanish. 

2.6.2  Rates  of  the  Cauchy  Stress  Tensor 
Fixed-Observer  Rate 

The  fixed-observer  rate  of  the  Cauchy  stress  tensor  in  Cartesian 
coordinates  is  simply: 

d /A 


dt  “ Cia  ki-j 


(2.296) 
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Tho  £lxiHl-obnorvi'i'  rate  of  tho  Cauchy  Btircao  tonaoj:  in  convoctod  curvi- 
linear cocjrdinnton,  in  obtained  by  t-nHlnq  into  account  tho  time  rato  of 
tho  bane  voctorn. 


Contravariant  componontn  t 
c=) 


(2.297) 


= a^'5.5,  - 6k)5^  + (v:,&k) 

= +cr’'^V!KGx6^^a^"V:KG,6^ 

= (6-*%  Y%  a"*  + VTk 


(2.298) 


S>ia-  A-x«r  Tr^ 

CJ  * CT  + W Q V > 


Mixed  Components  8 

8-  = i 


(cr|  GxG^)  = cr^jGxG^crJ  6x6^+ffJGiG^ 

= cr*i  GxQ^  aj  (V^x  6k)6^  o5  GxC-VTkG’') 

= crfiGxG%a;V%GxG'-  alY'l.G.G' 

= ( c?  ^ + V%  (T5  - 0-  * V^^GxG^-  CTJ  GxS 


•r 

I 

(2.299) 


Covariant  Components; 


Ci  = ^ (oi^-  G^'G*^)  = 6ij6*G"+cri^G''G'^+  a^jG^G' 
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= <yx^G"S^-c„,V«^G*G^.g.^^yK^Gxg^ 

“ fe<r-V^\0i,T  -(^K'V“<r)G*G*-  OijQ'S^ 

I ® I — ^ (2.  J00) 

L ~ jx  CK-ar  ~ Or,,.V*!..r] 

2^>  6 ^ 2 ♦ 2 ConvQcted  Rates 

The  time  derivative  of  the  contravariant  components  of  the  Cauchy 
stress  tensor  in  oonveoted  coordinates,  was  named  the  •■oonveoted  rate"  bv 

nr  luLrr  r - nn 

components  (oovariant,  contravariant, 

and  the  two  mixed  components)  of  the  cauchv  str«><ae8  <«  ' 

i-aucny  stress  in  convected  coordi- 

rr„r  ■“■  ■• 

^ "(i  c'”)5.5,-  d”S.S,  - 0—5.S, 

I 

Oldroyd  [77]  shows,  , .t  in  Cartesian  coordinates: 

^ “ CTx-<r  ^ i 

A ~I 

Qi^  “ or  T V ^ - V/  A-  (2.302) 

i£ y ViskU^k  " V,T  K (Txk 


(2.301) 


(2.302) 


nother  convected  rate  can  be  obtained  from  time  differentiation  of  the 

covariant  components  of  the  Cauchy  stress  in  convected  coordinates.  This 

stress  rate,  identified  by  < S was  analysed  by  Cotter  and  hivlin  ,7n, . 

In  convected  coordinates: 
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(icr,,)G"G"= 


G S’ 


I?..  303) 


cottor  and  Hi.vlin  [70] 


show  that  tn  cajrtonian  cootdir>ato!’.» 


(2.304) 


(T  . 3 (T-.  + V„.iO'kj  + Vk,J<^i^ 


I Q-,.  3 

t«a  rat...  can  bn  defined  by  tine  differentiation  of  the  ni»ed 
Other  coordinatea,  an  ahown  by 

components  of  the  Cauchy  sUess  in  c 

Masur  [79  and  80] : ^ ^ ^ 

§.(4oi;)a.5'-o-.;5,6‘'-fcfi.5 


K * A 

cr^j3  cr^i- 


& ^ _ 

(J  = (Ix.r  H ■'■j 


= A - Ck®  •*'  Vh^jO'ikI 


§ = ( 1 0-^  •)  6^6x-=^i  • S^Sx 


* « (T 

o -T  . ^ 
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(2.30B) 


A 

-g 

K /\  ^!l  a a 


2 ,G . 3 . 5 co-Rotattonal  tmtu 


The  co-rotQtional  ntronti  rate  hero  donotofJ  by  ( ) , in  the  convoctod 

cf.iorilinntc  oyotom  can  bo  obtained  from  the  flxocl-obnorvor  rate  in 

I 1 1 m 

convoctod  coordinatoa  by  roi>laciny  the  velocity  gradients  V , ° D + W.‘ 

I T ^ 

by  D.  (thuroby  eliminating  the  subtraction  of  thu  spin  tensor  W.’  from  thu 
U J 


convected  rate) . 

0^ » 0 


Hence,  in  convoctod  coordinates: 


”GxG,  = a5GxG'*6i,S*G^-&x  " ^ 


'u 


(2.309) 


O':  =6t;  +33:o-|-o-"kI): 

= Ox^-D^cr,^  -cTxkI'^ 
§;^  = &x,-VxKaK,-HKOxK 


(2.310) 


(2.311) 


(2.312) 


(2.313) 


The  co-rotational  stress  rate  in  Cartesian  coordinates  was  first 
introduced  by  Zaremba  [811 » and  later  on  by  Jauntann  [82] . Noll  [83]  and 
Thomas  [841  rediscovered  this  result.  The  co-rotational  frame  is  referred 
to  as  ’'kinematically  preferred  co-ordinate  system"  by  Thomas  [85)  and  the 
co-rotational  stress  rate  is  denoted  as  the  "Jaumann  stress  rate"  by 
Prayer  [86]. 
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An  aJ.tnrnativ^:^  way  to  obtain  tho  co'~rotational  rat*^  in  from  tho 
average  of  the  coavocted  ratoB  of  the  mixed  componentn , an  nhown  by 
MaBur  [79,80] I 


\ 4_  A A a A A A A V.-w'-t 

CT  -t*  0"  } ” 


cr^ 


g,  ^ , E. 


A . A . 1 A 


2 .6.2  Rofcon  of!  a {aOGOhd  Ordor  Tonnor 

Rocapitulating,  a iiocond  ordai:  tonoor  H havliuj  corapononto : 


haa  thQ  following  rates. 


2.6.3.!  FIXED-OBSERVER  RATE 


A ^ 

iTL  > X " iiliK"V , ^ 

^ = JX!  i tV^K  A n - Ji  • K V-', ^ 

- V%  >n.K  • +■  V*  K 


2. 6. 3. 2 (iO-ROTATlONAL  RA'TE  H 

A.  A 


(2.316) 


(2.317) 


(2.318) 


(2.319) 


(2.320) 


(2.321) 


(2.323) 

(2.324) 

(2.325) 


(2.326) 

(2.327) 

(2.328) 

(2.329) 

(2.330) 

(2.331) 

(2.332) 

(2.333) 

(2.334) 
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2 1 C>  • 3 , 4 Ro latlong  botv/Q^n  Ratos  of  Second  Oirdor  Ten^o.y_Q 
Thn  follawing  rnlntiooH  botwo^^n  tho  various  raton  of  a second  order 
tennor  0 can  be  shown  to  holdj 


h-R  "W-si^  Ji-v 

A,  , --3 

BBS  ss:  -S’  r”’ 

lO,  “ n •'•  L.  • >fi  + S^-  L 

«3«a  *r:3S  ^ 

ifl<  ® tTi  ■”■  LJ.  * 

p>  JE3. 

iQ  =iOi  ~ L’isi  ■'•iIli'L 

^ »ft  + D-H  - 

ifi  = iQ)  ■•■  D-inj'''ini'i) 

l>  0 ,-Sa  5-5S 

=-Sl  -X>-Sh  -i-  Sl-J> 

iTL  D*»^  " iJL'D  ^ 

^ =-L(Ji  + JX)  lTl) 


(2.33Q) 

(2.33C.) 

(2.337) 

(2.338) 

(2.339) 

(2.340) 

(2.341) 

(2.342) 

(2.343) 

(2.344) 


Note:  (1)  The  fixed-in-space  observed  rate,  denoted  by  ( ),  does  not 

satisfy  condition  5.  For  example,  the  fixed  observer  rate 
of  the  CauchV  stress  tensor  does  not  vanish  when  the  body 
performs  a rigid  body  motion  and  the  body  remains  unstressed. 

(2)  The  convected  rates  identified  by  (^)  and  ( ) do  hot  satisfy 
conditions  1 and  4. 
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(3)  The?  convnetod  rat03  idontifiad  hy  and  (^)  produce} 

unoYmmotric  Umi^oru  ovon  whnn  tl^o  tonnor  bnlng  ff<*r(?rit Jatird 
Wd}!  o r 1 c)  I na  I .]  y / lymmu  trie, 

(•1)  'Plir  cn'-rotatiaimi  (^nrrimU.i-.JduiTinnu)  rnto  }iaLU»i:i«?n  nU  (jvo 
condltUiUM;  Tru<}iu.lnil  Aiui  Toupln  \Vi , 1»,  AA?.]  , tiriqcr  fh(.j  , 
and  i'tuu  }ihuufp'h< 'll? I |70)  nxpJunmtd  <jplnJ(.»nn  Ljj  1 ,.fi  f/ivor 
huhitiiUUi  |M/J  Intnrprn (.1  !<l  tii*}  co’^rotaM uua.l  rale  an  ♦'t-vaj’lanl 
di  i i.nr(ditial;ion  with  rouppct.  to  time,  by  1 ntroflucrl  mi  lime  di; 
tl^r  tomd))  mordintitn  in  an  appjoiu.iatn  manma  . It'l’oio 
.lichiuaiub  'I’iioiiuin  |HH,  )>,  Hi)  inid  tilroady  lnlacr;luu<.?d  the  name 
^Urp yar i an t time  the  uo~re>tatlonal  rate. 


Btrusn  IVinuor 

The  co-rota tional  rate  T of  the  Kirchhoff  struHM  t with  comporumtu 
I in  the  proBunt  vector  baneB,  1b 


ItT 


(2.345) 


Cartesian  Componentai 


o • 

A A 

^x<r  “ 'fcivr 


(2.346) 


Contravariant  Components; 

r”=  + Dk  t"'  + 

Mixed  Components: 

+ D*  - nD^ 

Covariant  Components i 


(2.347) 


(2.348) 


(2.349) 
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2_._6.4.1  Co-RotatlonaX  Rata  of  the  Kirchhoff  StrasH  ExproBood  In 
jlgigg,  of  tho  SocQnq  Plola-Kirchhoff  strong  and  thn  Groon 
Sferaln  for  a convoctod  Coordlnajbe  Sviitom 
Thin  rolation  in  unoiul  in  an  nnalynin  formulated  in  tormo  of  a 
rofaronco  configuration.  Tho  following  oxpronoionn  oro  unod  (noo  Eqn. 
2.140,  2.188,  2.266,  and  2.270) | 


GxK  = Gfc=3d.+2Vit  Cc-'j*6 

From  these  equations,  and  Eq.  2.347,  one  obtains: 

Contravariant  Conponents: 


XK 


z 


= 5‘'' 


350) 


Mixed  Conponents: 

One  can  obtain  these  components  from  any  of  the  following  relations: 


Employing  the  first  of  these  relations,  one  obtains: 


(2.35;) 
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+ + s:s‘] 

' S,^  3""’S"j  +sig'""^7 

» s:  (6«.^Kp  fsiH7  - St, 

= S:(Sjt2Vp+StTT6^6..+SU*' 

= St.  Cs7+2^P  + si;  [sit  s]  + Gk^tI 

= S‘~  [si  s'  + 


(2.352) 


(2.353) 


2.7  Energy  Equation 

The  Intiei^nal  energy  integral  0 over  the  present  volume  V can  be 
expressed  as  a function  of  the  Cauchy  stress  a and  the  rate-of-deformation 

ss 

tensor  D: 


U‘J  J o'-.DdtdV 


(2.345) 


V't 


One  may  write  U in  terms  of  the  following  components  in  the  Cartesian 
and  in  the  convected  coordinate  system: 

dtdV=^{o'-D,.dtdY 
‘U  <y„  If’  dt<jv  o-j  D’  dtdv 


(2.355) 
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I 


Tho  nno^.gy  integral  U ovur  tho  volume  in  the  roCeronco  configuration 
at  t can  bu  oanily  obtained  from  Eqn.  2.223  and  2.355  an: 


= f =f  f 

\ Vo  J \ V 


whoro>  an  in  Kqu.  2.218  and  2.219: 


p = ^ 

r dVo 


n=  is. 

/ dV 


Hence , 


the  energy  per  unit  mass  U is: 

= dli  = d]X  dl  = -J: ilL 

“dm  cT^dw  <SVc 

“TTTTn  [ 

- dl/C  . dTX  dV  _ J-  dTX 

"d*n.  dV  di>L  dV" 


# 

X - T)  =_p,  (ir^t.)U- 
a =/>  C^J^)  U. 


(;>.;i56) 


[2.357) 


(2.358) 


(2.359) 


(2.360) 


These  equations  express  the  important  fact  (for  constitutive  equations 
based  on  thermodynamics  principles)  that  the  scalar  product  TtD  is  simply 
related  by  a constant  (p^)  to  the  power  per  unit  mass  U,  while  the  scalar 
product  CT:D  is  related  by  a variable  (p»  which  depends  on  the  deformation 

mi 

history)  to  tho  power  per  unit  mass  U. 

It  can  bo  shown  that  equivalent  expressions  for  the  internal  energy 
U arc: 


U-f  f a-.smt-l  i 

-'t  Jy  Jt  4 Vp 

Jf  x5:t jVoJt^fJ 

-!tV.  Vyo  4v„ 

Therefore,  5 and  D are  conjugate  variables. for  the  Internal  strain  power 
per  unit  present  volume  Vj  S and  Y»  I and  C,  T and  P,  and  T and  D are 
conjugate  variables  for  the  internal  strain  power  per  unit  reference 


volvune  V- 
o 


For  the  conjugate  variables  T and  D,  the  energy  expression  in  terms 
of  the  components  in  the  Cartesian  and  in  the  convected  coordinate  system 
in  the  present  configuration  read: 


U-\[  JVJt  =j f 

^ 4 'Vo  (2.362) 

= 1 j^r„D”dVJt 

For  the  conjugate  variables  S and  y “ V2  C,  the  energy  expression 
in  terms  of  the  con«)onents  in  the  Cartesian  and  in  the  convected  coordinate 
system  in  the  reference  configuration  read: 

' 1 L ^‘j  ° iA- 


(2.363) 
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u..*  ™n.iu.|.ih-  V.n  lal>l.'rt  T .u'J  ? 1'“'  

II, ..  .K»I,«.,I..,.I.,-.  li,  tlio  cn.t..«li„,  AII.I  II,  tl„,  u„.l..l:..,m.,.l  coiivul,,!  ,.,-,r.li- 

u,»to  uyittom  lo.ul!  ^ f f ^ 


(2.3G4) 


Observe  tliat  since  D^j  “ ^ij 


e , equivalent  expressions  are: 


u"  JV,j  JV 


(2*365) 


However 
for  example: 


C,  note  that  o and  Y»  and  a and  e are  not  conjugate  variables,  since, 
_ _ ample : 

JJ, oj ■*:  jvji 

This  soomlmly  «li*l«  dlstinotioi,  ha,  Biioi,  th,  cause  of  confusion  hr  many 
authors . 

observe,  that  since 


S‘-'  = T‘ 
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and 


D 


*««r 


'i'vj  = 6x<r 


then,  oqutvalont  QxprooaionB  aro 

ItT 


U‘[l  r^l^cjdV.dt  ( -c^dYijclV^ 
*11  r*^e„JVJt  »f  f r^'dex^dVo 

A Vo 


= [f  S‘j D., d’^dt  ./ f T^^Dx^dVJt 

AVo  A Vo 

■J.i.T‘'i„jV.A.l,(,_,r'j.„JV. 

However f here  agaih,  T and  y,  t and  e,  S and  D,  T and  D,  S and  e,  T and 
and  T and  y are  not  conjugate  variables. 


(2.367) 


2.3  Specialiaation:  Homogeneous  Uniaxial  Irrotational  Deformation 

The  uniaxial  tensile  test  is  a common  and  simple  way  to  cheuracterize 
the  stress-strain  relation  for  a given  material.  Since  the  tensor 
components  used  in  the  constitutive  relation  will  have  to  be  related  to 
this  uniaxial  test,  and  also  to  gain  a physical  understanding,  of  the 
quantities  involved  in  the  analysis,  it  is  both  useful  and  instructive 
to  express  the  tensor  quantities  previously  discussed  in  terms  of  the 
uniaxial  tension  test  variables.  A homogeneous,  uniaxial,  irrotational 
deformation  will  be  considered.  Then,  it  is  evident  that  the  curvilinear 
convected  coordinate  is  equal  to  the  Lagrangian  Cartesian  coordinate 
Xj^  for  a bar  with  no  initial  curvatures 
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(DO* 


E.  =Xi 

obfiorvo  that  and  Xj^  nro  not  Cunctiotui  of  time  (they  romaln 
a qlvon  matwKiai  pafticlo) . 

If  tho  original  longtii  of  tlio  bar  in  and  itn  proaont 
then  tlio  Eulortan  Cartoalan  coordinate  in 

A** 

If  tho  unit  vector  directed  along  the  axis  of  deformation  is  ' 
and 

The  deformed  base  vectors  are: 


and  the  metric  of  the  deformed  configuration: 


so  that  the  unit  second  order  tensor  is: 

I = i rji  = i 14*  igi3"=  i|"| 

-|5‘5‘=|j6A  = i6,5‘=16‘Q. 

The  position  vectors  are: 

f rj  = r‘» 

B1 


tho  name  for 
longth  in  It, 

(2.369) 

then 

(2.370) 

(2.371) 

(2.372) 

(2.373) 

L 

(2.374) 


(2.375) 


Xi 


R=Xi=ix, 

Tho  diaplacomont  vector  lot 

a*R-?  » dJi=a^|i  = ai|.^=lX*'Gi“lliG 
a‘-ai=Cti=‘(x‘i)xi 

U‘=(i4)x.  u.-l(i-f)^. 


The  velocity  vector  is) 


Q » 4” 

i 2>t  IX|®CoM#T. 

Vi-  -|-X 


ix.r,  - V^5, " V,G^ » |r.-V  f h 


' 1 

v4 


Xi 


V --^-x 


(2.377) 
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(?..  V/0) 


'I'ho  tlmu  latoM  uC  thu  aui:oi:mod  banu  vocV-orn  ajroi 


2.H.I  nofomatlon  and  strain  Tonnorij 

Tho  wmi'ionouta  af  tlio  dofotroation  ijradiont  toiuior  !•  nru. 


Oartoaian  Component 8 


^Xi 


i 

X 


Ci.379) 


(2.300) 


Doublo  Tensor  Components; 

F*j  = F •ita*'' 

Fxj  =F-^jGk<t 

f;^  =F-tS„j'j 


Components  in  tho  Convected  Coordinate  Syatem  tn  the  Reference 
Configuration  are; 


FU  = SfeH-u:,i 


F 


1* 

• i 


F 


F“-Fu-Flt' 


i ^ 


i 

I 


(2.381) 


(2.382) 
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Tha  compononta  oC  tho  spatial  dofortnatlon  qra4ient  tonaor  P aroi 


CartoBian  Componontt 


('F-).-t.-t 


(2.383) 


Doublo  Tonoot  Componontnt 

(F-')iS(F'r3‘j 

(F-')iK-(F")i;^.j 


(F'Ti  * i 

(F-r 

(F''):‘*| 

(F-')u-i 


(2.384) 


Components  in  the  Convected  Coordinate  System  in  the  Present 


Configuration: 


(F-Tk  = Sk-U% 

{rr  =(r)"Q" 

(F-'),k  =(FTkG, 
(fX“(f1k6’ 


♦ dIX  j 

(F  ^"W'T 

/ r“'y^  „ ia.  A « Jfc 

/ IT'  ^ .fu 

A-  rio  j 


Since  an  irrotational  deformation  is  being  considered,  then  the 
orthogonal  rotation  tensor  is  the  unit  tensor: 


ft-i 


(2.386) 


And  for  this  special  case,  the  right  and  left  stretch  tensors  0 and  V 
become  botli  equal  to  the  deformation  gradient  tensor  P: 
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(2.3B7) 


LL  = \/=r 


C’ompoa^intfi  o£  tho  right  stretch  tensor  in  the  csrteslnn  nystoro  and 
in  the  roforencn  configuration  of  tho  convoctod  coordinate  system  nrei 

A . . . I 

(2.306) 


components  of  the  loft  stretch  tensor  In  the  cnrtcjsinn  system  and  in  tho 
present  configuration  of  tho  convoctod  c(x>rdinato  syntom  aroj 


v„  ■ v:  • i v“- 


1 

i 


V - I 

Vii  “ Ti 


(2.389) 


Obsorvo  that  the  value  of  tlio  stretch  tensors  is  equal  to  unity  for  no 
deformation!  and  the  possible  range  is 


o<u,u'iil*Vu-Vi<+°o 


(2.390) 


sst  tst^ 

The  right  cauchy-Green  deformation  tensor  C “ 0 has  the  following 
components  in  the  Cartesian  system  and  i.i  the  convected  coordinate  system 
in  the  reference  configuration:  ^ 

es  st2 

The  left  Cauchy-Green  deformation  tensor  B <=  V has  the  following 
components  in  the  Cartesian  system  and  in  the  convected  coordinate  system 
in  the  present  configuration: 

41  ( T2  J. 

i! 


3 


ii 


r 


(2.392) 


Observe  that  the  value  of  the  deformation  tensors  is  equal  to  unity  for 
no  deformation  and  that  the  possible  range  of  values  is: 

A • A _ , 

(2.393) 
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f=i 

Tho  Greon  (Iiagrangian)  strain  tnnaor  y in  defined  an 

y 


A 


= -^(c  -I) 


C^.394) 


Therefore  * it  h«n  tho  following  pomponentn  in  tho  cartenian  and  in  the 
eonvected  coordinate  nyntom  in  tho  roCoroncn  config* .rations 


(2.395) 


Tho  value  of  thia  otruin  tonoor  roducoo  to  zero  for  no  deformation,  and 
tho  posolble  rang?  iai 

-4  < Yu®Vl  <+0C)  (2.396) 


Tho  Aiinansl  (Eulorian)  strain  tensor  e is  defined  as 


(2.397) 


Therefore,  it  has  the  following  components  in  the  Cartesian  and  in  the 
eonvected  coordinate  system  in  the  present  configuration t 


Su' r) 


(2.398) 


The  value  of  this  strain  tensor  also  reduces  to  Zero  for  no  deformation, 
and  it  has  a possible  range t 


— < 6ii » ei  < + "I 


The  elongation  strain  tensor  I is  defined  as 

X!/  mSi 

E-  LL-i 


(2.399) 


(2.400) 
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Thei-faforo,  it  haB  the  following  componontB  in  tho  Cartesian  and  in  the 
convoctod  coordinate  syfitotn  in  the  rofernnco  configuration t 


E 


U. 


m 


(2.401) 


OUnorvQ  tluit  thin  unifutinl  componont  in  exactly  equal  to  the  no-oallod 
"enqinonrinq  strain"  by  tho  englnnoring  literature  that  in  moanurod  in 
uniaxial  tonnllo  tontn.  Thlo  strain  tonnor  nlno  roduoon  to  zoro  for  no 
(ioforniation  and  It  han  tho  following  poooiblo  rango  of  valuooj 


-1<  E«,  <+  00 

Tho  elongation  strain  tonsor  B is  defined  asi 


(2.402) 


i -V 


-1 


(2.403) 


Therefore,  it  has  the  following  components  in  the  Cartesian  and  in  tho 
convccted  coordinate  system  in  the  present  configuration* 

* 1 


Elii-Ei*  i'T 


u 1 


II 


i 


(2.404) 


This  strain  tensor  also  reduces  to  zero  for  no  deformation  and  it  has 
the  following  possible  range  of  values* 


-00  <E„*E',  < + j 

St 

The  logarithmic  strain  tensor  8 is  defined  ast 

H « iw.  LL 


(2.405) 


(2.406) 


Therefore,  it  has  the  following  components  in  the  Cartesian  and  in  the 
convected  coordinate  system  in  the  reference  configurations 
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(2,407) 


A 

/yj  ru  ^ 

Thn  lognrlthmlp  Rtjrain  tonnoi:  l1  in  deflnod  Mt 


C4.40a) 


ThoroCoro,  it  hoo  tho  following  compononto  in  tlio  Cartonian  and  in  tho 
convoatod  coordinate  oyotom  in  tho  prooont  configuration! 


H ^ i(|) 


Those  strain  tensors  also  reduce  t zero  for  no  dofomatlon  and  they  htv/u 

tho  following  possible  range  of  valuoaj 

▲ 


^u.  ® • Hi  ® Hii  * Hi 

6^  (i-io)  « 0 

- 00  < <5i  < *H  00 


(2.410) 


Observe  that  this  strain  tensor,  unlike  the  other  strain  tensors,  has 
a symetric  range  in  tension  (e^  > o)  and  compression  (e*  < 0).  Aiao. 
this  strain  tensor  is  called  the  '‘natural  strain"  or  "trl  strain"  in 
uniaxial  tension  tests  by  the  engineering  literature. 

2,»._6«2  Deformation  Rate  Tensors 

The  rate-of-deformation  tensor  D has  Cartesian  components 


A 

X) 


• 

^ li  i 


(2.411) 


and  components  in  the  convected  coordinate  system  in  the  present  configura- 
tion! 


ee 


4i. 


A (£\ 

z ^ j!j  / 


I 


i 

i 


jl 

- il  J- 

kJ  - i. 


(2.412) 


Obaorvo  that  tho  material  rate  of  the  logarithmic  atrain  component 
ia  equal  to  tho  mixed  compononta  of  tho  rato-of-deformation  tensor 


'a 


(2.413) 


The  material  rate  of  the  Green  strain  tensor  has  the  following 
components  in  tho  Cartesian  and  in  the  convected  coordinate  system  in  the 
reference  configuration : 


(2.414) 


The  material  rate  of  the  Almansi  strain  tensor  ccanponents  in 
Cartesian  and  in  the  convected  coordinate  system  in  the  present  configura- 
tion are  s 


& - = e;  ‘ = ^ ^ 

"a*  " ^ • i • Jl*‘  X 


,2.415) 


U 

. f i 

observe  that  these  convected  rates  are  not  components  of  one  and  the 
same  tensor.  However#  the  fixed-observer  rate  of  the  Almansi  strain 
tensor  components  are  components  of  one  and  the  same  tensor.  For  example, 
the  ccanponents  of  the  fixed-observer  rate  of  the  Almansi  atrain  tensor  in 
the  deformed  coordinate  system  ares 

5=1  e‘^=4"i 

e,i- » ® fT 


(2.416) 
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Rolntlonfihipn  botwotm  the  compononta  of  tho  rato-of-do formation 
tonaor  and  the  matcrlol  rate  of  tho  Groon  atrnin  tonaor  can  bo  onally 
obtnlnod  for  thn  uniaxial  oaaoj  for  oxamplo, 


^ I Ji 

(2.417) 

(i+2^1) 

2 ♦ 8 « 3 Stroaa  Tensors 

Tho  unit  normal  vectors  to  the  deformed  and  undeformed  areas  arc 
one  and  the  same  unit  vector  directed  along  the  bar  axis,  since  the 
deformation  is  uniaxial  and  irrotational . Therefore, 

-sr 


Nj=i 


N'.i 


N -x 
^ I 


(2.418) 


^ t I 

Mj.  = i 


The  force  transmitted  across  the  cross-sectional  area  of  the  bar  is  dP 

dP»  = dP^Gi  " dP^G^ 

A = dP 


d?‘4dp  dPx4dP 


(2.419) 


t 

Xc 

The  fictitious  force  dP  « (p)  ^ * dp  has  components t 

dP,  = dP  =d?i  = f dP 

Also,  the  corresponding  traction  vector  canponents  are: 
/A 

T,= 


(2.420) 


" ” r.?4 


A 


T - 2 1 

A i. 
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<2.421) 


A 

t. 


•p 

Ap 


1 


i L 

•£  -A.p 


i =1  £ 
^ i.  A, 


A 


r =t‘,t  = 4 V 

t J A 


The  Cauchy  stress  tensor  a is  defined  as: 

T = N-^ 

Therefore,  its  Cartesian  components  are: 

(d,,r,T,) 


A-  £ 

“ A 


(2.422) 


(2.423) 


which  can  also  be  expressed  in  terms  of  the  ref'^rence  area  by  the  law  of 
mass  conservation: 


fX 


j).A.  i f Ai 


JL  - i-  1 £ 

A ” A.  i.  £ 


(2.424) 


Hence,* 


(2.425) 


The  components  of  the  Cauchy  stress  tensor  in  the  convected  coordinate 
system  in  the  present  configuration  are  obtained  as: 

_ 

^ IP 

The  components  o =>  o,  = - are  called  "true  stress"  by  the  engineering 
literature.  aa  x a 
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(2.^ 


I 


£ 

A i 


is  <c  » J 


Gi'f  6,-((ri  Q^6,) 


Therefore,* 


II 

b 

P ^ P z 1 
A-  ^ Ao  -i. 

i‘Z-  £ £ £ 

6‘A"  A A.  J 

O' 

!*  ? p £ £ 
f A":^A.  i* 

(2.4 


The  Kirchhoff  stress  tensor  is  defined  as 

S-  a 

Therefore,  it  has  the  following  canponents  in  the  Ceurtesian  and  in  th 
convected  coordinate  systan  in  the  present  conf igviration : 


(2.4 


i:  = i 

" y A A.  i. 


(2.4 


r«  = A £ 1 - £■  is 

^ r A /«•  A.  -e 


(2.4 


r,,=AEii  = £ £ 

^ TAJ*  A. 


(2.- 


observe  that  the  uniaxial  component 


^ s - £.  X 


(2.43; 


See  the  footnote  on  the  previous  page. 


t-ho  atroaa  actually  computod  In  moat  uniaxial  tension  and  is 

also  inaccurately  labolod  as  "true  stross" , since  it  is  usually  assumed 
to  bo  equal  to  tho  "true  stress"  because  p » is  satinCiod  almost 
identically  Cor  most  metals  in  tho  plastic  region. 

The  second  piola-Kirchhoff  stress  tensor  is  defined  as 


t - h-S 

Therefore,  its  Cartesian  components  are: 


(2.433) 


(2.434) 


The  components  in  the  convected  coordinate  system  in  the  reference  config- 
uration  ares 


(2.435) 


Observe  that  the  relation  between  the  contravariant  com- 

ponents of  the  Kirchhoff  and  the  Second-Piola  Kirchhoff  stress  tensors 

is  satisfied.  ^ 

The  first  Piola-Kirchhoff  stress  censor  T is  defined  as: 


t = h.T 

Therefore,  its  Cartesian  components  are: 

^ I i = ' (l"  11 


(2.436) 


(2.437) 
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ThQ  componontB  of  tho  double  tensor  T referred  to  the  convocted 
coordinate  systoro  in  the  roforanco  and  present  configuration  are  T , 


T*"  and  T?*  and  are  obtained  an 

£j.5‘.|-.(Tn|.a') 

A.fS,-a‘-(T“s.5.) 

“Til  . Is.  _ A I.  (2.440) 

' ~ A,  f ' ? A P 

T - ^ -I-  = >^  ?■ 

' e-  A.  / A 

Observe  that  the  relations  and  = T between  the 

components  of  the  Kirchhoff  and  the  first  Piola-Kirchhoff  stress  tensor 

are  satisfied* 

The  components  of  the  first  Piola-Kirchhoff  stress  tensor  referred  to 
the  reference  configuration  of  the  convected  coordinate  system  arei 

Tit  -Tr,  -T,, » g-ffl  ,2.442, 


(2.438) 


(2.439) 


(2.440) 


(2.441) 


(2.442) 
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Defining 


cr,.t„.Tn-|. 


(2.443) 


This  is  the  so-called  "engineotring  stress''  in  the  engineering  literature 

and  it  is  the  easiest  one  to  compute  in  uniaxial  tests  since  it  is  just 

the  load  applied  to  the  specimen  divided  by  the  original  cross-sectional 

area  A of  the  specimen, 
o 

The  relationship  between  the  components  of  the  Kirchhoff  and  the 
second  Piola-Kirchhoff  stress  tensors  can  be  simply  obtained s 


S“ 


2.8.4  Stress  Rates 

Since  an  irrotational  uniaxial  deformation  is  considered, 


•R*  i 


0 D‘L'l7 


(2.444) 


(2.445) 


Hence,  frean  Eq.  2.335 


(2*446) 


For  this  particular  kind  of  deformation,  the  fixed-observer  rate  and  toe 
CO- rotational  rates  of  a second  order  tensor  U are  equal* 

The  co-rotational  rate  of  the  components  of  the  Cauchy  stress  tensor 
in  Cartesian  coordinates  is: 


(2*447) 


The  co-rotational  rate  of  the  components  of  the  Cauchy  stress  tensor  in 
convected  coordinates  is: 
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+ I>la“+  cr“Di  -6“+ 

“it  ^A  f ) ^ 1 (a  1^)’  ^ it® 

(5r*^  B ii  if  iN  (2.448) 

r dt'^A 

^ii  *’  ^ii  ”^4, Oil  “ Oji^j£  ” CTii  ”"  ^ ^11 

“ i (a  t)  ■ ^ i 5 £ i!  it  ® ^A 1 1 ' ® I i 


(2.449) 


The  convected  rates  of  the  components  of  the  Cauchy  stress  tensor  in 
the  convected  coordinate  system  in  the  present  configuration  aret 


V 

cr“ 


, A /Z  \ . i*  ifiX  . 2 1,  1 

^ d^:^A  iv  .6^  at^A/  ^Ai^J 


(2.450) 


(2.451) 


Zi.  i.i  _ /Vf  - rt-i  - i./'X.N 
UTi-CJi.-  U-i-Oi, 


(2.452) 


dt  A 

Evidently  these  are  not  components  of  one  and  the  same  tensor.  The  co- 
rotational  and  convected  rates  of  the  Kirchhoff  stress  components 
referred  to  the  convected  coordinate  system  in  the  present  configuration 
can  be  similarly  obtained: 


r i • r J ; - = if 


3) 


^ii 


'^u~  '^il 


-:.ii.  ?/Z  iSi'  i 

^ ■ rdtUoioJ  ‘^^A.i.iFJ 

£i(Z  1)  .ofz  hill 


(2.454) 


(2.455) 


(2.456) 


(2.457) 


The  relationship  between  the  co-rOtational  rate  of  the  Kirchhofi 
stress  tensor  mixed  components  in  the  convected  coordinate  system  in  the 
present  configuration  and  the  Second  Piola-Kirchhoff  stress  tensor  mixed 
components  material  rate  can  be  easily  obtained  from  Eq.  2.26$: 


(i+2Vi) + 2 siiri  = sict  + sici 


Or,  for  this  xiniaxial,  irfotational  motion  condition: 


Hence , 


(2.458) 
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(2.459) 


Thorof oro  f 


(2.460) 


2 . 8 . S Eno  rqy  Equation 

As  previously  noted  in  Subsection  2.7,  the  energy  integral  over  the 

C3 

proaont  volume  V can  be  expressed  as  a function  of  tho  Cauchy  stress  o 
and  the  rato-of-de formation  tensor  D as  in  Eqs.  2 •354  and  2.355.  In  this 
uniaxial  case#  one  obtains: 


u = CaA.  dVdt  -X J,cr“D„  dVJt 


Also#  from  Eqs.  2.425  and  2*427* 

A , T „ii  T.  I 

^11* O'!' A ^ ‘a1 


z 


p f 


(2.461) 


Kotice  that#  from  fiqs.  2.411#  2.412  and  2.413$ 


(2.463) 
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_ X P ’ 

which  BhQWs  that  tJici  area  under  the  "true  stroBa" 

logaritlwia  atrain  (e*  - An  i~) ) in  the  energy  per  unit  pronont  volume 
of  the  material. 

An  pointed  out  in  Subnoction  2.7,  the  energy  per  unit  rofomneo 
volume  of  the  material,  can  bn  eanlly  dbtainod  from  the  Jacobian  detormr 
nant  of  the  deformation,  from  Rq.  ?..356i 


(2.465) 


For  the  uniaxial  case:  . n •%  n 

(2.466) 


which  shows  that  the  area  under  the  Kirchhoff  stress  (t^  “ ’’’i  “ A A ^ 

and  logarithmic  strain  (e*  » An  (^))  is  the  energy  per  unit  refe?enSe 

o 

volxime  of  the  material ♦ 

The  area  under  the  Kirchhoff  stress  and  the  logarithmic  strain  is 
simply  proportional  to  the  energy  per  unit  mass  of  the  material,  the 
proportionality  factor  being  the  mass  density  per  unit  reference 
volume  V , which  does  not  depend  on  the  defomation  history. 

The  energy  per  unit  reference  volume  of  the  material  can  also  be 
expressed  as  a function  of  the  second  Piola-Kirchhoff  stress  tensor  S 
and  the  Green  strain  tensor  Y right  Cauchy-Green  deformation 

tensor  C; 


.f  <T7o<)t  S = c jVJt 


(2.467) 


For  the  uniaxial  case* 


99 


Honoo» 


4 » S*  » S“  ’ s,  • ^ 

A i N*>-  ii  N>  Jt  i 

tt-R‘(£f)(ff)«-4^^*f 


(2.4fi8) 


Which  ohowD  that  the  area  under  the  oocond  Plola-Kirchhoff  atroao 

(S,,  ■ Green  strain  (Y„  “ Yj  ■ (“o  ”1))  equal 

11  1 *•  IX  J.  ^ 

O ^0 

to  tho  enojrgy  por  unit  roCoironcc  volume  of  tho  niatorial#  propoartional  to 
tho  Qnorgy  per  unit  mass  of  the  material* 

Another  expression  for  the  energy  per  unit  reference  volume  of  the 
material  relates  the  conjugate  variablost  tho  first  Piola-Kirchhoff 

_ ca 

stress  tensor  T and  the  rate  of  the  deformation  gradient  tensor  Ft 


U-UT-FJV.Jt 


(2.469) 


For  the  uniaxial  case  (convected  coordinate  con4>onents  in  the  reference 
configuration) i 

I *1  ♦ 1 i • “T*  "^1*^  ("engineering  stress") 

where  ** 


. r 1 ^ ^ 1 - l< 


("engineering  strain") 


Hence 


(2.470) 
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which  Rhown  that  the  area  undej:  Uie  first  Piola-Klrchhof f ntroon  (or 
"onginoorinq  strans"  *=  ~)  and  tho  ''onqinooring  strain"  (E^  “ 
in  aqvinl  to  the  onnrgy  par  unit  raforanco  volume  of  tho  matorlal, 
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9ECPI0N  3 


CCWSTITUTIVE  EQUATIONS 


3.1  infcrodHotion 

In  flootlon  tho  oquatlonB  nftooflfl«ry  for  thn  prnoino  trontmont  of  oon" 
flttfwtlvo  oquAtionn  woro  prononfeod.  In  tho  pronont  noabion*  th«  finlto" 
ntrnin  plnftbiciby  fchoory  unnd  in  feho  pronont  nnalynin  in  oKnminod  nnd  dio" 
plnyocl  in  tho  npirlt  of  modom  eontinuutn  moehmiiGn. 

3.2  Rovlnw  of  Sinoll-Strnin  Plaotieitev  Theory 

3.2.1  Roviow  Of  Principal  Geneopto 

Thoro  aro  two  typoa  of  plaoticity  thooriuo,  tormod  “flow"  and  "doforma- 
tlon".  The  deformation  theory  of  plaoticity  aaoutnoo  thati  aa  in  olaotleity, 
thoro  oxiato  q ono-to-ono  corroopondonce  botwoen  otrooo  and  strain.  Tho  flow 
(also  termed  "rate-type")  theory  of  plaoticity  statoo  that  there  is  a func- 
tional relation  between  the  streoo  rate  and  the  strain  rato.  Since  those 
theories  are  conceived  for  omall-utraln  conditiono>  the  stress,  strain, 
stress  rato,  and  strain  rate  measures  are  loft  undefined  for  any  strains  that 
are  not  "small".  Only  fn»  proportional  loading  where  the  stress  ratio  re- 
mains constiint,  and  for  a certain  restricted  range  of  loading  paths  other 
than  proportional  loading  (through  the  assumption  of  the  possibility  of  a 
singulariti  in  the  yield  surface)  does  the  deformation  theory  agree  with  the 
flow  theory. 

The  behavior  of  an  elastic-plastic  material  can  be  characteriaed  by  the 
following  two  ingredients.  First,  one  assumes  the  existence  of  a boundary 
(yielding  surface)  in  stress  space  which  defines  the  elastic  domain;  within 
the  boundary  the  continuum  deforms  elastically.  The  onset  of  plastic  flow 
(Irreversible  deformation  in  a thermodynamic  sense)  Is  possible  only  at  the 
boundary,  and  no  meaning  is  associated  with  the  region  that  is  beyond  the 
boundary.  Second,  one  employs  a flow  rule  which  describes  the  behavior  of 
the  material  after  yielding  has  started;  this  rule  gives  the  relation  of 
plastic  flow  (strain  rate)  to  the  Stress  and  the  loading  history. 
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Anoth<*r  basic  assumption  in  the  theory  of  an  olastio"plaBtiD  continuum 
is  the  introduction  of  a plastic  strain  tensor.  The  plastic  strain,  j» 
assumed  to  have  tho  name  invariance  properties  as  door,  the  strain  tensor, 


Y , . . The  quantity  Yj  j 


rolntod  to  Yj^j  by  an  elastic  strain  tensor  ih 


tho  Contn 


The  ntrenn,  , in  related  to  tho  elastic  strain  y^c  compononts 

iikJ 

B • 'of  tho  fourth  order  elastic  moduluo  tonaort 


iikJ, 

V^hen  the  material  is  elastically  isotropic,  the  E ■'  can  be  expressed  as: 

i-ijit  iM  -V  !i  W 

EJ  '/L^-  ^ ^ 

where  p,  X are  the  Lame  constants. 

The  yield  stirface,  4>,  is  assumed  to  be  expressible  in  terms  of  certain 
variables  and  may  be  ej^ressed  as: 

2 * 0 (3.5) 

for  perfect  plasticity  behavior,  where  is  a constant.  For  strain. hardening 
behavior: 

where  is  the  stress  tensor  (also  undefined  for  finite  strains)  and  X is 


a hardening  parameter  which  depends  on  the  strain  history. 

Various  yield  criteria  have  been  proposed  for  the  prediction  of  the  on- 
set of  plastic  flow.  Among  them  is  the  Mlses-Hencky  yield  criterion  [89] 
which  usually  fits  experimental  observations  better  than  the  Tresca  criterion 
[89],  for  instance,  for  poLycrystalline  metals  and  yet  is  mathematically 
simple.  The  Mlses-Hencky  rules  will  be  discussed  and  adopted  in  the  present 
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1 


aiuUynlH.  Tho  MlHUH-llonoky  yloUl  crltorlon  may  bo  Intorprotod  aH  "yioldinq 
boqliw  whonovor  tho  diatortlon  onoiqy  por  unit  maoo  oqualfl  tho  dlotoirtlon 
onoiqy  p.>r  unit  ma«n  nt  ylold  In  almplo  tonnion".  Thun  hydrostatic  pronouro, 
tor  an  nlanticaliy  Inotropic  mntorlol  in  tonnion  or  compronnlon  docs  not 
atf.K’t  thi)  yioldinq,  plaotic  flow,  and  ronultnnt  hardoninq.  Stated  othor- 
witio,  no  plantlc  work  in  done  by  tho  hydrofitatlc  component  of  the  applied 
ntvonn.  Thin  impllon  tlmt  there  in  no  plantic  (or  irrcvornible)  chnnqo  in 

volumi'.  Thun,. 

ta  = 0 


For  an  initiallyrisotropic  matorlal,  tho  Mlses-Honcky  yield  function 
can  bo  written  in  tho  fonm 


whore 


i » J.-4(cto)"=o 


(3.8) 


^ 3 deviatoric 


stress 


is  the  yield  stress  in  the  uniaxial 
stress- strain  state 


This  represents  a hypersurface  in  nine-dimensional  stress  space.  Any  point 
on  this  surface  represents  a point  at  which  yield  can  begin. 

Considering  the  elastic-porfectly-plastic  solids  if  the  conditions  (a) 
4>  < 0 or  (b)  <l»  « 0 and  $ < 0,  are  satisfied,  the  state  change  can  only  bo 
clastic;  any  plastic  deformation  (which  may  have  been  incurred  earlier) 
remains  unchanged.  Thus, 


when 


( 


1<  0 


(clastic  deformation) 


1=0 


I<0 


(unloading) 


(3.10) 


It  iH  postulated  that  tho  plastic  strain  rdto  is  linearly  related  to  the 
\ith  no  strain-rate  sensitivity. 
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qradiont  of  In  otrooH  npnco,  an  foUowot 

P »_  • 

'^hon  ^=0  (loadinq)  O.H, 

Tl,i«  ia  a coimoquonaa  of  Dnickor'n  tM|  stability  pootulato*,  It  i„pUo,, 
ttat  tho  plaatto  atral„-rat„  vootor  yP^  (tj  oan  ho  oxprooooa  ao  a voctor  . 

..  a otr.Un-rato  opaoo  with  tl»  Efjhhllpl  ■.tiaia-yato  oompononto  .as  axoo)  1, 
noESSi  to  the  loa<ll„,  ourtaco  » („l„oo  M ^ 

surface.  *t  In  atrons  apaco  with  griucl^  atrosa  componenta  as  axes,  and  the 

principal  axon  of  strain  rate  and  atreas  arc  as.nmod  to  coincide) . Hera 

A la  a scalar  factor  of  proportionality,  it  la  not  a natorlal  conatant,  but 

varle.  with  the  doforwallon.  The  relation  for  the  plastic  strain  rate  -p 

is  independent  of  time  as  written,  aince  it  la  dimenaicn.Uy  homo,eneons‘L 
titno  • 

considering  the  elastic-plastic  (strain  hardening)  solid,  the  state 
change  is  clastic  if 


“ 0 when  ^ 


5’<0 

(elastic  deformation) 

o 

II 

0 

and  5 ® 0 

(neutral  loading) 

o 

II 

and  ^ < 0 

(mloading) 

^ ii 


(3.12) 

It  is  postulated  that  the  plastic  strain  rate  ^ is  linearly  related 
to  the  gradient  of  $ in  stress  space,  as  follows: 

when  ^*0  and  $>  0 (loading) 
where  the  factor  of  proportionality  X can  be  expressed  as: 

^ ^ (3.13) 

during  tho'^ap^liLtiorand  ^siUve  Positive 

Plication  and  removal.  For  perfect  ap- 

that  thb  plastic  work  of  the  external  aconev  modified  to  require 

oxtomal  agency  is  zero  Instead  of  positive. 


105 


(3.14) 


. •»  • '6^ 

Tho  factor  G (an  well  an  4>)  con  bo  any  acnlar  function  of  atroso,  strain, 


and  strain  history, 

Notico  that  for  $ 0 them  0,  which  is  oonsistont  with  tho  provi- 

ous  oxproaslon  for  neutral  loading. 

The  factor  G is  not  supposed  to  bo  a function  of  tho  atross  rate.  This 
assumption,  suggested  by  Hill  (page  34  of  [89]),  is  based  on  the  considera- 
tion that  in  a crystal  grain,  a plastic  strain  rate  is  produced  by  a combina 
tion  of  shears  along  certain  slip  directions,  depending  on  tlie  orientation 
of  the  grain  and  its  external  constraint.  For  the  operation  of  such  a 
glide-system,  a certain  state  of  stress  is  neede^  and  hence,  as  a statis- 
tical . average  over  all  grains,  a definite  macroscopic  stress  exists.  The 
stress  rate  enters  only  in  determining  the  magnitude  of  the  strain  rate. 

For  the  material  to  exhibit  strain-hardening  behavior,  it  implies  that 


the  yield  surface  will  change  in  case  of  continued  straining. beyond  the 
initial  yield.  The  change  of  the  yield  surface  (or  loading  surface)  that 
characterizes  the  strain  hardening  (or  wor)t  hardening)  behavior  of  the 


material  depends  on  the  loading  histoi^f. 

There  are  several  hardening  rules  available  to  describe  the  subsequent 
loading  function.  Among  them  eire  "isotropic  hardening"  and  "kinematic 


hardening" . 

Isotropic  hardening  assumes  that  during  stjbsequent  yielding  from  a 
plastic  state,  the  yield  surface  will  expand  uniformly  with  respect  to 
the  origin  in  stress  space  but  will  retain  the  same  shape  ^md  orientation 
as  it  had  initially.  It  does  not  take  into  account  the  Bauschinger  effect 
[89].  Mathematically,  the  subsequent  yield  function  for  an  isotropic 
hardening  material  can  be  put  in  the  form: 

wh^re  is  the  plastic  work  expended  and  the  upper  limit  of  the  integral 
refers  to  tlio  plastic  strain  at  the  Current  condition  or  time* 

To  account  for  tho  Bauschinger  effect#  Pragor  [91]  introduced  the 
’’kinematic  hardening  rule”  which  postulates  that  during  subsequent  plastic 
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1 t.  t,  r-iD  a riatd  bodv)  in  BttrosH  apaco  and 
flow,  tho  yiold  surface  translates  (as  rig  Y 

that  It  will  totaia  tba  »a».  .lao,  .bapa,  and  otlontatlon  that  It  bad 
ally.  Hatb<*itlaally,  tblo  can  bo  oxproosod  ao 

5 “ i.  (S^j  0 

boro  ttanolotlon  of  tho  refoponood  oplqln  In 

Itton,  npaco  of  the  yiold  nnrfaco  and  dopondn  on  tbo  dogroo  of 

PPaqor  PPoponod  that  tbo  dlrootlon  of  trannlatlon  bo  not».l  to  tbo  yiold 

surface: 


(x'j  = C flj 


(3.17) 


where  c is  a constant. 

Ziegler  1921  »odltlod  Prager's  rule  by  euggoetln,  that 

*j  - A.  (S'j  -oC^) 

.bore  P > 0.  aea.etrlc.lly,  tbl.  ,«ann  that  tb.  direction  of  ^tlon  of  tbo 
center  of  the  Initial  yield  surface  agrees  with  the  radius  veo  or 
iolns  the  instantaneous  center  with  the  stress  point  S . 

These  Une.«tlc  hardening  rules  considerably  over-estimate  the 
Bauscblnger  effect.  «.d  therefore  In  general  practice  do  not 
la.rove.nt  over  the  Isotropic  hardening  rule,^  — -V 

and  by  b.saber  et  al.  19M  ^ " rv  for 

Stress-strain  curve  provides  a satisfactory  app  ^ » 

emuaple.  by  Almroth  1931  and  by  lean  1951.  However,  few  materials  have 

hyateresls  loop  that  la  truly  blllnoar.  t-a„alat.s 

A comblnaaon  of  kinematic  «,d  lectrcplc  hardening, 
in  accordance  with  Ziegler' a rule,  and  whose  hardening  modulus  and  y^ld 
surface  alt.  at  any  point  In  the  deformation  history  are 
functions  only  of  the  plastic  work  has  met  with  some  success. 

expressed  mathematically  as:  ^ 

5 [(sj-9i‘j)4]  • 0 


(3.19) 
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(3.20) 


And  transiates  according  to 

<x‘j  =y(l  (S'J-CX‘J) 

Where  ]i  > 0.  This  combined  isotropic-kinematic  hardening  rjle  is  usually 
used  with  a linear  strain-hardening  assumption. 

Another  hardening  rule  is  the  "mechanical  sublayer  model"  of  White  [96] 
and  Besaellng  [971.  In  this  model,  the  material  at  any  point  la  conceived 
of  as  consisting  of  components,  each  component  behaving  as  an  elastic, 
perfectly-plaatic  medium,  having  common  strain,  but  appropriately  different 
yield  stresses.  If  the  components  have  the  same  elastic  h ulus,  the  yield 
stress  of  the  composite  will  be  the  same  as  that  of  the  weakest  of  its  com- 
ponents. However,  since  the  other  components  can  take  additional  load,  the 
composite  will  exhibit  strain  hardening  with  a piecewise  linear  stress- 
strain  curve.  In  contrast, to  kinematic  hardening,  the  mechanical  sublayer 
model  gives  a hardening  modulus  at  the  outset  of  reversed  yield  which  equals 
the  hardening  modulus  at  Initial  yield.  This  agrees  well  with  experiments. 
Plastic  anisotropy  develops  automatically  in  the  model  during  loading  in 
the  plastic  range.  Use  of  only  one  sublayer  results  in  the  application  of 
ideal  plasticity;  that  is,  elastic  perfectly-plastic  behavior.  The  use  of 
two  sublayers  of  which  one  has  an  infinite  yield  limit  (in  practice  large 
but  finite) , results  in  the  application  of  kinematic  hardening  with  a bi- 
linear  stress- strain  curve* 

Mroz  [98]  introduced  the  concept  of  a "field  of  work-hardening  moduli". 
A number  of  surfaces  in  stress  space  are  introduced,  and  associated  with 
each  surface  is  the  value  of  the  work  hardening  modulus  of  the  corresponding 
point  in  the  uniaxial  stress-strain  curve  of  the  material.  On  loading,  all 
of  the  surfaces  are  shifted  in  stress  space  according  to  the  rules  of  kine- 
matic hardening.  The  hardening  modulus  obtained  from  the  Mroz  model  depends 
on  how  many  of  the  moduli  are  currently  active.  The  results  obtained  by 

the  use  of  the  Mroz  model  are  almost  identical  to  those  obtained  by  the  use 
of  the  mechanical  sublayer  model  [94] . While  both  models  are  practically 
identical  for  proportional  loading,  for  nonproportional  loading  they  differ 
in  the  following:  under  the  Mroz  [94]  model  the  yield  surfaces  are  not 

allowed  to  intersect,  while  under  the  mechanical-sublayer  model  the  surfaces 
will  intersect  and  corners  will  be  created  [97] . 
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TO?  Thfl  Mochanical-Sublayor  Moi^j:. 

3lnco  tho  noohanloal-Bublayoir  modol  In  used  In  tho  pronont  nnalyaln  to 
tno  antto  ntnatn,  nttatn-antdonin,.  nttain-tata  dapondont  Pa..aylo 
“ »taxn,  a ntlnt  tnvio»  ot  tho  oridlnn  of  tho  «oa«X  »1’-X  ,Xvon  Xn  thin 

Tho  moohonXoaX  BUblayot  modoX,  has  boon  also  oalXod  tho  "com^aXto 

^dox..,  -nnboXo^Bnt  ™.eX».  -subyoX^  »^oX^ 

■dXstrlbntod  oXo»»nt  modoX",  acootdXnd  M tho  «ay  In  wnion 

phyaicaxxy  «,tivatod,  bnt  ..at  of  tho  batho^UcaX  foranUtXcna  arc  a b X t 
for  a.axx  attain  conditions.  The  ,onetaX  idea  is  that  th.  atrain-hatdonlno 
behavior  (including  the  Bauschinger  effect)  of  an  eiasri  p , , 

Tal  bo  tePttaanted^V  a n»^t  of  idaaX  oXaatio,  patfactXy-pXaat ic  X.„„ta 

having  ditforont  yield  Xlbita  but  a cobbon  attain.  A.  eatXy  as  X , 

LinI  1991  used  this  bodoX  to  baba  aobo  gonot.X  statobonts  about  the  ^ 
havlot  of  batutiaXa,  Ptandtl  [XOOl  in  X928  used  a bathobatlcalXy  egu  va^on 
bodaX  (but  with  a dlffetent  phyaloaX  teptesentatlon  of  the  bo  a 
hicX.  fot  the  application  of  .Kinetic  theoty  to  a tathet  ° 

Xe«a  aaaociated  with  tate  effect..  Th.  apptcach  «aa  auggeate  g 

• , nmi.  In  1935  Duwez  [102]  applied  the  model  of  elastic, 

1930  by  Timoshenko  1101],  in  19  # ^ a 

Lf  JtXV-PXastic  eletbnt.  in  aaties  to  aingXe  ctystaX,  and  showed  that 
irdex  couXd  be  bade  to  give  attaaa-attain  cutve  and  hyatetetic  enetgy 
Xoss  tesuXta  «hich  vote  in  close  agteament  «ith  eapetlbenta. 

The  bideX  aeebs  to  have  tecelved  little  attention  until  the  y 

Hi  An  used,  the  model  to  repine 

« tin,<4-o  f961  in  1950  and  Besseling  [97]  an  19b J 

::  rti:  Llctly-Plastic  behavxot  “ 

Ivlev  [103]  in  1963  discussed  the  model,  incorporating 

md  Prauer  1X04]  in  1966  further  extended  Ivlev's  work. 

in  nubcrical  predictions  of  strain-rate  uiaatlc-plaatic  transient 

siructural  response,  the  bechanical  sublayer  method  was  * ““ 

„IT.  This  application  was  carried  out  by  l..ch,  Balber 

1962-64  and  is  reported  first  in  1964  11051,  with  »>re  details  in  1965  (1061 
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and  1966  {14],  In  oarliar  MIT  work  roportod  in  1962  (107],  a linear- 
olastic,  linear-Btrain-hardoning  approxitnatlon  with  similar  ruloa  for 
loading,  unloading,  roverood  loading,  and  reloading  was  used  to  represent 
material  behavior j however,  strictly  speaking,  this  was  not  the  mechanical 
sublayer  model. 

Druoker  [108]  has  also  dincussod  this  model  in  1966  and  indicated  some 
of  its  advantages  as  well  as  its  shortcomings.  The  model  was  again  applied  by 
Iwan  [109,  95]  In  1966  to  model  the  hystorotic  behavior  of  matori.als  and 
structures,  y.ienkiewicz  [110]  considered  the  isoparametric  f ini to-olomcnt 
implementation  of  this  model  in  1972,  Hunsakor  ot  al.  [94]  in  1973  compared 
the  mechanical-sublayer  model  with  other  strain-hardening  plasticity  rules: 
isotropic  hardening,  kinematic  hardening,  and  the  Mroz  model.  The  mechanical- 
sublayer  model  was  again  utilized  in  1976  by  McKnight  and  Sobol  [111]  to 
analyze  the  cyclic  thermoplasticity  which  occurs  in  areas  of  strain  concen- 
tration resulting  from  the  combination  of  both  mechanical  and  thermal  stresses 
It  is  interesting  tr>  note  that  in  the  mechanical-sublayer  model,  the 
characteristics  of  the  numerical  method  are  used  to  bypass  the  necessity  for 
an  explicit  constitutive  relationship.  As  a matter  of  fact,  by  using  only 
elastic,  perfectly-plastic  sublayers,  more  satisfactory  behavior  patterns 
are  achieved  than  those  corresponding  to  isotropic  or  kinematic  hardening 
rules;  the  Bauschinger  effect  is  approximated  well  by  the  model, 

A "physical”  justification  for  the  mechanical-sublayer  model  can  be  also 
found  by  analogy  with  a "micro"  mechanics  approach.  The  stress-strain  be- 
havior in  strain-hardening  can  be  attributed  to  the  yielding  of  individual 
crystals,  each  of  them  experiencing  elastic,  perfectly-plastic  behavior  but 
yielding,  however,  at  different  levels  of  stress. 

3,3  Plasticity  Theory  for  Finite  Strains 

3.3.1  Introduction 

AS  previously  noted,  the  quantities  utilized  in  the  small  strain  theory 
of  plasticity  (stress,  strain,  stress  rate,  and  strain  rate)  are  defined  only 
within  the  assumption  of  "small  strains".  Yet  the  precise  definition  of  what 
constitutes  "small  strain"  is  always  left  unstated.  Whether  or  not  the 
strains  are  "small"  cannot  be  determined  by  "geometric  considerations"  a 
priori;  the  strains  result  from  loading,  and  (in  general)  one  cannot  know  in 
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advanr.o  whothnr  for  a qlvon  loadlnq  of  n innforinl  tho  ''amnll  ntraln"  aRBump- 
tion  (nlwayn  loft  luulofinod)  will  hold  or  not.  of  courno,  after  tho  problem 
in  Holvod,  thin  eon  bo  imtablinhod,  but  if  one  han  nolvod  the  problom  It  in 
no  lonqor  very  important  whether  the  Htrainn  are  nmnll  or  not.  The  quontitni 
of  whether  the  nmnll-ntraln  approxlmtionn  are  valid  alwayn 

avoided  in  the  "nmall  ntraln"  literature.  Furthermore,  an  R.  Hill  M12] 
polntn  out,  tho  really  typical  plaotlc  problems  involve  chanqon  in  qoomotry 
that  cannot  be  dinreqarded. 

In  the  proMont  Bubnectlon,  the  quantitlea  involved  in  the  particular 
f inite-atrain-plaaticity  theory  choaon  for  the  present  analynin  are  din- 
cussed  in  detail;  tlioy  were  defined  prooiaely  in  Section  2.  Now,  howi-vot , 
tho  reasons  for  this  particular  choice  of  variables  arc  stated  in  Subsection 

3.3.2. 


3.3.2  General  Concepts 

The  constitutive  law  to  be  used  in  the  present  analysis  can  be  expressed 


in  functional  form  as:  ^ 


(3.21) 


Where  the  actual  form  of  this  function  will  be  made  explicit  in  tho  next 


subsection  (the  purpose  of  the-  present  subsection  is  to  show  the  reasons  for 
this  particular  choice  of  variables) . Tlie  quantity  T is  the  Kirchhoff  stress, 
previously  defined  in  Subsection  2.5.2  ass 


(3.22) 


where  5 is  the  Cauchy  ("true")  stress  tensor,  and  P(P^)  the  mass  density 
in  the  present  (reference)  configuration.  Also,  the  circle  over  r denotes  the 
co- rotational^  stress  rate  defined  in  Subsection  2.6.4.  Tho  rate-of-defor- 
raation  tensor  D is  defined  in  Subsection  2.4. 2.1. 

This  constitutive  law  (Eg.  3.21)  involves  quantities  associated  with  the 
present  configuration  of  tho  material,  with  the  only  exception  being  the  mass 


^Also  known  as  the  " Jaumann  stress  rate" . 
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density  which  Is  a constant  for  a fixed  reference  configuration  and,  there- 
fore, does  not  depend  on  the  deformation  history.  ^ 

The  Kirchhoff  stress  T is  used  instead  of  the  Cauchy  stress  5,  since  it 
is  known  to  bo  more  suitable  for  defining  the  constitutive  equations,  par-- 
ticularly  when  thermodynamic  principles  are  used  to  formulate  a consti.tutivo 
relation.  Some  of  the  reasons  for  the  use  of  tnis  stress  measure  arej 


(a) 


(b) 


(c) 


The  Kirchhoff  stress  in  the  stress  (associated  with  the  present 
configuration  of  the  material)  that  in  related  to  a unit  of 
mass,  instoad  of  a unit  of  volumcj,  since  as  shown  in  Sub- 
section 2.7,  the  powot  per  unit  mass  is  expressed  simply  by 


X • X) 

Power  per  Unit  Mass  “ e\  ;l  \ 

foV  ^ uoy 

where  p id  a constant  for  the  entire  deformation  process 
for  a fixed  reference  configuration,  while  the  power  per 
unit  mass  ej^ressed  in  terms  of  the  Cauchy  stress  is  ex- 
pressed byj  » 

Power  per  Unit  Mass  " ^ ^ 

where  p(R,t)  is  a variable  in  the  deformation  process. 


(3.23) 


(3.24) 


For  this  reason,  the  thermodynamic  expressions  that  the 
constitutive  relations  must  satisfy  are  simpler  when  ex- 
pressed in  terms  of  the  Kirchhoff  stress. 


The  co-rotational  rate  of  the  Kirchhoff  stress  has  a ra^ 
potential  while  the  co-rotational  rate  of  the  Cauchy  stress 
has  not.  As  shown  by  Hill  fll3] 


Rate  Potential 


i-c-.S 


(3i25) 


(d)  The  existence  of  a rate  potential  is  df  importance  in  an 
incremental  finite  element  analysis  since  it  implies  the 
existence  of  ah  incremental  variational  principle  and 
symmetric  tangent  stiffness  matrices. 
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(o) 


The  Klrohhoff  atroso  aan  bo  easily  measurad  in  experimonta. 
Aa  shewn  in  Subaoction  2.8.3,  in  Uniaxial  axporimants  it  is 
simply  oxprsssod  as 

whoro  P is  tho  load  applied  to  the  npooimen,  A ia  the 

o 

original  cross  snctional  area  and  Is  tho  ehango  in 

SL-g. 

length  divided  by  tho  original  length;  E , the 

quantity  that  extonaomotors  and  otrain  gagea  can  provide. 


(3.26) 


(f)  The  Kirchhoff  stress  ia  the  quantity  which  was  computed 
from  experimental  data  and  used  in  the  presentation  of 
results  in  many  of  the  classic  e:q>eriments  in  plasticity 
of  metals  by  G.I.  Taylor  [114]  and  also  by  A.  Nadai 
[115].  As  a matter  of  fact,  it  is  frequently  con- 
fused with  the  true  stress  in  experiments  for  metals, 
since  for  practical  purposes  one  can  assume  incompres- 
sibility (p  = p^)  for  metals;  hence,  the  Cauchy  ("true") 
stress  is  approximately  equal  to  the  Kirchhoff  stress. 


(g)  When  used  in  conjunction  with  the  logarithmic  strain,  it 
produces  an  approximately  symmetric  stress-strain  re- 
sponse for  the  uniaxial  loading  of  metals*,  unlike  other 
stress  meastires,  like  the  1st  and  2nd  Piola-Kirchhoff 
stresses  which  produce  significantly  asymmetric  stress- 
strain  responses  for  the  voiiaxial  loading  of  metals. 

o 

The  co-rotational  rate  (overscript  "o")  of  the  Kirchhoff  stress  (T) 
is  used  instead  of  the  fixed- in-space  observer  rate,  convected  rates,  or 
other  stress  rates,  since: 


(^)  lb  satisfies  the  principle  of  material  frame- indifference  aa 
defined  by  Truesdell  and  Noll  [40]  when  used  in  conjunction 
with  the  (frame- indifferent)  rato-of-do formation  tensor  in 
a constitutive  law.  One  implication  of  this  is  that  the 

f 

For  metals  with  a cubic  structure,  since  slip  is  their  primary  deformation 
mechanism,  and  it  can  operate  equally  well  forward  or  backward. 
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(fX  ’ 


cxjnHtltwtive  law  is  Invariant  vmder  arbitrary  rigid  body 

moti  3f  the  ao^rotational  rate  of  the  Kirohhoff  atreaR 
Q 

T vantRhoR  when  a material  point  of  the  continuum  with 
itB  environment  porformn  a rigid'-body  motion  and  the 
Kirohhoff  ntronn  teneor  T doon  not  vary  in  time  intrin" 
nioally  with  roopoat  to  the  material  point, 

(b)  The  co=rotatlonal  rote  of  the  ntronn  tonnor  in  a tenner 
quantity  of  the  name  typo  no  the  original  ntrenn  tonnor , 
oinco  the  Klrehhoff  otronn  tonnor  T In  nymmofcrlo,  the  co- 

S 

rotational  rate  t in  aloo  aymmotrie. 

(c)  Vanishing  of  the  co-rotatlonal  dorivatlvo  of  a tonnor  in~ 
duces  vanishing  of  the  co-rotational  dorivatlvo  of  its 
arbitrary  invariant. 

(d)  In  a uniaxial,  irrotatlonal  deformation,  it  reduces  to 
tho  material  rate  of  the  tensor. 

The  rat6“Of~de formation  D is  used  in  tho  constitutive  expressions  since 
it  is  defined  completely  and  uniquely  by  the  present  state  of  the  material 
and,  unlike  strain  rates,  its  description  does  not  involve  any  reference 
state.  Since  plasticity  has  some  similarities  with  a flow  problem,  and 
the  rate-of-deformation  tensor  D is  the  rate  quantity  used  in  hydrodynamics, 
the  appropriateness  of  a description  of  large  strain  plasticity  in  terms  of 
5 is  seen  at  once. 

In  the  case  of  a xmiaxial,  irrbtational , homogeneous  deformation,  the 
rate-of-deformation  tensor  becomes  the  rate  of  the  logarithmic  strain  tensor, 
as  shown  in  Subsection  2.8.2.  The  logarithmic  strain  ranges  in  value  between 
zero  and  infinity,  both  for  tension  and  compression,  as  shown  in  Subsection 
2.8.2.  This  provides  a measure  of  strain  which  has  ''symmetric"  properties 
for  tension  and  compression.  The  relative  elongation,  the  Green  ("Lagrangian") 
strain,  and  the  Almansi  ("Eulerian")  strains  do  not  enjoy  this  useful  property. 

*These  similarities  are  only  formal  in  the  case  of  time-independent  plaatlcity, 
since  there  is  really  no  rate-dependence  or  viscosity  implied  by  the  plasticil-.y 
equations.  However,  in  the  present  treatment,  strain- rate  dependence  of  the 
constitutive  equations  was  taken  into  accovint. 
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Mfio  not«  that  tUo  rate-of- Jo  formation  tenfior  B is  "conjugate''  to  the 
Kirchhoff  ntre&fi  tensor  T In  the  sense  that  their  scnlai’  protiuct  is  propor- 
tional to  the  rate  of  work  per  unit  masS|  as  shown  previously. 

The  const! hitive  law  ^ 

r) 

•In  a hypoelnntic)  law  (reforencon  in  hyponlnsticity  arm  page  73.1  of  [15]* 

Jiaqe  401  of  [40l,  and  \IIC,’-U2]) . In  the  p.enernl  multlnxlnl  ease.  It  in  a 
path-dependent  material  law,  nince  it  cannot  he  Integrated  In  terimi  of  an 
initial,  and  a final  state;  It  dependa  on  the  path  conneetlnc;  tliene  atate.a. 

To  cnnnider  f lnUe-'<ilajitlc“ntrnln  reaponae,  In  addition  to  f Inite-plantlc- 
strain  roaponno,  it  is  necessary  to  Introduce  a flnl te-atraln  measure  In  the 
constitutive  law  (that  meuauroa  deformation  by  coraparinp,  a reference  and  a 
present  configuration,  Irroapcctlve  of  the  paths  connecting  these  cmiflgura- 
tlons).  It  is  not  difficult  to  Include  this  flnlte-ulastlc-strnln  response 
In  the  constitutive,  law,  for  example,  by  including  the  Almanal  strain  c: 

as  done  by  Lehmann  [123],  who  assumed  a linear  relationship  between  stress 
and  strain,  with  no  experimental  basis  for  large-elastic-strains. 

For  metals,  experiments  have  shown  only  small  elastic  strains,  even  for 
cases  of  unloading  from  large  plastic  strains.  No  experimental  data  seems 
to  exist  from  which  a finite-elastic  strain  law  for  metals  could  be  de- 
duced. Moreover,  whether  elastic  strains  do  exist  at  all  for  metals  is 
still  a matter  of  discussion.  E.  H.  Lee  [124]  indicates  that  under  large 
strain-rate  conditions,  finite-elastic-strains  can  be  ejgjected  in  metals. 
However,  these  strains  could  be  visco-elastic  and  not  purely  elastic,  by 
the  very  nature  of  the  strain-rate  dependence.  The  experimental  information 
available  is  not  precise  enough  to  determine  if  these  strains  are  visco-elastic 


^It  can  be  integrated,  under  some  assumptions,  in  the  cases  of  uniaxial 
stress-strain,  and  pure  volumetric  deformation. 

the  sense  of  Green,  an  e.,.aatic  material  is  one  for  which  a strain- 
energy  function  exists. 
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or  viflDo-hYPoelaatio.  In  vlaw  of  the  preeent  etato  of  experimental,  informa- 
tion, tho  hypool^atio  law  will  bo'uaed  in  the  analyeis,  since  it  is  conveni- 
ent for  the  numeriaai  analyaie  of  the  elaatlc-plaetic  problems,  alao,  for 
email  olantic  atrainn  there  in  practically  no  difference  between  hyponlea- 
tic  and  olantic  lawn,  an  shown,  for  example,  by  Lehmann  (121], 


3 .3.3  A Flnlte-atrain  JPd.antl<l"PMP*^jiLJ 


Dependent  ThpotY 

Thin  nv^bnoetlon  in  conaornod  with  the  flnlto-ntraln  elnntlc-plantlc 
ntraln^rnto-dopondont  theory  utilised  in  thin  m.alynln.  The  oonotltutlve 
oqmtiono  of  thin  theory  are  dlneuoDod  in  tho  spirit  of  modern  continuum 
muchanicn.  it  ohould  bo  romarkod  that  oven  within  the  limitation  of  tho 
InfinltOQimal  or  tho  "nmaU"  ntraln  thoory  of  planticity,  there  dooe  not 
appear  to  bo  complete  agreomont  among  tho  varieuo  ochooln  of  plaotlcity 
in  tho  Unltod  Statoa,  Groat  Britain,  and  tho  Soviet  Union,  thoroforo,  no 
attempt  at  reviewing  tho  litoraturo  In  finlto^otj^  planticity  will  bo 
carried  out,  oinco  there  is  little  that  has  become  widely  accepted,  and 
active  theoretical  research  on  the  subject  is  atill  taking  place.  Rather, 
the  specific  theory  used  in  the  numerical  analysis  of  the  problems  with 
which  this  work  deals  will  be  examined  in  detail.  In  the  previous  sub- 
section, the  reasons  why  the  particular  variables  used  in  the  constitutive 
equations  were  chosen  were  explained.  The  previous  rough  description  is 

made  precise  in  the  present  subsection. 

The  present  description  of  the  behavior  of  an  e.la8tic-plastic  dontinu- 

um  is  based  on  the  work  of  Hill  tU2-113,  125-1311  and  of  Lehmann  187, 

123,  132-1371,  and  can  be  interpreted  as  a special  case  of  the  general 
theory  of  an  elasto-plaatlc  continuum  by  Green  and  Naghdi  [1381.  However, 
strain- rate  effects  are  included  in  the  present  analysis,  and  strain- 
hardening, behavior  is  treated  with  a "mechanical  sublayer  " method  properly 

modified  to  take  into  account  finite  strains. 

The  present  subsection  shows  the  theory  in  terms  of  the  "primary" 


var iabloo  t 


as  previously  specified  in  Eq*  2.21.  However# 


it  should  be  ftient~oned  that 


in  tho  actual  ImPlomentation  of  the  theory,  this  equation  ie  tranfifomed 


S=g.('X,S,Y) 


(3.29) 


aocordlnq  to  tho  tnnnor  trnnn format ion  rulon  of  Section  2,  nines,  tho 
analynin  in  implomontod  in  tho  roCorontial  (ligrangian)  doocription  of 
motion  with  a fixoi  roforoneo  configuration.  In  Sq.  2.29,  S in  tho 
Uocond  Piola  Klrchhoff  atreon  tonoor,  S in  itn  material  rate,  y in  tho 
Groon  (haqranqinn)  strain  tonnor,  and  Y ia  itn  matori.al  rote. 

Rotuminq  to  Bq.  3.21,  it  io  aBBumod  that  tho  Klrchhoff  stroso  T at 
0 material  point  can  bo  conaidorod  as  tho  sum  of  n components  ( T) 
s « Iton)  with  weightihg  factors  A^t 


(3.30a) 


where  prescript  “s"  refers  to  the  sth  sublayer. 

Since  the  weighting^factors  are  assumed  to  be  independent  of  time,  the 
co-rotational  rate  T 6f  the  Klrchhoff  stress  at  a material  point  can  also 
be  considered  as  the  sum  of  n components  (®T,  s » Iton)  with  the  same 
weighting  factors  O M 


(3.30b) 


Each  component  ®T  of  the  cO-rotational  rate  of  the  Klrchhoff  stress  is 
assumed  to  be  linearly  related  through  a fourth  order  "elasticity^ tensor” 
to  a component  of  an  “elastic”  rate  of  deformation  tensor  D t 


(3.31) 


*These  weighting  factors  are  discussed  explicitly  in  Subsection  3.3.4. 
^^This  fourth  order  "elasticity"  tensor  has  the  same  synanetric  properties 

as  does  the  usual  elasticity  tensor  (since  the  T with  the  D have  a poten- 
tial); this  fourth  order  tensor  is  a "tensor-tensor  , a quantity  which 
plays  the  same  role  for  tensors  of  Second  order  as  second-order  tensors 
do  for  vectors  (p.  145  of  Schouton  [61]) • 
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The  rate-of-daformation  tansor  D is  assvaned  to  ba  decomposed  into  an 
"elastic  part"  and  a plastic  part  for  each  sublayer  "s"t 


® p = D = *X)*  + 

Obsarvo  tha$;  each  sublayer  "a"  aj^oriencaa  the  same  rate  of  deformation 
D,  but  different  amounts  of  "elastic"  and  plastic  components.  The 
docomposition  of  tho  deformation  rato  assumes  different  proportions  in 
each  sublayer  "s".  Prom  Bq.  3.32  one  can  express  Eq.  3.31  asj 

. V (3.33) 


r = - ‘dO 


Next,  the  existence  of  a loading  function  4>  (yield  surface  in  stress 

space)  is  assumed  to  exist  fob  each  sublayer  "s",  as  a function  of  tho 

08 

Kirchhoff  stress  component  T of  that  sublayer,  and  the  total  rate  of 
deformation  tensor  D : 


(3.34) 


This  loading  function  will  define  the  "elastic"  ®D®  and  plastic 
parts  of  the  rate  of  deformation  D in  each  sublayer  "s",  according  to 
the  following  rules 


*1<0 


s 


D^O 


when 

1 *1-0 

*2<0 

(3.35) 

when 

®i  =0 

(3.36) 

which  implies  that  the  plastic  part  of  the  rate-of-deformation  tensor 

D,  for  sublayer  "s"  is  normal  to  the  loading  surface  of  sxiblayer  "s". 

In  the  present  work,  a von  Mises  loading  ftinction  (yield  ssarface  ift 

stress  space)  is  assumed  to  exist.  This  loading  function  is  most  readily 

8®D 

expressed  in  terms  of  the  deviatoriC  stress  t defined  as 

a - *'t^***  (3.37) 

where  is  the  spherical  (superscript  "sp")  stress,  defined  as 

and  (tr  ) stands  for  the  trace  operator: 
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(3.38) 


HonoG^  tho  dGviatorlc  Klrcbhoff  stroBB  of  the  sth  aublayor  te: 


(3.40) 


In  terms  of  the  devlatorio  Btrosa,  the  von  Mlaos  loading  function  can  be 
expressed  aas 


where 


6 


1 = 


s 


(3.41) 


(3.42) 


xs  the  defoJTina.tlon’“irate*“dopon<lont  yield  stjress  of  a speciitten  in  un ia.xial^ 

tension.  Denoting  by  ^ the  static  (rate  independent)  yield  stress  of 

o 

s ^ « 

a specimen  in  uniaxial  tension,  the  rate-dependent  yield  stress  T^is 
assumed  to  be  related  to  the  deviatoric  rate*-of-deformation  tensor , D by 


u U 


where 


(3.43) 


o'*  = D -• 3 d)  1 

and  and  are  material  "rate"  constants.  Therefore,  the  von  Mises 

strain-rate  dependent  loading  function  becomes: 


The  gradient  O (^-3^)  )/0  (®T) ) of  the  loading  function  % of  sublayer 

s,  with  respect  to  the  Kirchhoff  stress  also  at  sublayer  "s",  will  be 

s 

needed  in  the  analysis.  For  the  von  Mises  loading  function  one 


obtains: 


* a(*5)  '■  ^ ' 


‘t* 

= a ‘^*(1-0)  ‘ z ‘f  ” 


Also,  from  Eq.  3.36: 


(3.46) 


(3.47) 


Observe  that  the  parameter  can  be  expressed  in  terms  of  the  plastic 
power  per  \init  mass  I?  of  sublayer  s,  as: 


(3.48) 


Since 


for 


sj.O  , 


s-n,P 


D'^^O 


(3.49) 


(3.50) 


Then,  Eq.  3.48  becomes 


I f *4 « o • «*o  jje wuiwo  • 


(3.51) 


Hence,  one  can  express  X as: 
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Equation  3.52  implies ^ that  the  scalar  parameter  characterizes  the 
plastic  dissipation  of  sublayer  s,  which  in  turn  restricts  ^ to  be 
positive  seinidefinite;  


since 


sn  f 


u:>o 


Finally » to  sunanarize,  one  can  express  these  finite  strain*  "elastic"- 
plastic,  strain-hardening,  strain-rate-dependent  Constitutive  equations 


& ‘"'A  AiSs 

*t  -‘E^D  if  f 0 


.0  a«J  *2  < 0 


’I«‘e<(d-‘a*P)  if^'i-o  ‘i“0 


ia  the  fourth  order  "elasticity"  tensor  of 
s^layer  a 

is  the  weighting  factor  of  sublayer  s 

are  material  strain-rate  constants  of 
sublayer  s 

is  the  Kirchhoff  stress  at  yield  in 
uniaxial  loading,  in  static  conditions, 
of  sublayer  s 

scalar  factor  that  characterizes  the 
dissipation  of  sublayer  s. 

It  is  evident  that  by  considering  different  values  of  the  material 
constants  d and  p,  and  of  the  "elasticity"  tensor  ^ for  each  sublayer 
s,  a very  complex  material  behavior  could  be  represented.  However,  in 
the  present  numerical  calculations  these  parameters  have  been  considered 
to  be  the  same  for  each  sublayer  s;  that  is, 

d»  ‘d  - ‘d  • M .‘d-...  U.55) 

f • V “ ^ f * f 

for  the  present  analysis. 

In  addition,  for  a few  numerical  calculations  the  material  has  been 
considered  to  be  strain- rate  independent,  in  which  case: 

er*)  :(•?*)  - ^ Czif 

It  should  also  be  mentioned  that  the  loading  conditions  of  Eq.  3.35, 
3.36,  and  3.54  are  not  the  actual  loading  conditions  used  in  the  numeri- 
cal model,  and  for  these,  the  reader  should  turn  to  Sections  4 and  5. 


whore 


.!■ 


8 B 

' d and  p 


IV 


* 

Impact  analysis  of  6061-T651  aluminum  alloy  structures. 
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3.3.4  computation  o£  Machanical-Stiblay.er-Modol  Woicrhting  Pactpra 
3.3.4. L Application  to  Uniaxial  StrcBB-Straln  Condttjjjns 
Tho  dotomlnatlon  of  the  ».chanl<!al-sublavor-modal  woiqhtidg  factor 
A win  bo  oonaldotod  in  the  toUo»ing.  A.  Indtcntod  in  Eq.  3.2«. 
a“„„«od  that  tho  Kirchhoff  ctr.ss  ? at  a material  point  can  conaidored 
an  t,«  ann  of  n con,ponont.  (“5,  a » with  woighting  factorn 


(3.57) 


The  weighting  factor.  A,  may  ho  selected  for  either  one-dimensional,  two- 
dimensional,  or  three-dimensional  stress  conditions.  Considering  one- 
dimensional  stress  conditions,  the  nniSSial  M«"oted  by  sebsoript  u 
static  stress-strain  curve  of  the  material  is  assumed  to  be  perfectly 
antisymetric  in  Kirchhoff  stress  versus  logarithmic  strain  (s 

space,  as  shown  approximately  by  the  classic  experiments  of  Q.l.  Taylor 
11141,  among  others.  Prom  Eg.  2.402,  the  logarithmic  strain  is 

/^JrC  3 (3.58) 


et  = in(x') 

where  ) is  the  final  (original)  gage  length  and 

D A A 


1-1, 


(3.59) 

is  the  relative  elongation,”  or  -engineering  strain"  that  strain  gages  or 

extensometers  can  provide* 

Prom  Eq.  2.424p  the  imiaxial  Kirchhoff  stress  is: 

p i , Z 


(3.60) 


A. 


Ao 

This  static  stress-strain  curve  is  first  approximated  by^n+1  piecewise- 
linear  segments  which  are  defined  at  coordinates  [ , s = 1»  2, 

...p  nl > see  Fig.  2a.  Next,  the  material  is  envisioned  as  consisting,  at 
any  point  in  the  material,  of  n equally-strained  3ublayejg_^^f_ej^tj^, 
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perfoctly-plastlc  matorial , with  each  sublayer  having  the  same^  elastic 
modulus  E as  the  idealized  material,  but  an  appropriately  different 
yield  stress  (denoted  by  superscript  y) . Poi  example,  the  static  (sub- 
script o in  ) yield  stresu  (superscript  y)  of  the  s sublayer  is  given 
o 

by  (see  Pig.  2b) « 

(3.61) 

Then,  the  Kirchhoff  stress  value  under  static  conditions,  ®(t  ), 

**0 

associated  with  the  sth  sublayer  can  be  defined  uniguely  by  the  strain 

history  and  the  value  of  the  strain  at  that  material  point.  Taken 

collectively  with  an  appropriate  weighting  factor  for  each  sublayer, 

the  stress  (t^  ) at  the  material  point  corresponding  to  logarithmic  strain 
o 

(&*)  may  be  expressed  as: 


where  the  uniaxial 
be  confirmed  to  be 


r. -ZA.  *(rO 


(3.62) 


weighting  factor  A^  for  the  sth  sublayer  may  readily 


where 


(3.63) 


e:I-e: 

^ S 


(Young *s  modulus  of  the  material) 


S ^ ^ 


^0 


P wt  _ s-i  c# 
Cu, 


® 2|  3f  •*•9  n) 


EL-O 

The  elastic  perfectly-plastic  and  the  elastic  linear  strain-hardening 
constitutive  relations  may  be  treated  as  special  cases.  In  the  case  of 


As  previously  mentioned  this  assumption  is  not  necessary;  by  employing 
different  elastic  modulU  E,  more  complicated  material  behavior  can  be 
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olaotic  porfoctly-plastio  behavior,  there  is  only  one  aublayor;  In  the 
case  of  linear'  strain- hardening  material  there  are  two  sublayers  and  the 
limit  of  the  second  sublayer  is  taken  sufficiently  high  so  that  the  de- 
formation in  that  sublayer  remains  elastic.  However,  the  main  advantage 
of  the  mechanical-sublayer  method  is  realiaed  if  throe  or  more  sublayers 


are  utlliaod,  since  with  proper  adjustment  of  the  yield  stresses 

®(T  of  the  sublayers,  complo;;  material  behavior  can  bo  represented, 

'^o 

including  elastic-plastic  unloading,  the  Bauschinger  effect,  and  hystore- 
sis|  see  Pig.  2c. 

For  a strain- rate  dependent,  elastic  strain-hardening  material,  the 
rate  dependence  Is  described  by  t 


(3.64) 


where  D is  the  uniaxial  component  of  the  rate-of-deformation  tensor $ 


u 


T)  » 4 s A*  s 

^ ^tt. 


Eu. 


(1+e:^) 


(3.65) 


tliat  is  equal  to  the  material  rate  of  the  logarithmic  strain  e^,  as 
previously  shown  in  Eg.  2.405,  and  ®(T^)^  is  the  strain-rate  dependent 
yield  stress  of  sublayer  s. 

Equation  3.65  is  the  Cowper-Symonds  strain-rate  equation  developed 
in  1957  [139]  at  Brown  University  to  represent  the  Btrain-rate  effect  on 
the  uniaxial  stress-strain  response  of  metals.  The  material  strain-rate 
constants  d and  p are  obtained  from  experiments.  When  the  material 
strain- rate  Constants  d and  p are  chosen  to  be  equal  for  each  sublayer , 

4 * 

the  stress-strain  curve  at  a given  deformation  rate  is  simply  a con- 
stant magnification  of  the  static  stress-strain  curve  along  rays  emanating 
from  the  Kirchhoff  stress  versus  logarithmic  strain  origin  (see  Pig.  3). 

3. 3. 4.2  Application  to  Multiakial  Stress-Strain  Conditions 

Generally r a somewhat  different  description  for  the  mechanical- 
sublayer  model  is  needed  when  multiaxial  stress-strain  conditions 
occur.  Fowler  (140)  has  derived  the  weighting  coefficients  based  on  a 
biaxial  stress  state  using  expressions  given  by  Plan  [141]  in  1966.  In 


As  previously  mentioned  the  material  strain- rate  constants  d and  p#  can 
be  assumed  to  uc  different  for  each  sublayer  thereby  representing  very 
complicated  strain-rate  material  behavior. 
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1974  Stalk  [142)  darivod  the  weighting  coefficients  based  on  a triaxial 
stress  state. 

Both  Fowler  and  Stalk  concluded  that  the  differences  between  the 
stross-strain  diagrams  obtained  from  the  weighting  coofficionts  baaed 
on  a uniaxial  state  of  stress-strain  and  the  diagrams  obtained  from  the 
coofficionts  based  on  a multiaxial  state  wore  very  small.  Fowlor  [140) 
concluded  "the  error  rosultving  from  this  difforonoe,  certainly,  should 
bo  amallor  than  that  resulting  from  the  uso  of  a straight- lino-segment 
approximation  of  tho  stress-strain  curvo,  ...  it  is  concluded  that  the 
uso  of  tlie  uniaxial  model  weights  in  a biaxial  modol  does  not  load  to 
any  significant  errors".  Stalk  1141)  concluded  that  the  errors  intro- 
duced by  using  the  one-dimensional  weights  for  three-dimensional  stress 
states  is  of  the  order  of  1 to  4 par  cent  in  the  sublayer  weights. 

More  recently,  Hunsaker  et  al.  [143]  discussed  the  calculation  of 
the  sublayer  weights  when  multiaxial  states  of  stress  are  present.  No 
comparisons  of  stress-strain  curves  produced  from  weighting  coefficients 
based  on  uniaxial  and  multiaxial  states  are  shown,  or  even  discussed. 
However,  Hunsaker  [144]  obtained  a closed- form  solution  for  the  case  of 
a two  sublayer  (linear  strain  hardening)  model.  The  example  showa  by 
Hunsaker  [143] shows  differences  between  the  uniaxial  and  multiaxial  pro- 
cedures which  are  of  the  order  of  the  typical  experimental  errors  in  the 
determination  of  the  material  properties. 

Besseling  [97)  in  1953  had  already  obtained  a closed  form  solution 
of  the  sublayer  properties  (for  number  of  sublayers)  for  a general 
state  of  stress-strain.  It  is  easy  to  show  that  (when  only  two  sublayers 
are  present),  Hunsaker 's  closed-form  solution  coincides  with  Besseling 's 
formula. 

One  can  readily  show,  that  upon  replacing  the  deviatoric  strains 
and  stresses  by  the  total  strains  and  stresses,  Besseling 's  formulae 
become: 
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( 3 . 66a) 


E K) 

4, 

)f;/| 

T 

t 

0+^)  * ' 

It  ia  easily  soon  from  these  equations,  that  for  \J  o 1/2  (i.o., 
assuming  elastic  incompressibility) , the  sublayer  properties  become 
identical  with  those  derived  from  uniaxial  stress-strain  conditions 
(Eqs.  3.61  and  3.63).  Also,  it  is  interesting  to  rote  that  the  difference 
between  the  sublayer  properties  derived  from  uniaxial  (Eqs.  3.61  and  3.63) 

and  multiaxial  (Eqs.  3.66a  and  3.66b)  conditions  is  directly  related  to 

1 + 
the  factor  (j  - V) , which  expresses  the  difference  between  the  elastic 

(V)  and  plastic  (assumed  to  be  equal  to  1/2  in  the  analysis)  Poisson's 

ratios.  Moreover,  in  the  present  analysis  for  beams,  plates,  and  shells, 

incompressibility  is  assumed  in  calculating  the  changes  in  thickness; 

hence,  the  calculation  of  sublayer  properties  from  the  uniaxial  procedure 

(Eqs.  3.61  and  3.63)  is  consistent  (under  the  incompressibility  asstimp- 

tion)  for  the  plate  (and  beam)  FB  calculations  of  this  report. 


3.3.5  Comments  on  Strain-Rate  Behavior  Modeling 
Because  of  physical  as  -well  as  theoretical  reasons  (as  indicated, 
for  example,  by  Perzyna  [145-152]),  the  plastic  strain  rate  rather  than 
the  total  strain  rate  should  govern  the  dynamic  (non-stationary)  yield 
condition  (Eq.  3.45)  if  the  initial  yield  condition  is  to  remain  the 


The  elastic  V is  to  be  used  in  Eqs.  3.66a  and  3.66b.  Note  that  these 
equations  hold  for  s > 1;  for  s = 1,  only  the  first  term  of  Eq.  3.66a 
and  only  the  first  two  terms  of  Eq.  3.66b  apply. 

^^Both  for  plastic  and  elastic  strains,  since  the  elastic  strains  are 
assvimed  to  be  small. 
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same  as  in  plasticity  theory.  In  order  to  relate  the  equation  for  the 
dynamical  yield  condition  of  this  work  with  the  equations  of  Perayna 
[147J,  it  is  convenient  to  express  Eq.  3.49  in  terms  of  the  following 
invariants! 


(3.68) 


and  the  yield  ntrooo  in  shear,  defined  ast 


(3.69) 


(3.70) 


(3.71) 


(3.72) 


which  would  be  identical  with  Eq.  2.68  of  Perzyna  (147J  if  the  second 
invariant  of  the  plastic  strain  rate 


J 

I 


(3.72a) 


^Since  superscript  "p”  is  used  here  to  denote  plastic  components,  the 
otraih*rate  consti.at  ®p  for  sublayer  "s”  (see  Eq.  3.49)  is  replaced 
only  in  SVibsection  3.3.5  by  the  symbol  a to  avoid  confusion. 
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wore  ufiod  inetejid  oC  the  Bocond  invariant  of  the  dovlatorie  atrain  rate 
1°.  Aiao  QbBorvo,  that  the  relation  between  the  vincoaity  coefficient 
in  Bimple  tonnion  ^d  and  the  viscosity  coefficient  in  shear  the 

aamc  as  the  relation  between  the  yield  stress  in  tension  and  in  shear 
(compare  with  Eq.  3,fi9) i 

(3.73) 


The  equation  (3.521  for  the  senlar  factor  of  proportionality  rnlntinq 
the  plastic  strain  rate  to  the  dnviatoria  otronni 


*D’’  = *>  ‘T 


(3.74) 


can  also  bo  rolatod  to  tho  aquations  of  Porzyna  (1471,  by  oxproasinq 
the  disaipatod  (viacoplastic)  work  per  unit  maos  as; 

‘U'’- 

Then,  using  Eqs.  3.75,  3.72,  3.69,  and  3.52,  one  obtains 


which  is  identical  with  Eq,  2.77  of  perzyna  (1471  if  1^  is  replaced  by 
S-.P 

^^2*  I 

The  strain  rate  equation‘s  •-* 

^ = I + -V 

d (3.71 

• 

^Thia  equation  applies  only  for  (c,,)^  then,  T - ^ • 


used  in  the  present  work  can  represent  secondary  creep,  since  for 
constant  stress 


* 


(3.79) 


the  elastia  n't.  ain  rate  is  seroi 


(3.BD) 


llonco,  tho  total'  strain  rnto  in  nqunJ. 


to  t)»n  plantic  otrnin  rato 


* 


U.81) 


Thuo,  Eg.  3.78  euu  bo  oxpraaood  au 


(3.82) 


which  1b  the  power  law  (also  known  ae  Norton's  law)  of  secondary  creep.^ 
However,  the  strain  rate  equation  used  in  the  present  work  cannot 
represent  relaxation  effects.  In  effect,  for  relaxation,  the  total 


strain  rate  is  zero: 


* 

€ 


u. 


ss  O 


(3.83) 


and  Eq,  3.78  expresses  the  condition  that  the  stress  relaxes 
instantaneously  to  the  static  yield  stress 

o 

'^U  = ® (3.8. 

However,  if  the  plastic  strain  rate  (G*)*’  rather  than  the  total  strain 
rate  werfe  used  in  3.76, 

^However I secondary  creep  is  present  only  for  . Also#  d and  a 

are  tetnperature  dependent.  o 
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(3.85) 


Thonf  for  rolaxatloiu 


6 a O = 


4.  ^ 


■Tu 


- I 


(3.86) 


For  example,  this  equation  can  be  solved  for  a “ 1,  yielding  an 
exponontial  relaxation:  ^ 


(3.87) 


where  the  relaxation  constant  R is 

R ss  ^ (3.88) 

EJ 

If  mciny  stiblayers  are  present  rather  than  one,  it  can  be  shown 
that  creep  recovery,  and  primary  as  well  as  secondary  creep,  can  be 
represented  by  Eq.  3.85. 

Only  total  strain  rates  (rather  than  plastic  strain  rates)  are 
usually  measured  in  strain  rate  tests;  therefore,  it  is  necessary  to 
assume  that  the  elastic  strain  rates  are  small  in  those  experiments, 
as  indicated  by  Campbell  (page  52  of  [153]),  for  example.  When  the 
material  strain-rate  constants  d and  p are  chosen  to  be  equal  for 
each  sublayer,  the  present  mechanical  sublayer  model  produces  as  a 
result  stress-strain  curves  at  a given  strain  rate  that  are  simply  a 
constant  magnification  of  the  static  (rate-independent)  stress-strain 
curve  along  rays  emanating  from  the  origin  of  the  Kirchhoff  stress  vs. 
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logarithmic  strain  curve.  Thio  is  the  behavior  that  wao  obsorvod  by 
MacGrogor  [154]  and  by  Wulf  (155]  in  a number  of  axporlmonte , among 
others. 

In  any  caso^  tho  difference  between  the  totol  and  the  plastic  strain 
ratoo  can  bo  deduced  firom  tho  following  argument  for  a uniaxial  teat? 

I- 1 


Eu.' 


L 


(el)*.  (UY 


relativa  elongation 

total  uniaxial  logarithmic  strain 


material  rate  of  e* 
u 


elastic  and  plastic  parts  of  e^»  respectively 


uniaxial  Kirchhoff  stress 


Young's  (elastic)  modulus 


Decomposing  the  total  strain  rate  e*  into  elastic  and  plastic  parts: 


where  since 


(.£*y = -F  f,. 


the  elastic  strain  rate  (e*)^  is  related  to  the  stress  ast 

aiY  =4- 

one  obtains 

e.*  + 

Hence,  one  can  express  the  plastic-strain  rate  (e  as 

i “ 

♦ 1 


(ilT  = i' 


^ ♦ i.  ♦ 

" T de! 


(3.89) 


(3.90) 


(3.91) 


(3.92) 


(3.93) 
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DoCinJ-nq  tho  tanqont  moduluH  R*^  aa 


T 


ono  obtains 


(3.94) 


(3.9B) 


Since  tho  tangent  modulus  e (at  )/(de  ) of  the  Kirchhoff  stress  T 

* u u u 

versus  logarithmic  strain  e curve  is  small  for  most  metals,  tho 
T ★ ^ 

quantity  E /E  ■=  (dT^/dt;^)/E  is  small  compared  witli  unity.  For  example, 

the  calculations  in  the  present  work  have  boon  carried  out  with  the  fol- 
lowing materials: 

For  60G1-T651  aluminum: 


F "g  dl!  = 

r = i 

Cejy=  0.995  el 


for  .004H<  e*  < .076 


f. 


•01' 


.01€<  el  < ,615 


• ★ * p 

Therefore,  for  6061-T651  aluminum,  tho  relative  difference  ~ 


between  the  total  strain  rate  and  tt.e  plastic  strain  rate  is  less  than 
0.7%. 


E"  ■ C del  ■ 0-OH069 


For  National  For^e  4130  cast  steel: 

m 

for  .OOZ89<ei<  ,0225 

0.953  ei  . 

F ' F ^ =0.00961  0.930 .«25<e‘<.o6 
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'060<£S  < ,55^ 


(iij)'’-  0.396 ej'  ^ 


^.r 


Iloncc,  for  this  National  Forgo  4130  cast  steel,  the  relative  differonco 
botWQon  the  total  and  plastic  strain  rates  is  4%  for  strains  smaller  than 
2^,  and  the  difference  Is  less  than  1%  for  strains  larger  than  2%.  The 
experimental  error  in  the  calculation  of  total  strain  rates  in  strain- 
rate  experiments  is  of  the  same  or  larger  order  than  the  difference  be- 
tween the  plastic  and  total  strain  rates. 
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SECTION  4 


CURVED  BEAMS  AND  RINGS 


4.1  Introduction 

Section  4 deals  with  the  strain-displacement  equations  and  the  con- 
stitutive equations  used  for  the  numerical  analysis  of  curved  beams  and 
rings , 

These  strain-displacement  relations  for  finite  strains  and  rota- 
tions also  take  into  account  thickness  change  and  seem  to  be  "new” 

(not  found  in  the  literature) . The  decomposition  of  the  total  strain 
into  a "membrane"  and  a "bending"  part  is  discussed,  and  it  is  seen  to 
be  dependent  on  the  definition  of  the  strain  measute.  Also,  the  de- 
con5)08ition  of  the  deformation  gradient  into  a rotation  and  a pure 
stretch  is  shown  for  illustrative  purposes.  Equivalent  equations  for 
"small  membrane  strains"  are  displayed.  Finally,  the  constitutive 
equations  for  curved  beams  are  shown  together  with  the  corresponding 
incremental  procedure  which  can  be  used  in  solving  the  equations  of 
motioh  stepwise  in  small  increments  At  in  time. 

4,2  Strain-Displacement  Relations  for  Finite  Strains 

and  Rotations 

4.2.1  Strain-Displacement  Relations  for  the  Bernoulli- 
Euler  Displacement  Field 

4. 2. 1.1  Formulation 

The  previous  general  results  of  Sxibsection  2.4  for  the  kinematics 
Of  a deformable  medium  are  specialized  to  the  case  of  a curved  beam,  as 
pictured  in  Figs.  4a  and  4b,  with  the  following  definitions: 


135 


r 


Fixed- in-Space 
System 
(Inertial) 


Rectangular  cartesian 
Coordinates 


< 


Base  Vectors  s 


Reference  Configuration 
(t  “ t^) 


Present  Configuration 
(t  “ t) 


^3 


Body-Fixed 

System 

(Convected, 
Intrinsic  or 
Embedded) 


Curvilinear  Coordinates 


Base  Vectors 


Reference  Configuration 
(t . 

Present  Configuration 
(t  = t) 


The  coordinate  n = deiines  the  (curvilinear)  reference  axis  of  the 
curved  beam  and  C°  = measures  the  distance  along  an  outwardly-directed 
normal  to  H.  All  defo-matlons  take  place  in  the  n»  two-dimensional  plane. 
For  the  body- fixed  convected  system,  the  base  vedtors  g^  and  G^.  are 

functions  of  the  coordinates  ti  and  and  the  G^  are  also  functions  of 
time  t; 
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Tho  baao  voctorB  of  tho  bocly-fixod  oonvootod  ByBtom  at  th«  roforonoo  curvi- 
1. inoar  nxin  f|  (that  1b,  at  " 0)  aro  given  apocial  nomoBi 

5-*® 

Tho  base  vectors  associated  with  the  coordinate  r°  = aret 

A*i7.Q3  „3, 

Here,  n is  tho  unit  normal  vector  to  ^2  reference  configuration 

and  N is  the  unit  normal  vector  to  in  the  present  configuration.  Since 
they  are  unit  vectors,  they  are  only  a function  of  the  coordinate  r|s 

haPT(/>j)  ,t)  (4.4) 

* 

The  quantity  A is  a parameter  that  is  associated  with  the  thickness 
change  of  the  curved  beam,  and  hence  is  a function  of  as  well  as  n: 

(4.5) 

Hence 

§3*  (1)  * $3 

point  in  the  reference  configuration  of  the  curved  beam  is  located  by 

the  position  vector  r to  the  reference  axis  X]  and  the  unit  vector  n normal 

o 

to  the  reference  axis  r|  in  the  form: 


f-Po 


(4.7) 


Any  point  in  the  present  (deformed)  configuration  of  the  curved  beam  is 

located  by  the  position  vector  R to  the  reference  axis  n and  the  vector 
— _ o 

= A*N  normal  to  the  reference  axis  n in  the  forms 
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r • --r  *ir  ~ r 


T^rWfWi  WFy«f  TVTWHI'PfVf  «« 


The  base  vector  at  the  toferanco  axis  n (at  ti°  n 0)  in  the  reference  con- 
figuration is  tho  unit  vector  tangent  to  the  roferoncc  axis  coordinate  gi 


a . , il. 


aa*5.a«l»a 


zi 


(4.9) 


The  base  vector  at  tho  reference  axis  g (at  r°  = 0)  in  the  present  con- 
figuration isj 

*"  (4.10) 

and  it  is  not  (in  general)  a unit  vector. 

The  covariant  base  vectors  of  the  "curved  beam  space"  in  the  reference 
configuration  are: 

5 .2Z  .if  = +2;->iS=5.+  5!a,./(+SrN5 

gi  3/)^  3-^  ^ ^ ^ 

Q .if  = if  = ifp+S 

at?  av  "■ 

Where  R is  the  radius  of  curvature  in  the  reference  configuration r taken 
here  positive  when  the  center  of  curvature  lies  in  the  negative  direction 
of  n (which  is  opposite  in  sign  to  that  given  in  some  books  on  tensors) . 
Note  thats 


11) 


(4.12) 


The  (metric)  tensor  components  of  the  unit  tensor  £ in  the  convected  co- 
ordinate system  are: 


0 


(4.13) 


0 
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IT 


0 


(4.14) 


0 


The  displacement  field  at  any  point  C = n*  ? “ C ^ curved  beam  can  bo 

expressed  as  follows  (as  depicted  in  Fig.  4b) j 


where 


a.*  “ U^oL;i  U^Ti 

\X- 


(4.15) 


(4.16) 


or  defining  v H and  w = u"*,  one  may  write 

do  = V 5L;t  -H  W h 


_ 03 


(4.17) 


In  the  case  of  no  extension  of  the  normals 
of  the  beam) : 

A * “ J. 


(no  thinning  or  thickening 


(4.18) 


Accordingly,  one  obtains  a "Kirchhoff  or  -Bernoulli -Euler"  displacement 
field  (see  Pig.  5) t 

lL-uLo'*'  t^*(N‘-Pi)  “ vda.  + 

It  can  be  shown  that  i 

2;‘N=-^ 

LI  2. 


■^Prom  geometrical  considerations?  in  particular,  it  can  be  obtained  from  a 
Specialization  of  Eq.  5.84  of  bection  5. 
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o o o o 


whetro 


(4.21) 


^ '=’  tnixod  coniponont  of  tho  riqhfc  ntrotah  tonnor  at  tho  tnfornnan 
axifl  ” 0) 

2 ^ mixed  eoraponont  of  the  Cauchy-Greon  tonnor  at  tho  roforoncp 
axis  Ti(^°  “ 0) 

2 “ mixed  component  of  tho  Groon  strain  tensor  at  tho  roforonco 
axis  “ 0) 


W 


^ -f- 


y 


n ^ 


(4.22) 


Hence , 


Lt®  (v  - ^2.  't)  *»“[w+ 


(4.23) 


= V Olj,  + w H 

Then#  the  deformation  gradient  tensor  P has  the  following  components  with 
respect  to  the  base  vectors  of  the  reference  configuration t 


F'-' 

' 'i 


t(l4 


(tiiT 


Ul 


(4.24) 


where 


ru 


F3  ^ 

•a. 


Fn  • 
• 3 


r-3  • 

r • 3 


(4.25) 


(4.26) 


Prom  t:q.  4.24  ana  Eq.  2.132,  tho  right  cauchy"Groon  aorarmatlon 
tonnor  oompoiuinta  in  tho  body  Cixod  coordinato  nyntom  in  tho  rnf- 
oronco  aonflgurntion  can  bo  obtainod  an  Collown« 

C-  F 


Cj“(F:kTF^> 


1 

ul 


(i+X3 


\Xt 


If  ' Ut| 
(4-27) 


which  reduces  to 


o = 


0 


T*  {i*%f 


0 


(ftl)’ 


(4.26) 


Hence,  the  right  Cauchy-Green  deformation  tensor  mixed  components  at  the 


reference  axis  n(at  C “0)  ares 


Also,  note  that 


ci^iuir 


(4.29) 


(4.30) 
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Placing  Eg.  4.30  into  Eg.  4.48,  ano  can  oxpronn  fcho  mixed  oomponontn 
of  the  rlghf.  Canchy-Grccn  deformation  tonnor  anywhoro  in  the  curved  beam 
apace  in  tormn  of  the  mixed  component  cj  at  the  reference  ev<n 

(r,  - 0),  the  Wvnture;'  K,  and  the  normal  coordinate 


Tho  classical  Green  (Lagrangiar)  strain  tensor  y can  be  obtained  readily 
from  the  right  Cauchy-Green  deformation  tensor  (Eqa.  2.136  and  2.140) t 


f (S-l) 


0 


(4.32) 


0 


(4.33) 


whnro  thn  Grnon  ntrnln  camponont  at  thn  roforonoo  axis  P(C  "0  nuporni-ript 
of  thn  mnml:>i:m»o  ntraln  component  In 

(4.34) 

2 MoirtJrantn  Qpndlnrr.  and  Polar  BncpM19i}jJiiilSi?. 

No  aiifnOTtnLitTtin  nn  far  an  tho  niaanltB?.o„ 
have  boon  inuc.o  in  Kq.  4.3.1.  Ono  can  dociompono  Rq.  4.33  o^it tMZ  «« 

i'ollowoi 


otherwise,  one  can  apply  a multiplicative  aecompositlon  of  the  deforma- 
tion gradient  tensor  into  a ''membrane-  part  (defined  at  = 0 and  de- 
noted by  the  superscript  -o«)  and  a "bending"  part  (denoted  by  the  over 

script  "k") : 

"ft*  ° 

(4.36) 

t 0 1 

■ - > I wy ^ 

"MtMBRANE"  '*BENDIN6>" 

°1 

Hence,  the  "membrane"  right  Cauchy-Green  deformation  tensor  component 


I 

\ 
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O 


I lyi  I wnMnwiip,  wiiijif  mwjj  mu  wffiHii  ti  hmmiiii" 


(i+X) 


(m 

*1 


(i*X) 


1 

* 


•&% 


(4.37) 


or 


llC(i*X)*+t]‘  o| 

t{  0 

O 

• 

••*  — > 

m 

• 

0 i 

“membrane” 


(4.38) 


Similarly,  the  "bending"  right  Cauohy-Green  deformation  tensor  component 


1st 


4;  /r^iYr^' 

Cj-(F.t)  F.j 


or 


A+sSN  0 

0 1 

0 


5li^  0 


0 


(4.39) 


0 

i 


(4.40) 


•»  BENJ>INa“ 
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Thun,  In  accordimco  with  Kq.  4.31 


(4.41) 


th,  polar  aocon««amo„  of  tho  aofo».tio„  ,raaiont  tonsor^ono 
can  Obtain  cxpresnlono  for  the  alsplacoment  ,raalenta  X a»  0 
Of  U)  a rotation  angle  « fro»  the  reference  eonfignratlon  ana  >2) 

Stretch,  (see  Eq.  2.122) j 

Of  ‘A* 

rt]  = K.feUj 

or,  in  matrix  form,  Bq.  4.42  becomes 


(4.43) 


l(l+x) 

Ces  6 

-sin  0 

tU  0 

r 

(i^X) 

8»M  0 

COS0 

0 i 

'tlli 

*DrtT 

-~y 

■ATIOW 

1 

STRETCH 

which  shows  that: 


(i+X)  = Ui 

1 


(4.44) 


(4.45) 
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iSWWlWPiPl 


,1. 


IIUIWIWIIIIIII 


'.fhcfio  rnlrttionH  nr<»  vory  irofxjrtfmt  In  tho  flnltn  olomont  nnnlynln 
nlncn  X ’I'  unncli  (1)  nn  oomo  of  tho  cloqropin  of  froeilom  of  r>nch 
flnlto  «'lonteint  and  (^)  in  tho  atmin'-dlnplaciimunt  rolnttonn.  It  in  noon 
from  <1.41  nnU  4.4R  tlmt  ):>oth  X 'I'  tolntod  to  tho  ntrotch 

imd  to  tho  rotation. 

* 

Obm>rvo,  that  Cor  "nniall  rotationn”t 


COS0  ^ i 

sm0  ^0 

* 

and,  for  **amall  mombrono  atralns”? 

6t<L 

ut“i+  £i‘Vi+r?r  sji 

Honec,  ono  obtains 

"relative  elongation" 


0 


‘•rotation 


(4.46) 


(4.47) 


(4.48) 


This  indicates  that  tho  displacement  gradient  X i®  approximately  the 
relative  elongation^  and  the  displacement  gradient  4^  is  approximately 
the  rotation  angle  6 only  for  small  strains  and  small  rotations.  Observe^ 
however,  that  for  finite  rotations,  botn  X ^nd  i)>  are  related  to  tho 
strains  and  rotations.  Also,  note  that  one  can  obtain  Eqs.  4.44  and 
4.45  from  geometrical  arguments  as  indicated,  for  example,  in  Pig.  5 
and  tho  following  observations: 

u ® 1 +*  El  "lOGinbranG"  right  stretch  (4.49) 


9 

As  » 111  Av^ 


(4.50) 


* 

Itero,  tho  precise  meaning  of  •‘small**  rotations  and  “small**  strains  is 
made  clear  in  this  context. 
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Thn  Dornoulli-Eulor-’Kirchhoff;  dioplacomcnt  flold  may  bo  oxpi.onnod  an: 


V - V - siVi  6 

w®  IV  - ’?;‘’(i-cos0) 

COS0-  Im 

\ As  / 


Hence,  defining 


one  obtains 

COS0  = -4-  ("i+x) 

ur 

sm  0 = — 4~  ^ 

U1 


(4.51) 

(4.52) 

(4.53) 
) (4.54) 

(4.55) 

(4.56) 

(4.57) 

(4.58) 

(4.59) 


147 


Thufl,  tho  Bornoulll"Eulor-’Klrahhoff  dlsplnaomont  CiaXd  bocomooi 


/V 

V 


v-t; 


. t 


fti 


<4.60) 


W ■ W + — Tt  (4.61) 

Ul 

which  coinpares  with  Eq.  4.23. 

At  this  point  it  is  convenient  to  use  Eqs.  4.44  and  4.45  to  show  that 

the  expressions  for  the  right  Cauchy-Green  deformation  tensor  component 

2 2 

of  Eq.  4.31  and  the  Green  strain  tensor  component  Y2  Eq.  4.35  are, 

indeed,  invariant  under  arbitrarily  large  rotations. 

For  this,  it^suffices  to  show  that  the  right  Cauchy-Green  deformation 

tensor  component  C^  at  the  reference  axis  ® 0),  and  the  "curvature" 

^ ®2  2 2 
K are  invariants  under  rotation.  Prom  Eq.  4.29t  Cg  ® (1  + X)  + (I*  • 

Placing  Eqs.  4.44  and  4.45  into  this  expression,  one  obtains: 

* (ul  cos  0)  + sw  ©y  a (Ujy  (cos6  + s’m*0) 

0 


■(u 


ir 


(4.62) 


Which  is  an  identity,  from  Eq.  4.21.  Hence  C^  is  invariant  xinder  arbitrarily 
large  rotations.  Next,  from  Eq.  4.26: 


Placing  Eqs.  4.44  and  4.45  into  Bq.  4.63,  one  obtains: 


(4.63) 


t 


(4.64) 


(4.65) 
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(4. 60 


Equation  4.66  shows  that  the  ''curvature*'  expression  < of  Eq.  4.26  is  invari- 
ant under  arbitrarily  large  ricfid-body  motions. 

It  can  also  be  shown  that  the  expression 

(4.67) 

appearing  in  the  expressions  for  the  deformation  gradient  tensor  compononts 
of  Eq.  4.24  and  Bq.  4.36  and  in  the  right  Cauchy-Green  deformation  tensor, 
Bq.  4.31  and  Eg.  4.40,  is  the  actual  curvatvire*  90/9s,  as  follows.  Since 


and 

Z (4.69) 


Here  s is  the  "deformed"  arc  length  (the  are  length  In  the  present 
configuration) , 
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■WIMWWi 


nfi 


One  findn  from  Eq.  4.66  that 

•{ " - (uiT  H » (iz^) 


,3  ^ 

dS 


(4.70) 


Honco 


M=_  jL=_iL  ^ 


(utt  (at'  (iuifif 


Therefore,  one  can  express  Bq.  4.36  ast 


ri; 


♦membrawe" 


“BENWNG*' 


(4.71) 


(i+x) 

_ ji 

0 

•y 

— V— 

(i+X) 
— ■ / 

0 i 

' — J 

(4.72) 


Also,  the  expression  for  the  right  Cauchy-Green  defor«iation  tensor  component 
C^,  Eq*  4*41,  can  be  expressed  ast 


C" 


t\  0 

1 

0 

0 L 

j 0 i 

(4.73) 


HEMBRAM& 


Equivalently,  one  can  express  the  Green  strain  tensor  component  *i  9 from 
Eq«  4.35,  as: 


Vz®^Ya^  “ ^ ^ (4.7 

’‘mbmSahe’'  "BENlJlNa'’  ^ 

Or,  defining  a ^curvature**  measured  per  unit  length  of  the  reference  con- 
figuration, as  in  Eq*  4.69: 
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(4.75) 


"membrane*'  “ BENtuNQ*' 


This  equation  holds  for  arbitrarily  large  rotations  and  strains. 


(4.76) 


(4.77) 


4. 2. 1.3  Specialigation  to  Small  Membrane  Strains 

If,  instead  of  the  exact  equations  for  arbitrarily  large  rotations  and 
strains,  one  assumes  "small  meirtbrane  strains"  at  the  outset  (a  common 
assumption  in  the  engineering  literature  ),  the  displacement  field  (Eq.  4.23) 
becomes  altered.  For  convenient  reference,  Eq.  4.23  follows  as  Eq.  4.78» 

~ " M.78) 

Lit 

For  "small  membrane  strains",  one  has 
Hence ^ Eq*  4.78  becomes 


g»  (v-yY)5.;t  +Cw  + y/)ii| 

In  this  (approximate)  Bernoulli-Euler-Kirchhoff  displacement  field,  the  only 
assumption  made  is  that  the  membrane  strains  are  small,  but  no  assumption  is 
made  regarding  the  magnitudes  of  the  displacements. 

*Por  example,  as  in  Novozhi lev’s  book  on  the  Nonlinear  Theory  of  Elasticity 
fl56],  or  as  in  [28]. 
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I j , K mi  JIP 


Prom  thlfi  aiRplaoamont  fioid,  ono  obtainn  tho  following  do formation 
gradient  tonoor  componontsi 


F ^ * = 

^ 'j 


(4.81) 


,i. 


From  P *,  the  following  right  Cauchy-Greon  deformation  tensor  components 
are  obtained: 


c;»(p:i7(F*:)= 


^ (i^x) 


t (4.82) 


C-« 


(4.83) 
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whoro,  an  bo fora 


^'**®'*’ 

li'  (-I|)(i+X)  + T|| 

ObsorvG  that  tho  introduction  of  the  "amall  wenibranG  straina''  assmnption  in 
the  Bernoulli-Euler-Kirchhoff  displacement  field  is  responsible  for  pro- 
ducing .apuripuB  shear  strains  and  normal  strains*.  The  spurious  normal 
strain  is  just  as  large  as  the  membrane  strain#  although  the  shear  and 
normal  strains  had  been  assumed  to  be  zero.  Also,  the  introduction  of  the 
"small  membrane  strains"  assumption  in  the  displacement  field  results  in  an 
ej^ression  for  the  quadratic  terms  in  that  needs  the  extra  assumption  of 
small  membrane  strain  gradients  (0§  2/^t])  « O0/8n) ) to  be  correct. 

From  Egs.  4.64  and  4.65,  one  finds  that 


The  Green  strain  tensor  components  can  be  obtained  from  this  displacement 
field  as! 


Hence , 


* 

This  observation  haS  already  been  mads  in  [28]. 


]l 


(4.87) 
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whern,  nn  before 


" X "If  irX*^ 

Several  subficte  of  the  scruln-dlBplncemcnt;  equation  for  Lho  Green  otraln 
2 

tensor  component  wero  used  and  studied  In  Ref.  28. 

For  convenient  reference « these  relations  are  shown  ooncioely  in  the 


following: 


TYP6  ’*©“ 


> TYPE ’*6" 

' TYPE  ”C*' 


(4.90) 


Strain-displacement  relation  Type  ”A”  is  used  in  the  JET  3 computer  program 
[24]  . It  is  restricted  by  small  strains  and  by  small  angles  of  rotation: 


Strain-Displacement  Relation  Type  "A”  (JET  3) : 

Y:L--;c^ir+5'(-lf) 


(4.91) 


Placing  Bqs.  4.44>  4.45»  and  4.64  into  Bq.  4.91«  one  obtains: 

I'x*  = c^e-i  4- 


l+2Vi  + sin® 


1 


92) 
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3o  that  only,  for  atnall  monibrono  atrainRi 


a 

z 


nronU  anglon  of  FQtntJ.Qrn 

COS0  ^ 1 


sm  0 0 


(4.93) 


(4.94) 


and  Bmall  mon^rane  atraln  qradiontat 


0 


one  obtains 


■if 


(4.95) 


(4.96) 


Strain-displacement  relation  Type  "B"  is  used  in  the  CIVM-JBT  4B  com- 
puter program  [27l.  For  strictly  membrane  deformations  (no  bending  deforma- 
tions at  all),  it  is  valid  for  large  strains  and  rotations.  Otherwise,  it 
is  also  restricted  by  small  strains  and  small  rotations,  as  follows? 


Strain-Displacement  Relation  Type  "B*‘  (CIVM-JET  4B) 

It  was  shown  previously  in  Eg.  .62  that  the  membrane  part 


(4.97) 


'"2  1 ®2 

(Y2  “ "2 ^^2  ” this  strain-displacement  equation  is  valid  for 

large  strains  and  large  rotations.  But  the  bending  part  is  not. 
From  Eqs.  4.64  and  4.97,  one  finds  that 


„.,e, 


It  is  obvious  from  this  that,  only  for 

(a)  no  rotations  (and  therefore  no  change  of  curvature) 
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CO50  "i 


6m  0"  0 


M.99) 


or 

(b)  onifllj.  moirt^rwiio 

H.IQO) 


and 

(e)  nmall  ongloo  of  ratatipni 

COS0  96i.  ® 


(4.101) 


and 

(d)  lumflll  mombrane  strain  qradienM* 

e 

one  obtainsi 


y 


(4.102) 


(4.103) 


For  example ♦ see  Pig.  5,  suppose  that  a clamped  beam  is  bent  at  the 
free  end  by  tho  application  of  pure  moment,  to  90°.  In  this  case, 
one  would  obtain  from  the  application  of  strain-displacement  rela- 
tion type  "B''{ 


For; 


e-30" 


and 


then 

V!  I,  = 0 [VI*^  (o)^  + i (o')]  * 0 (4.104) 

which  indicates  that  strain-displacement  relation  type  "B"  would  pro- 
duce aero  bending  strain  no  matter  how  large  the  curvature  36/8ri  is. 
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Cloarly,  this  la  a spurloun  roault  produced  by  the  use  of  tho  equation 
beyond  Its  rangft  of.  validity. 

It  Is  »--vldent  from  Eqo.  4.0G,  4,66,  and  4,02  that  tho  only  nulwitn  of 
Eq,  4,00  Uiat  aro  valid  for  arbitrarily  largo  rotatlona  are  atraln-dlaplacn- 
merit  relatlono  Types  "E"  and  ”c"i  although  theno  relatlonn  apply  for  arhitrar'-’ 
lly  large  membrane  ntrnlnn,  the  aariumed  cUrsjilagemoht  field  givrm  by  He.  4,00 
which  la  employed  to  oompute  tho  bonding  ntraln  Impllea  email  miwbrano  etraln. 

4, a, 3 Incluuion  of  fhioknoae  Change  Annoalatefl  with 
Piiiito  Etralnn. 

Ao  prevlouoly  mantlonud,  no  aueumptiona  ragardlng  tho  marmitudo  of 
otraljio  and/or  rotations  aro  prouunt  in  Equ.  4.31  and  4.33.  Howovor,  fhuuu 
uquatlons  aro  aubioct  to  the  kinematlcal  routrietiona  tmpoood  by  thu 
asnumod-dtsplacomont  fluid  of  Eq.  4.23  which  doos  not  allow  any  uhour  do~ 
formations  or  normal  (to  tho  roforonco  axis  n)  strains,  as  ia  ovidunt 
from  tho  strain  matrix  displayod  in  Eq.  4.33,  for  example. 

h theory  of  thin  bodies  which  is  subjected  to  tho  kinematic  constraint 
that  the  thickness  before  and  after  deformation  remains  the  same,  is  not 
realistic  when  finite  strains  are  admitted  In  the  deformation  process.  To 
enforce  such  a constraint,  the  density  of  the  material  would  have  to  change 
in  a special  way  during  deformation.  Since  for  most  materials  the  ratio  of 
the  deformed  to  the  undefortned  mass  density  is  very  nearly  equal  to  unity 
even  for  large  strains,  such  an  unrealistic  density  change  (as  enforced  by 
the  Constraint  of  constant  thickness)  cemnot  be  admitted  in  the  characteriza- 
tion of  the  deformation  pr(^^ess  of  an  actual  material  at  finite  strains. 

The  formulation  to  be  presented  here  can  be  derived  from  the  general 
shell  formulation  of  Section  5.  Thickness  changes  will  be  introduced  in 
the  formulation  by  means  of  the  assumption  of  no  volume  change. 

The  assumed-displacement  field  will  contain  only  the  zeroth  order  term 
in  a (thickness-coordinate)  asymptotic  expansion  of  the  factor  X(n,C°) 
appearing  in  Eq,  4.8.  This  zeroth  order  term  provides  only  a symmetric 
thickness  change  (with  respect  to  the  reference  axis  p)  and  excludes  anti- 
symmetric thickness  changes  that  can  be  provided  by  highoi?  order  terms  in 
the  asymptotic  series  expansion. 
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It  turns  out  that  the  retention  of  just  the  ?!oro.h  order  term  in  equiva- 
lent to  natiafyinq  the  incomproaaibUitV  condition  in  an  exact  faahion  only 
at  the  roferonoe  axia  n (at  « 0) , Hiqher  order  tnrmn  in  tho  thicknena 
coordinate  (ff*)  are  not  included  at  tho  preaent  time  no  an  not  to  complicate 
the  (analyf4ia  unduly.  Thofie  hiqher  order  1:«'>rnifj  affect  the  axial  atraiii" 
dlnplacenmnt  equation  in  tormn  of  the  order  of  the  nquare  of  the  thickriof.in 
coordinate  and  liiqher.  Por  auffiaiently  "thin"  bodiea,  thone  tormn  nhould 
he  JieqUqihle,  Mno,  the  practical  unefulnonn  of  includinq  mioh  hlqlu'r 
order  tormn  (tliat  nerve  to  natinfy  with  lncroanln<j  deqroen  of  aeeuracy  tho 
Ineomproaotbllity  antmmpUon  a'ionq  tlie  thtekmma  of  tho  thin  body)  la  of 
quootlenable  validity  in  a theory  ouch  ao  the  pronont  one  that  dooa  not 
include  any  ohoar  doformutlonu  and  in  rootrietod  te  deformationa  in  2-D 
apace. 

Lot  an  asymptotic  expansion  for  tho  factor  X(n,C°)  of  Eg.  4.8  bo 
assumod  in  tlio  formt 


Keeping  only  the  zeroth  order  term, 

- X.  ii) 

4*8  becomes 
Also#  Hq.  4.6  becomes 

G3  “ 

Thus,  the  displacement  field,  Eg.  4.15  becomesj 

^ +•  z;'[x.(|yN('''2)-pi(7)]  (4.109, 


Xo'N 


(4.107) 


(4.10BJ 


Prdm  Eg.  4.108^  one  can  obtain  the  detortnation  and  strain  tensors  in  the 
thickness  direction t 
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I 


Qw“  Cjs“  §3»+2'^f3j 


Gj-G 


M 


(4.110) 


Sinco  tormB  oU  ordor  r;  and  higher  ware  noglaated  in  tho  expansion  givon  in 
Eq.  4.105,  thoy  should  also  bo  noglootod  in  Eq.  4.110  to  bo  eonsistontj 


honce, 


c^c^ 


L 


C33® 

“ C33  ‘ 


(4.111) 


where 


C\  » Cl 

Cis*  Cas  C^**0^ 


•35"  '-53 

The  thickness  deformation  is  measured  by  the  parameter  which  is  a 

function  of  the  curvilinear  axis  coordinate  and  is  not  a function  of  the 

thickness  coordinate  C°.  The  thickness  deformation  is  assumed  to  be  homo- 

3 

geneous  through  the  thickness.  The  deformation  tensor  component  has 

the  same  value  anywhere  in  the  thickness  at  a given  location  n.  One  can 

3 3 

express  the  deformation  tensor  in  terms  of  the  stretch  tensor  U as 


■lx^  m - VcT  ■ X, 


3 U4.-3  “ V 

Imposing  no  volume  deformation  at  the  reference  axis  n(C°  = 0)  for  this 
thin  l)ody  deforming  in  2-*D  space  is  tantamount  to  writing 


(4.112) 


U‘Ul-1  il- 


or 


UXU\  ■ I 

Employing  Eq.  4.112,  one  obtains 


Ul  X,  = i 


(4.113) 


(4.114) 


(4.115) 


159 


SC.- 


Honco , 


(4.116) 


which  ogresses  the  thickness  change  in  terms  of  the  membrane  axial 
strain  Y^* 


Placing  this  result  into  the  displacement  field  equation  (4.109),  one 
obtains 

U • H.  + ~ 

1-Xt 

Hence,  using  Bqs.  4.19  and  4.20,  Eq.  4.117  becomes 

a.  va^  (w  - J;*)T5 


= (v--S^-y)a;i  +[w  + 


cl 


« V OU2,  + W h 

Thus  one  obtains  the  following  strain  matrix  (to  the  order  of  C°) s 


(4.118) 


(- 


(- 


■) 


(4.119) 
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v/horo 


.iml  K .oro  dofl„,H,  i„  g,„, 


aSiUg!ltl,8  rof..ron.n  P™"™* 

b7  th0  normal  atmln  mL  • hia  tranavoraa  shear  strain  is 

ana  disappears  ontircl/„hon  this  Zl^TT  ^ direction 

::::  ~ rz  :::::tv” 

either  in  terms  of  the  mem»,  ar  st.aln  can  bo  expressed 

w.rms  Of  the  morabrano  strain  gradient  av^/an  d. 

normal  strain  gradient  8Y3Van  as  follows,  ' 

S'  'ttl 


y:- 


= 's>vi 


(4.120) 


> a-inni 

™—  .t:  *rrr: -■:  ~ - ■”■■  - - - 


were  neglected  to  starf*  w<4-v. 

assumed  Miat-  4»u^s  4 sMrr  with,  it  w 

T,  « 


This  is  equivalent  to 


y: 


t 


.>)V 

37 


0 


*0 


(4.121) 


the  that  tha 

Ov*. 

0 


(4.122) 


(4.123) 

althoudh  „o™t  attail  a™ia" 

corraapead  to  it  Ttl  T 

assumption  of  an  approximat*"'"  I Work  are  neglected  under  the 

or.  What  is  equivalent  th  ^ """  Ei^n^«t££SS  throughout  the  thin  body, 

are  considered  to  be  nogligibir^^  (^hrough-the-thicknoss  direction)  stresses 

two-arjiti  - 

the  physical  world  all  phonomena  take  place  in 
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a throo-dlmonBional  opnae.  IncomproHnlbllity  (or  equivalontly,  no  change 
in  volume)  in  a throo-dimonnional  concopt* 

In  the  proBont  analyoifl,  incomproaaibility  wob  imixmod  in  a two- 
(Umohsional  space;  that  is,  not  allowing  any  doformationa  in  tho  direction 
norml  to  this  two-ditnonaional  surface.  One  can  examine  tho  conac- 

quonccs  of  satisfying  incompressibility  in  tho  three-dimensional  case, 
in  an  approximate  fashion,  by  replacing  Eq.  4.114  byt 

tUUlU’-i 

2 

where  the  index  "1"  refers  to. the  direction,  normal  to  the  C = H and 

directions.  Therefore,  from  Eq.  4.112  and  Eq.  4.124,  one  obtains; 


txim  X.  = i 

X.  • Ul  “ 


(4.125) 


(4.126) 


Assuming  that 


ui = i (ui) 


(4.127) 


then 


(4.128) 


in  tho  case  of  a very  narrow  beam,  with  isotropic  properties,  and  with  a 
width  exactly  equal  to  its  thickness,  it  is  natural  to  expect; 

Ul-U.3 


Hence, 


ul = x< 


(4.130) 


Hence,  from  Eq.  4.125; 
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p '«*■  i0it  Pi*  '.■  «i'f»  H 1 “ti V 


^ICx.t'i 


A. 


Vt^  ■ (tif\i-^znif 


(4.131) 

(4.132) 


Placing  into  Eq.  4.109  for  the  displacomont  field,  ono  can  obtain,  after 
some  manipulations  the  following  strain-displacement  equations t 


Y»  a Vi  . A 

i . 

^3  ^1  Z, 

Wi+zti'  J 

(4.134) 


®2 

Here,  and  K have  the  same  definitions  as  in  Eqs.  4.34  and  4.26,  re- 
spectively. 

In  general,  one  would  expect  a behavior  that  is  bounded  between 


Eqs.  4.134  and  4.119>  that  is,  between  the  case  in  which  (1)  the  strain  in 
the  ? direction  is  equal  to  the  strain  in  the  = C°  direction  and  (2)  that 
in  which  the  strain  in  the  direction  is  equal  to  0. 


4.2.3  Summary  of  Strain-Displacement  Equations 

For  convenient  reference,  the  strain-displacement  equations  for  thin 
o ^ 

curved  beams  (1  + (?  /R)  <v  1)  will  be  reproduced  in  the  following  for  cer- 
tain specific  situations. 


4. 2. 3.1  Strain-Displacement  Relations  for  Small  Strains 

Prom  Eq.  4.80,  the  assumed  dlsplacenent  field  (implying  small  membrane 


strain)  Isj 


a«(v-g.*Y)g;ti-  (w-i-yy)pi 


(4.135) 


This  field  leads  to  the  following  strain-displacement  equation  (Eq.  4.90) : 


163 


where 


t: 


■TYPE  "A"' 


-TYPE  ”6'' 
-TYPE  "D" 

-TYPE"£” 


•TYPE  *C'' 


(4.90) 


and 

+ # • Vi+^1l'eo»0-i 

^=||-  ^-VriTITsme 

The  displacement  gradients  are  x and  t{i,  and  0 is  the  angle  of  rotation  of 
the  reference  axis  ti(at  « 0)  • 

Note  from  Eqs.  4.74  and  4.77  that  the  bending  contribution  to  the 

2 02 
Green  strain  involves  also  the  membrane  strain  y^.  Hence,  the  bending 

contribution  can  be  approximated  in  various  ways  depending  upon  one’s 

assumption  (in  the  bending  part)  concerning  the  size  of  y . For  example, 

02  - 

if  one  assumes  that  1 + 2 Y2  ~ 1 only  in  the  bending  part  as  in  Eqs.  4.79 

and  4.80,  the  resulting  strain-displacement  relations  are  restricted, 

therefore,  to  small  membrane  strains  insofar  as  the  bending  contribution 

itself  is  concerned;  this  applies  to  strain-displacement  relations  A,  B,  C, 

2 

D,  and  E.  For  the  membrane  part  of  y^,  arbitrarily  large  membrane  strains 

and  rotations  are  taken  into  accouht  in  Eq.  4.90  except  for  Type  A.  For 

2 

the  bending  part  of  y^  in  Eq.  4.90,  arbitrarily  large  rotations  apply  only 
for  Types  c and  E.  Type  A is  the  curved-beam  equivalent  Of  von  Karman's- 
nonlinear  plate  equations  [157]  and  Sanders'  nonlinear  shell  equations  [158]. 
4. 2. 3. 2 Strain-Displacement  Relations  for  Finite  Strains 


and  Finite  Rotations 
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An  boTorn,  lot  tho  Cironn  (’Uiaqranqlnn**)  motnljranQ  ntrnin  bo  dufJmid  an 


anti  Iho  "tnirvatwo"  «e 

Tha  following  displac tmont  fields 


(4.136) 


(4.137) 


(4.138) 


produces  the  following  strain-displacement  equations  (to  the  order  of  C°) • 


(4.139) 


(4.140) 


(4.145) 


with 

The  following  special  cases  can  bo  identified s 

1 3 

(a)  No  changes  in  thickness  or  lateral  difiionsions  (y^  ==  = 0) ; then# 

cy«  1 /3=s  0 A«0 

13 

(b)  Thickness  change  only  (Y-  « 0,  Yn  ^ 0) J then# 

i.  *5 

= i 1 0 
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(a)  Equal,  Htrainn  in  tho  thlcl'nonn  and  thci  Intnrnl  cUrnotiont 
(Y3  0)  > then 

<^=T 

Tlio  caao  in  which  a 1,  0<=>1,  M«0iD  oallod  Btra.in  dioplacomcnt 
rolatiion  Typo  P and  io  t^ho  one  uoed  in  tho  analysis  of  boaifls  and  rinqs  of 
Soction  ■/>  that  is 


Y 


L Type  ”F" 


Yi  = 0 


(4.146) 

This  equation  is  valid  for  arbitrarily  large  membrane  strains,  rotations, 


and  displacements  for  incompressible  thickness-changing  B-E  2-D  structures 
with  Y^  * 6. 

4.3  Constitutive  Equations  for  Finite  Strains  and  Rotations 


4.3.1  Introduction 

The  general  theory  for  finite-strain  elastic-plastic  strain-rate  de- 
pendent deformations  of  a solid  presented  in  Section  3 will  be  specialized 
to  curved  beams,  for  which  only  the  axial  (circiimferential)  component  of 
sttess  is  considered  to  be  important. 


4.3.2  Cons  titut ive  Equations 

In  the  particular  case  in  consideration,  tho  stress-strain  relation  is 
one -diroonsional  (no  shear  strains  are  considered  and  normal  through-tho- 
thickness  stresses  are  disregarded,  considering  a state  of  plane  stress) . 
Hence,  the  problem  simplifies  considerably.  The  co- rotational  rate  of  the 
mixed  components  of  stress  in  convected  coordinates  becomes  equal  to  the 


mafcorial  rato  of  tho  inixad  oomponontR  of  ntronn  In  nonvnctnd  coorcUnat(»n . 


In  oonvoctncl  coordinntoni 


hr* 

z 


* - 


(4.147) 


Z ^9. 

AIro,  tho  ralxnd  componontn  of  tho  rnto-of-doformntion  tnnnor  in  oonvootad 
coordlnntofi  bocoino  oqual  to  tho  material  rato  of  tho  mlxod  compononta  of 
logarithmic  strain  in  oonvoctod  coordinatoni 


e. 


(4.146) 


Hence,  Eq.  3.31  for  the  case  of  a ono-dtmensional  stress-strain  relation 

* 

in  oonvoctod  coordinates  becomes 


‘ E ‘Cr>0* 


(4.149) 


or,  equivalently t 


(4.150) 


where 


d;  ■ ‘ (d;)‘  - ‘(D'J-Hi-treW" 


Equation  4.150  can  be  integrated  to  obtain 


Therefore,  in  this  specie'  case  of  a one-dimensional  stress-strain  relation 
expressed  in  the  body- fixed  convected  coordinates,  the  constitutive  law 
(Eq.  3.27)  does  have  an  elastic  potential t 


- i.  i *r 

•f.  ^ 


(4.153) 


Here,  as  in  previous  subsections#  prescript  refers  to  a quantity  per- 
taining to  the  sth  sublayer  of  the  mechanical- sublayer  model. 
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and 


^ /*)  ^ ' 

M mu  iLjaa  Wuini 

J°  a‘(Hi)“ 


(4.104) 


whom  *^'l'  in  tho  Hnlmholts  fron  intornal  nnorgy  i,xir  unit  mami»  undnr  ino= 
thomal.  conditionOf  of  nnUlayor-n.  ' 

Tho  qovojrnlnq  oquntiono,  oxpronood  in  tho  body-flxod  eonvoetod  eoordi- 
nato  oyntom^  arc  (comparo  with  Eq.  3.S4)i 


r*  = 

ti-ZAs  *t 


(4.155) 


'2  • (^^lT  ~ (‘t?y  (i+ 1^1  ^ y 


d 


(4.156) 


i-fl 


(4.157) 


f-l”')  i(  1 • K>X»&-lf W - 


158) 


if  j *U<-‘r.«(i^ly  1^) 


(4.159) 
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wiu  Ill"* 


Thonn  nqvmtlonn  liavn  to  bo  trAnnt'armod  to  tho  ntrnnn  Atul  fitrnin  quant Jt-lnn 
unrul  in  tbo  numorinal  rmnlyriini  for  thono,  ono  unon  thn  follawlnq  prnviounly- 
(Inrivorl  oquatlonn  ?!,  30H,  nml  to  obtnlni 


X\  ” Si  (i-t-  i Yt) 

1 1=  1 1 - SI  (1+  z V j)  + Z Si  Yt 

•p.1  Yl; 

(L*ZKi) 

It  will  bo  shown  that  since  each  sublayer  experiences  the  same  strain 

as  the  actual  material,  the  mechanical  sublayer  model  is  easily  represented 

2 

in  tertttB  of  the  Second  Piola-Klrohhoff  stress  component 

Xl- SA.  ‘tl 

ri-  5i(i>2Yi) 

*r:-"Si(i+zYi) 

(4.163) 


Hence, 

51  (i+2  Yi)  - ±[%l  (L.2il)]A. 

S9± 

»(l+2Y|)i  As'Sl 


There fore f also 


the  Second  Piola-Kitchhoff  n tress 


can  be  considorod  as 
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li  n 1 1^11 


thP  num  of  n componontn  o =.  i,  ...,„)  with  thn  .^mo.  woiqhtlnq  fnctorR 

an  unod  for  tlm  Klrchhoff  ntroon  t^i 


„ HT 

^ a V A.  SQ*^ 

2.  ^ O2. 


(4.]r,t 


Now,  oxprooning  T,q.  4., 157  in  tormn  of  fehn  Qaoond  Plolo-Kirchhoff  ntronn 
Romi5onont  and  feho  «roon  nternln  component  Yg*  by  uou  of  Eqo.  4.1G0"4.102, 
one  obtalnot 


SL 


or 


jfs:) . tijLiisiiaM]  j(y;) 

a+^vi)" 


(4.166) 


(A  ;.67) 


Integrating  this  differential  expression  by  the  trapezoidal  rule, 
from  the  time  instant  t - At  to  the  incrementally  close  time  instant  t, 
and  defining  for  the  time  being « 


*S  - "s* 

(4.168) 

Y*  Y‘ 

(4.169) 

A‘5-esn* 

- (‘Sir 

(4.170) 

A Yb  (Yi)*  - 

(Ylf‘^ 

(4.171) 

one  obtains} 


[a+z/)-(l+2Y5A!(+l(ia0j 


(4.172) 
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An  Uluntrntion  of  tho  mothotl  of  oompwtinq  tlm  nxinj  ntronn  at  n 
<llv.m  thru-tlKi-thioknonn  tntoqrntion  nt-ntion*  in  prnnnnr.nd  an  foiiown. 
ono  bnqinn  by  knowl.v  tho  nubiayor  ntrof.f.  at-  tim..  (u  ^ At)  foi:  Uio 

nfcli  nubiayor  ot  tlio  ;nl-.nqrnt;.ton  ntntlon,  and  thn  nbrnin  inornmnnt  Ay  nt 
tho  nntno  intoqratlon  ntaUon;  thoroforo,  tho  ntrnln  y""  at  timo  t at  tlwt 
intonratlon  ototior  in  nloa  known. 

Ono  takuo  a trial  value  (ouporoeript  T)  of  (tha  ntroco  at  oublayor 
H at  timo  t)  which  In  computod  by  aoauming  an  inerotr.cn tally-olaatic  paths 

[(1+ZV*)‘-  (142V*)aV..2(AV?] 


(4.173) 

A check  is  then  p “formed  to  see  what  the  correct  value  of  must  bei 


If 

then 


AY 


“s" = esy 


(4.174) 


•k 

Gaussian  integration  is  utilized  in  the  analysis. 
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If 


than 


If 


then 


tlon 


sa^  L('i*zy*=wl^) 

*c*  . _ I datsf^Mtl**} 

(i+2V*) 

This  procedure  is  applied  to  all . sublayers  at  that  numerical  integra- 
station*  and  at  every  integration  station. 
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SRCTION  r> 


inJ\TRB  AND  SlIRDDS 


.Introduction 

Strain-dlupluoomont  rolationo  for  tjonoral  thin  nholla  valid  for 
finite  ntrainn  and  rotationa  arc  derived  hero.  The  main  references  that 
havQ  been  consulted  for  tliio  derivation  are:  Mar  [159],  Dugundji  [IGO] , 

Koitor  [161],  and  Biricikoglu  and  Ka Inins  [162], 

The  classical  tlieory  of  shells  is  subjected  to  the  kinematic  con- 
straint  that  the  thickness  of  the  shell  before  and  after  deformation 
remains  the  same,  but  this  is  not  realistic  when  large  strains  are  present. 
Since  most  materials  which  are  capable  of  undergoing  large  strains  are 
nearly  incompressible,  the  constraint  of  incompressibility  (no  volume 
diange)  seems  to  be  a physically-plausible  and  mathematically-convenient 
assumption;  accordingly,  this  assumption  is  made  in  the  present  analysis. 
The  analysis  of  thickness  change  by  this  kinematical  constraint  saves 
numerical  computation  and  reduces  the  number  of  degrees  of  freedom 
required  to  analyze  a given  problem  (in  comparison  with  the  existing 
finite-strain  three-dimensional  finite  element  analyses) . The  assumption 
of  incompressible  behavior  of  shells,  as  enforced  in  the  present  analysis, 
will  not  result  in  the  existing  critical  numerical  problem  [163] 
associated  with  large  severe  thickness  distortion  associated  with  three- 
dimensional  incompressible  behavior  present  in  the  assumed-displacement 
finite-element  analysis  of  large  plastic  strain  tlirce-dimensional , plane- 
strain  or  axisymmetric  problems.  The  assumption  of  incompressibility  is 
enforced  in  the  analysis  by  moans  of  an  asymptotic  series  expansion  in 
powers  of  the  normal  thickness  coordinate.  The  corresponding  finite- 
strain,  finite-rotation,  strain-displacement  relations  are  believed  to  be 
original.  Those  equations  are  then  spex^iulised  to  the  case  of  an 
tnitially-flat  shell;  that  is,  a “plate". 

tn  Subsection  5.3,  constitutive  equations  which  are  valid  for  (1) 
finite  strains  and  rotations,  (2)  elastic-plastic  materials  with  strain- 
hardening and  strain-rate  properties  — are  derived  under  tlie  assumption 
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of  piano  Mtronn  cprulltlonn  for  qonoral  thin  nhoUn.  Thono  oquatlonn  aro 
writton  in  tormn  of  tho  variablon  nnoociatoa  with  thn  fixod  rofornnoo 
conf iquratlon^  iiiul  tho  fihlto  olcinont  incrcmontal  procuduro  for  tho 
ovaluation  of  tho  atroonoo  ia  prooontod. 

Rolationo  for  Finite  Straina  and  Rotationa 

Si.2,1  formulation  for  Gonoral  Shells 

Let  tho  location  of  each  material  point  of  the  continuum  be  defined 

by  tho  same  two  systems  indicated  in  Subsection  2.4;  namely,  the  space- 

fixed  and  tho  body-fixed  (embedded)  coordinate  systems*  A surface  in 

three-dimensional  Euclidean  space  is  defined  by  the  curvilinear  coordinates 
*.1  -2 

5 and  ^ of  tho  body-fixed  coordinate  system;  this  surface  is  called  tho 
reference  surface”^  of  a ”thin  shell”*  The  coordinate  ^ measures 
the  distance  along  an  outwardly-directed  normal  to  the  reference  surface 
(C  0) . Tho  unit  normal  vector  to  the  reference  surface  in  the  reference 
configuration  is  denoted  by  n,  while  tlic  unit  normal  vector  to  the 
reference  surface  in  the  present  configuration  is  denoted  by  N.  Any 
material  point  p in  the  reference  configuration  of  tlic  shell  is  located 
by  the  position  vector  to  the  reference  surface  « 0)  and  the  unit 
normal  vector  n to  the  reference  surface,  in  the  form  (Pig*  7)  : 

F (5,1) 

Observe  that  tho  position  vector  r (as  well  as  r^)  is  not  a function  of 
titno: 

F (6,SE,%S0=  f (s.« 

where  t^  is  some  reference  (fixed)  time. 

the  natoriul  point  p in  the  reference  configuration  of  tho  shell  (at 

time  t^)  is  Identified  by  tho  letter  P in  tho  present  configuration  of  tlio 

shell  (at  time  t) . The  material  point  P is  Ivjcatod  by  tho  position  vector 
— 

It  turns  out  that  the  best  location  for  this  surface  for  the  purposes  of 
this  work  is  the  middle  surface  of  tlio  shell. 
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“•  .-^  ^1 

K ox|Upj;f{*'d  in  tininii  ol  H lt>  tho  rorot’i>iKH>  HUriact'  (<\  0)  an*!  Iho  \uill 

ii 

vtn'tiM  N iu>imal  in  \.\w>  lot juuM\u^«>i  iXi\  woM  ar,  i\\n  ju^.^lar  p.nam<‘tn 
\ t liat,  nuMfUUtv;  tiu'  thii’kiuMUi  i.’h4mi|a: 

ObiU'vvo  Hull  tlu'  |>ojtlt  lon  vaot.oj*  K (iUi  wt'll.  m li\  a fuiuM  l.on  o\^  tlmo, 

I'll'  trcnuau' ; 

^ 5')  = R t)  c-4) 

Kquation  ia  tantamount  to  the  ansumpt.ion  that  tho  ronultiiu]  lioliomui- 

tion  Xi^  nuoh  that  tho  liuou  nonnal  to  tUo  roforonoo  nurtaoo  in  the 

rotoronco  cent* U]ura tion  mnain  normal  to  the  present  referonee  surface, 

but  the  sur f^aoes  oricjinally  parallel  to  tho  roferonee  suriaoo  at  time 

neoa  i^t  remain  parallel  to  the  present  referonee  surface  at  time  t. 

Moreover,  the  distance  of  a material  point  to  the  reference  surface  is 

permitted  to  change  with  tho  deformation  of  the  shells 

1 2 o 

The  displacement  field  at  any  point  , c,  in  a shell  may  be 

written  as  follows: 

u.  - F S') 

“R.-Fo  +'S'’AF  - r;“F 


It  « Uo  Z,'"  (AN-F)) 


Tho  covariant  base  vectors  of  the  reference  surface  in  the  referenci'  and 
present  cOnfiqurations  are,  res|H>ctively t 


a 


o< 


('■•VI 


iUid  they  are  tiinqetd  in  the  nderenee  ran  face.*  Note  that  one  can  expn'ss 


Piivek  minmuniles  a,  44.  iiiKi'  on  va^er.  I and  2,  coi  riu;poiuli nq  <o  the 
rel  ei  iMU'c'  ran  t iUH'  eoordinatt’s  l}  and  ri'r*pect  i ve  I y , 


17S 


tho  bano  voctor  to  thn  roforonoo  nurfaoo  in  tho  prnnont  configuration 
in  tcrrori  of  tho  diuplacomont  voctur  u^t 


^iic 


(5.8) 


ag;x  ^ 3S»  3£» 

Tlu'  roforonco  ourfaco  motrlc  tonnor  oomponontn  nsnocintod  w.ltli  thono 
bauu  vuotorB  arot 

^ C<j4  ® ^0(  * (5.9) 

One  can  introduce  the  contravariant  base  vectors  a , A by  the  relations s 


where 


a*.a^=s;=A”^-A^ 

« ]■  i if  «=/J 

f/S 


(5.11) 


C«x  f i OC 

1 0 if  c. 


(5.12) 


is  thi2  previously  de£ined  Kronecker  delta.  Therefore,  one  can  write  the 
following  tensor  components: 


o<A  - oc  — /J 

a ® a • a' 


(5.13) 


The  determinants  of  these  metric  tensors  are: 


a 


A- 


a« 

a 12 

a,i 

A, 

A.. 

A. 

® CXhO;.!-  (cl  12) 


-AllAgZ  “ (Au) 


(5.14) 
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Tho  contravnriant  bnno  vnctorn  a and  A ' arn  rolntt>d  to  tho  oovariant 


vootoin  an  I 


- 1 dzX  h 

(d^xa^iyh 

PT  X di 

a “7 

It  is  also  true  that: 


A‘-#‘  “ N 


(A.  «A,VN 

V N X A.__ 

('A.^AjVN 


(!.ijr,) 


(5.16) 


[Caixa^ypi]^*  a [(A^>‘Ai')-Nr=A  <*• 


17) 


Hence,  one  can  express  Eqs.  5,15  and  5,16  as: 


X n 

V? 


h X ai. 

a = 


and 


V? 


yv  a,  »;t, 

OL  a 


a 


a^=  A«. 
a 


_ U ai  O-ix 

a «a  •-  — 


•xi.  AiXN 

N4A 


A^- Ali 


A 

A“-A“— 


(5,18) 


(5,19) 


(5,20) 


(5.21) 


(5.22) 


The  "second  fundamental  tensor  of  the  reference  surface"  is  the 
tensor  that  expresses  the  curvature  of  th  reference  surface;  its 


t?ouipon«mtn  aro  obtained  oithor  by  dlfforantiation  of  thn  (tangent)  bane 
vucturn  of  the  nurfaoe,  or  by  differentiation  of  tho  unit  normal  voctorn 
to  tho  nurfaco: 


bot^a  K>- 


^O»oc 


(5.23) 


(5.24) 


Associated  witl\  this  tensor  are  tvfo  important  sets  of  invariants  (k,  h,  b 
and  K,  H,  b)i 

k - — 

K - ~ (5.25) 

h= -i  b.^  = I b: 

b=lb.,Ub«b„-(b.)‘ 


(5.27) 


(5. 28) 


Here  k and  K arc  tho  "Gaussian  curvatures**  of  the  reference  surface  in 
the  reference  and  present  configurations,  respectively,  while  h and  H are 
the  "mean  curvatures"  of  the  reference  surface  in  the  reference  and 
present  configuratidns,  respectively. 
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I 


Tlio  airiiH.niti.».l  ulomontn  of  roforonco  iiurfaun  iuim,  o.in  ho  nhovn 
to  Uot 


dc6o  “ I dS^dS' 


(r;.;M) 


30) 


in  tlio  roforonco  and  present  configurations,  rospuctivoly.  Thus,  tlio 
ratio  of  the  determinants  of  the  metric  tensors  of  tho  roforonco  and 
present  configurations  is  equal  to  the  ratio  of  the  differential  elements 
of  area: 


V 


3i 

A 


dcA^( 

dc^ 


(5.31) 


Liltewise,  one  defines  base  vectors  of  the  "shell  space"  g , g , that 
are  tangent  to  surfaces  at  a distance  5°  from  the  reference  surface  in 
the  reference  configuration: 


Q ^ 
agot 


a 


and  base  vectors  G^,  G^,  that  are  tangent  to  surfaces  at  a distance  r° 
from  the  reference  surface  in  tlie  present  configuration: 


These  base  vectors  have  the  following  determinants: 


p=  ^ CJ'R 


(5.33) 


g-u 

giJ. 


3 

3- 

S- 


it 


3^^ 

§” 


(5.34) 
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- ••ri^rFrz^xrw^ywWJ^f 


6ji 

G 

s 

6x3 

Gi3 

6x3 

633 

Tlu3  base 

vectors  g^,  g^# 

g^  as  well  as 

°1'  °2' 

(5.35) 


Gj  doscribo  tho  metric 

proportios  of  throe  dimensional  Buclidoan  space.  Tho  base  vectors  a, i 

I 4 

describe  the  metric  properties  of  the  reference  svirface  embedded  in  the 
three  dimensional  space. 

It  is  interesting  to  observe  that  the  unit  (metric)  tensor  5 of  tho 
three-dimensional  Euclidean  space  can  bo  expressed  as: 


» 6j  GjG^*  Q*^Gi6^ 

* ^o(^  £1*^0/^  + h h = 8^  cioc  cl^  -h  h io 

And  that; 


^ = 1-  2r;'h  + (r)‘i< 

The  differential  elements  of  volume  are: 

ol£‘ol£*ds' 

dV  = d5"d£*d^>° 


(5.36) 


(5.37) 


(5.38) 

(5.39) 


in  the  reference  and  present  configurations,  respectively. 

One  can  express  the  base  vectors  of  the  “shell  space"  in  terms  of 
the  base  vectors  of  the  reference  surface  as: 

7®i“  ^ ^ ^ ^ ^ *^o  ^ Kl 

~ ^ ^ ^ (5.40) 
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I m 


lll■lli|l|PIH>liPPJ^Iiill.H 


II  iin.iigiwumi'wwj'^ 


<!Bf|P|FW\>WW> 


7^  *5*R  _ 4.  >•»  (^XN^). 


6. 


SS  = 


^.N  XM 


(!5.<U) 


(5.42) 

(5.43) 


Likewise,  .these  expressions  can  be  written  in  terms  of  the  eurvaturo 
tensors  and  the  base  vectors,  by  means  of  Eqs.  5.23  and  5.24,  obtaining: 


(5.44) 

(5.45) 

(5.46) 

(5.47) 

where 


O-ot  ” 

G«=  A-^  ■*■  Sr 

G. » (a  y 


B A'"'’ 


(5.49) 


Finally,  with  these  equations,  one  can  write  the  metric  tensor 
components,  fran  which  the  Cauchy-Green  deformation  tensor,  or  the  Green 
strain  tensor  c£ih  be  easily  obtained  as  follows.  Since 
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ff  li 


HJl  mf  PjUpHUlimUP  II, 


(5.50) 

thoni 

§T“  t>‘ 

* ° 

3” ' -*• 


A^^  - 2^'A®oy»  (5.54) 

q,,=(a)S2s-a|,+  (s")^(;|^)‘  ,5.55, 


(5.57) 


The  a.s»,ptlon  of  no  Congo  In  volmo  con  b.  oxpnooood  nothmoticoUy  oo. 

K ~~ 

(AT 

«.io  oosunption  will  bo  nUllood  to  cxpreoa  the  porobotor  A in  toms  of 
the  vorloblos  ot  tho  tofotonoo  snrfoco.  Pro.  Ego.  5.51-5.53,  ono  finds 


Vf=i 


1B2 


.^1  iMiii  .vMH!w|iiii  III  j ifjifumfnufHnnim^mumipp  n 


a 


3“ 

0 


5 

3 


ii. 


Zfi 


0 


0 

0 

i 


(D.GB) 


Thuro£oro>  ^ . v 

+ (?;•■)'  [ bj  a,i+  bj  bii  a„,  + 4 bub„ 
- Z bf  b»j,  - 4 (b.»YJ  + 0 (C.')" 


0*  CL|^l“2^'’b  + 2^°k] 


(5.60) 


Also,  fJrom  Bqs..  5.54-5.56,  one  finds  that 

Q =.A.  {AT  - 2.^‘*C  (xy  + ZV Jx\ 

+ 4BuTB..-  2:b:B«Au-‘1(8,4 

\ 3 * oX| 

-4af^.c]+  o(s'y 


where i 


(5.62) 


To  solve  Eq.  5.57  In  tervs  of  X,  the  following  asymptotic  expansion  is 
asstmedt 

'^(5U‘A“\(sU)+^’A,(f',5‘)f(r)‘:\j(s',5*)+  • ••  i5.63> 
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r* 

{ 


This  aoymptQtlc  oxpannion  will  turn  out  to  be  a Taylor  serioR  expanaion 
in  power  n of  around  C° 

X(zr) •x(2i'-o)+r (f.o)]+ ...  r-.M) 

It  in  oony  to  nhow,  uning  Bqn.  S.57,  5.59,  5.61,  and  5.64,  by  oxpannion 
matching,  that) 

A,  • A(2”*o) 

Ai-g»(^'*0)«  -i[-^  <s.ee, 

where 

c * +•  - 2bij  (s.e?) 


Hence,  from  Bq.  S.63t 


ia  the  asymptotic  expansion  for  A in  integral  powers  of  that  satisfies 
the  condition  of  no  change  in  volume. 

Observe  that  substituting  this  expression  for  \ into  Eq.  5.6,  one 
obtains  the  following  displacement  field: 

(5.68) 

where  is  defined  in  Eq.  5.66.  Also,  substituting  Eq.  5.60  into  Eqs. 
5.54>*5.56,  one  obtains  the  metric  tensor  components  of  the  present 
configuration  t 
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G«fl  ' A vrt  ■ 2 2^“  yj*  ^ 


•t-  /"s'f  "p,^  T*>  + 

+ (S;  ) + (25 ) -d  £,«  2>E/» 


Q,,-j:;»Va  |Sws5'rA, 


+ 
(!i.(’)9)* 


*(fffVJ||t’-(«‘|S|f:+o(r)- 


A.’ 

A_ 


(5.70)* 


S»=X  +H?;-yjAx+o(s'y 


(5.71)* 


The  curvature  tensor  components  B ^ were  defined  in  Kq.  5.24  in 

Otp 

terms  of  the  reference  surface  base  vectors  and  the  normal  to  the 


reference  surface  in  the  present  configuration.  Hence ^ all  that  remains 
in  order  to  write  the  metric  tensor  components  of  the  present  configura- 
tion in  terms  of  the  reference  surface  displacements  is  to  express  the 
normal  N and  vectors  A as  a function  of  those  displacements.  The 
reference  surface  displacement  field  in  terms  Of  its  components  u^  along 
the  coordinates  C**  and  its  component  w along  the  normal  to  the  reference 


surface  las 


D.  **  U(T  O-c^  i“  w VI 


(5.72) 


Hence, 


+w 


V\) 


(5.73) 


^These  expressiono  arc  shown  to  illustrate  the  nature  of  the  terms  involved 
when  all  terms  to  a given  ordor  of  are  retained.  However,  these  expres- 
sions are  not  intended  to  form  a consistent  approximation  to  the  strain 
energy. 
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' ' 


(5.74) 


whore 


a?,'* 


b:;  a 


as,' 


(5.75) 


(5.76) 


are  the  svirface  ChristoffeX  symbols,  Eq.  5.73  becomes 


+ fu.^, - w b + (^« b^>  <=•”> 


Thus,  defining  the  displacement  gradients;* 


one  obtains: 

Ac<,=  + +0«f> 


(5.78) 


(5.79) 


(5.80) 


The  ccanponents  of  the  deformation  gradient  tensor  of  the  surface 


r- 

•t  ' oc 


(5.81) 


These  displacement  gradients  are  the  covariant  derivatives  in  three- 
dimensional  Euclidean  space  of  the  three-dimensional  Euclidean  vector  u^. 
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aro  alMo  unofm,  and  onabXo  onn  to  wrltoi 

-A.^  ~ ^ ^(J-  ’J’  0<s<  h (5.82) 

Slnco 

_ -A-i.  ^ A2 

J\|  =:  ~=j ^ (5.83) 

Va 

sub^tutin^q.  5.82  for  into  this  equation  for  N,  one  obtains: 


(5.84) 


(5.85) 


This  is  an  exact  expression  for  the  normal  to  the  reference  surface  in 

the  present  configuration  and  is  completely  independent  of  the  assumed- 
displacement  field. 

Prom  Eq.  5.62,  one  can  obtain  the  expression  for  the  metric  tensor 
Of  the  reference  nnrfaoe  vith  components  in  the  present  configuration, 
as  a function  of  the  displacements: 


(5.90) 


Hence,  one  can  define  the  components  of  a Green  strain  tensor  at  the 
reference  surfa-^e  as: 
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(5.91) 


tho  ratio  o£  tho  dotamlaants  of  the  t»trla  toaaor  o£  the  raforonoa 
reirin  tho  praaont  aad  roloraaca  oo„£l,uraUoaa  can  ho  exprasood  la 


t7n«’<.f  the  rotcraaco  aarfacc  otrala  co«p=aoa«  aaj 

it  - i+z%$  + 2 


(5.92) 


or 


(5.93) 


where  are  the  mixed  components  of  the  Green  strain  tensor. 

t; . ^ (a- A.,  - 8p 

Differentiating  Eq.^5.82  covari^tlyj/ith  respect  to  ? ' 


(5.96) 


FrtHB  Eqs 


. 5.96,  5.85,  and  5.24,  one  can  express  the  curvature  tensor 
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Thorofont,  otu,-  cun  cxprono  tho  Groon  ntrain  tcnnor  componontn  am 

^ 63^ 


^35  “ ■!‘(®33  “ •!“) 


(5,100) 


Finally,  using  Eqs.  5.97,  5.93,  5.91,  5.90,  5.81.  5.79,  5.78,  5.71,  5.70, 
5.69,  5.66,  5.62,  and  5.14,  one  can  relate  tliese  strain  components  to  the 
displacements  for  general  thin  shells. 


5.2.2  Strain-Displacement  RelaUons  for  Plates 

At  this  point,  these  equations  are  specialized  for  a shell  with  no 
initial  curvature;  that  is,  a plate.  The  reference  surface  coordinates 
C and  C and  the  normal  coordinate  5°  are  chosen  so  as  to  form  a 

rectangular  Cartesian  coordinate  system  (in  the  reference  configuration) , 
where : 

b«^ - b*  = b'*^  = 0 . u.  V (5.101) 

c-h-k»0 


Expression  5.68  for  the  parameter  A that  characterizes  the  thinning  or 
thickening  of  the  plate  becomes 


(AY 


0 


(5.102) 


Taking  tliu  middle  surface  as  the  reference  surface  of  the  plate,  the 
zeroth  order  term  in  r”  characterizes  tho  (symmetric)  thinning  due  to 
membrane  strains;  while  tho  first  order  term  in  rf  characterizes  the 
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thinning  produced  by  chongen  of  curvature t Defining  a 
as  I 

- - a)a 

after  some  manipulations,  the  following  expressions  for 
the  components  of  the  Green  strain  tensor: 

Xi(i“ 

(5.106) 


(antlsiinmotrio) 

"curvature"  k « 
up 


one  can  obtain, 


observe  that  the  transverse  shear  strain  is  associated  with  the  strain 

ct 

gradient  with  respect  to  the  ^ coordinates  on  the  reference  surface: 


and  that  it  can  also  be  expressed  in  terms  of  the  gradient  of  the  trems- 
verse  normal  strain  Y,-t 


y lA 

Z(Af 


5! 

i a £«  ■ 2.  dt^s.ioD) 


(5.109) 


In  the  present  analysis^  the  following  simplifying  aaaumptionB  are 


made: 


(a)  The  second  order  terms  in  the  thickness  coordinate  C in  the 
expression  for  negligible 

K„  > i 


(5.110) 


and  hence  Bq.  5.104  reduces  to: 


oN^ 


(b)  The  “thinning"  parameter  X can  be  characterized  by: 

x=^  -t-  0(r) 

and  hence  Eq«  5.106  reduces  to: 
and  (c)  the  transverse  shear  strains  arc  small: 

Y V-  ^^33  ^ (i-  ^A\^p 


(AT  ^ 


(5.111) 


(5.112) 


(5.113) 


(5.114) 
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Asoumptiona  (a)  and  (b)  ar^  mado  sinco  tha  preaont  formulation  ia  intonded 
to  apply  to  thin  aholls,  and  for  problama  in  which  tho  symmotric  (with 
roapoct  to  tho  middle  surface)  part  of  tho  tronsverao  normal  strain  is 
tho  dominant  factor  in  the  thickness  change.  Assumption  (o)  is  mado  sinco 
otherwise  (as  shown  in  tho  next  subsection)  a general  state  of  multiaxial 
2nd  Piola-Kirchhoff  stress  would  exist  in  the  shell  (even  though  a state 
of  Plane  Kirchhoff  stress  may  exist  simultaneously) , Assumption  (c) 
precludes  a detailed  analysis  of  necking.  The  incorporation  of  thinning 
effects  under  assumptions  (a),  (b) , and  (c)  does  not  represent  any  extra 
effort  in  the  analysis.  The  only  quantity  that  needs  to  be  computed  to 
include  thinning  effects  (A^^^)  would  have  to  be  computed  anyway  for 
finite  strains  even  if  thinning  effects  were  not  included,  as  is 
evident  from  Eq.  5.97. 

Under  these  simplifying  assumptions,  the  following  plate  equations, 
for  finite  strains  and  rotations,  and  including  approximate  thinning 
effects  are  expressed  finally  in  terms  of  the  reference  surface  displace- 
ments (u,  V)  and  the  displacement  component  (w)  along  the  unit  normal  to 
the  reference  surface,  along  the  Lagrangian  (material)  vectors 
tt,  respectively: 

(5.115) 

A-  (#  Y “ (i+ 

'dc^o  ' /\/v/  Z\/N/V 

where  f f > f are  the  "membrane"  strains  at  the  middle  surface. 

11  22  12 

These  strains  are  given  by:* 

^ 

*The  underlined /V\A  terms  will  be  discussed  presently. 
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f„=  av  + ID. 

ay  2.  ; 2.  V / z v^y  / 

' "-N/V/VV  A/V/VW 


im 


' AA/  AA^  ' 

and  the  ''bonding”  expressions  ^22*  and  <^^2 


(5.120) 


i{»i = 0^  (-  S)  ("^)  ^ 7 (“ 

rsy\/\/\j\J^^  /\/\AAAA/VV  . 

ere  A^WW^  /'WW^ 


(5.121) 


(5.122) 


123) 


I . ^ -L.  ^ 

o(  ® 1.  + ^ "^V 

rvAA* 


A- 


(5.124) 


(5.125) 


(5.126) 


Subscripts  1,  2 and  3 stand  for  the  Lagrangian  (material)  coordinates  x, 
y,  and  respectively. 

The  terms  underlined  by  are  terms  not  appearing  in  von  Karman's 

equations  1157)  for  "large  displacements".  The  much-used  von  Karman 
nonlinear  plate  equations  [157) , and  the  popular  Sanders  shell  equation 
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for  "modoratoly  mall  rotations"  [158]  as  mil  an  Koltor'n  nonlinoar 
shell  equation  for  "small  finite  dofloctions"  (161) , dospito  its 
succosnoo,  have  those  inherent  limitations!  (a)  small  strain,  (b)  ' 
modoratoly  small  rotations,  and  (c)  no  transvorso  normal  strains.  Those 
oquationn  aro  very  important  for  analytical  purposes,  but  for  a general 
numerical  analysis ,. tho  more  comprehensive  expressions  5.115  through  5.126 
should  bo  usod,  since  the  extra  amount  of  numerical  computation  is 
amply  compensated  for  by  the  generality  of  arbitrarily  large  rotations 
and  finite  strains  that  one  accommodates  by  the  use  of  these  equations. 

Observe  that  the  following  displacement  field  is  associated  with 
expressions  5.115  through  5.126: 


where 


(5.127) 

iL 

a-t 

(5.128) 

11*  - V - ^ /3 

(5.129) 

U®  “ W + 

(5.130) 

^ sy  ay  5>x 

(5.131) 

(5.132) 


(5.133) 
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— <^»ni3tltutivo  BquationH  for  Flnito  Stralnn  and  Rotationn 

5 . 3 . 1 Introduction 

Coiifititutivci  oquotionfl  which  ato  valid  ior  finite  ntrainn  and  largo 
dioplacomontn  arc  dnrivod  for  gonoral  thin  sholln  under  the  annumption 
of  piano  Btronn.  Thin  aonumption  in  critically  oxontinod  in  tc.'rm!i  of  the 
"psoudo-atrosa"  moaauro  (tho  2nd  Piola-Kirchhoff  otroas)  uaod  in  tho 
pruaont  analyala.  Tho  von  Mlsos  otraih-rato  dependant  loading  function 
introducod  in  Section  3 is  derived  in  toms  of  the  stress  and  strain 
quantities  associated  with  the  roferonce  configuration  for  the  case  of 
plane  stress.  The  “elastic"  and  plastic  parts  of  the  constitutive  rela- 
tions for  strain-hardening,  strain-rate  dependent  materials  are  shown  in 
explicit  form  in  terns  of  the  stress  and  strain  measures  associated  with 
the  reference  conflgxiration  as  well  as  the  material  constants  (to  be 
measured  experimentally) , Finally,  the  incremental  procedure  for  the 
evaluation  of  the  stresses  in  the  finite  element  analysis  is  shown.  Note 
that,  although  the  present  work  is  concerned  with  the  numerical  analysis 
of  initially  flat  plates,  the  theory  presented  is  valid  for  general  thin 
shells. 

5.3.2  Constitutive  Equations 

5.3. 2.1  Plane  Stress  Assumption  for  Thin  Shells  at  Finite  Strains 

An  approximate  state  of  plane  stress  is  assumed  to  exist  in  the  shell. 
F.  John  (1641  has  established  that  the  state  of  stress  in  an  elastic  thin 
shell,  in  the  absence  of  surface  loads,  is  indeed  approximately  plane,  by 
means  of  concrete  estimates  of  the  errors  involved.  Exploiting  modern 
developments  on  the  behavior  of  the  solutions  of  elliptic  systems  of 
partial  differential  equations,  he  published  a rigorous  proof  that  the 
state  of  stress  in  the  interior  domain  of  an  elastic  shell  (i.e.,  at  a 
sufficient  distance  from  the  edge  of  a shell)  and  in  the  absence  Of 
surface  loads  is  approximately  plane  with  an  approximately  linear  distri- 
bution through  the  thickness  of  the  stress  parallel  to  the  middle  surface. 
The  approximate  equations  of  P.  John  hold  for  any  magnitude  of  the 
deflections,  provided  the  strains  remain  small  everywhere.  Unfortunately, 
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rt  «imilar  proof  for  largo  otralnn  doon  not  appoar  to  oxiot.  it  noomn 
rcinnonatilo  that,  if  a ntato  of  piano  ntrona  ahould  oxlnt  for  a thin  nhnll 
for  finlto  atraino,  that  ntato  of  piano  ntronn  nhould  bo  oxpronnnd  In 
tormo  of  tlio  KlrGhhoff  ntronn  componontm 


(5.134) 


with  rocpoct  to  the  prosont  configuration;  that  is, 


(5.135) 

(5.136) 


If  this  condition  should  be  satisfied  at  all  times,  the  co-rotational 
rate  of  the  out-of-plane  Kirchhoff  stress  components  should  vanish: 


(5.137) 


Since  the  present  analysis  is  formulated  in  terms  of  the  reference 
configuration,  these  plane-Kirchhoff-stress  equations  are  expressed  in 
terms  of  the  2nd  Plo la- Kirchhoff  stress  components  and  the  Green 
(Lagranglan)  strain,  from  Bq.  2.270  ast 


(5.140) 
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= (l+^Vj»)S”+  Z'i^^‘^>^‘'*  2V«S*‘  <5.141) 

'tl-0.  f^4  + ZV,t)s‘’ 

= (Ju  + 2Vu)s»"+2V^S"+2Y,,S“ 

^3*0“  (^»t  ■*■  2 Y3<)  S 

- (ifzV»)5“+2Y„S‘S  2Yj3S“  (5.143, 


It  is  clear  that  the  condition  of  "plane  2nd  Piola-Kirohhoff  stress” 

S^3  A 

I O O “ U (5.144) 

satisfies  Eqs.  5.139,  5.140,  and  5.142,  but  still  Eqs.  5.141  and  5.143s 

ZYi»S“  ■•  2Y„S**^  (5.145) 

Y 3 = 0 ■ 1 Y,,  5"^  + 2Y«  S‘"  (5.146, 


are  not  satisfied,  in  general,  unless  the  transverse  shear  strains  are 
negligible: 


X3  = X3=o 


(5.147) 


From  Eg.  5.109,  this  is  equivalent  tos 
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m 


p 


^'U 


(5.148) 


which  arc  natJnClod  exactly  at  tho  roforcncti  nurfaco  (i;^  m q)  , 

Thoiio  (iuantltion  and  can  b*i  mndo  ao  rannll  ao  ono  pluanco 
by  rontrletlng  tho  nholJ  thicknoon  to  bu  oufficiontly  thin,  if  the 
conditions 


s“-  S“=  s‘*-o 

"^is  “ Xj  * 0 


(5.149) 

(5.150) 


arc  satlafiod  at  all  times,  tlien  the  material  rates  of  these  quantities 
also  vanish;  hence, 


S” 


V 


(5.151) 


.5.152) 


and;  therefore,  the  co-rotational  rate  of  the  out-of-plane  Kirchhoff 
stresses  Vanishes: 


(5.153) 


as  can  be  jhown  from  Eq.  2.353: 


-Erj  - S-C.J  + 1 S*-C.,[sis'.  (c-)'‘C.,]  „ 

In  this  expression,  and  are  defined  as: 

Ctj  - Gjg-*  (5.155) 
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(c  t z Vij') 


(5.150) 


whoro 


c„"C„=c,,.c„-(c‘y-(cT»o 

with  matricoa: 


1S7) 


^11 

Cu 

0 

a 

Cu 

C*.,i 

0 

a 

0 

0 

Ca3 

0 0 

(5.158) 


(C0‘^ 

|(C-)“  (C-')“  0 

O o 
1 

sr 

(c-‘)“  (c-*)“  0 

S 

1 0 0 (C'T 

0 0 tJI 

(5.159) 


t 

I 


det  a CuCaa.  - (Cii)  * (^ii+ 


(5.160) 


Bqs.  5.157  and  5.151,  it  follows  that 


■hi  = S*“C«.  + L s*-C«t  [SlsJ^- 


= 0 


rf  - [ 8fe 6i+(C-'/Ci,l 

= 0 
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Hpnco, 


S”-  s"^=o 

' 0 


(S.161) 


are  sufficlont  conditions  for  the  oxistonce  of  a state  of  plane  stress 
and  are  assumed  in  the  present  analysis  to  hold  at  all  times. 

5. 3. 2.2  von  Mises  Strain* Rate-Dependent  Loading  Function  for 
PlanQ  Stress  and  Finite  Strains 

In  the  finite-strain  elastic-plastic  strain-rate  dependent  theory 
displayed  in  Subsection  3.3.3,  a loading  function  *4>  (yield  surface  in 
stress  space)  was  assumed  to  exist  for  each  sublayer  s of  the  mechanical 
sublayer  model.  This  loading  function  was  assumed  to  be  expressible 
in  terms  of  the  deviatoric  Kirchhoff  stress  of  sublayer  s and  a 

g 

parameter  which  depends  on  material  properties  of  sublayer  s and  the 
deviatoric  rate  of  deformation  tensor  as  expressed  in  Bq.  3.45  and 
repeated  here  for  convenience: 

- 1 f r (i+ j 


* S 

‘This  loading  function  i will  be  expressed  in  terms  of  the  nonzero 
components  of  stress  s ^ and  strain  under  the  plane  stress  condition 
of  Eq*  5*161*  Equation  5*162  can  be  rewritten  as: 

- §•  (I 

The  first  term  of  this  expression,  namely  (subscript  ”1") 


(5.164) 


200 


(!>.  U.'O 


iMU  l«'  writli’n  i>!> 


(S.lu-) 


by  tn«an» 


of  tho  HoElnitlon  of  Kq.  -^.40,  and  mak.lnq  u»o  of  thoao  facta 


1*1-5 


(5.167) 


't:  s ± = i : 


(5.168) 


, Sf* 

Kquatiou  5.166  fbv  can  bo  written  in  torma  of  tho  components  ot  T 

in  Uto  present  eonf iquration  of  the  body-fixod  convectod  coordinate  system 


(5.169) 

Hence  # 

(5.170) 

or 

(5a71) 

III.  ■ ■'  — — — 

Umii'V  pliino  Btremt 

(5.172) 

Hq.  5.171  lu' comes) 


(5.175) 


;!oi 


from  Eq.  2*270: 


(5.174) 


and,  from  Eqn.  5,161  and  5.165: 

5“  = S”=S“-0 

Cia  “ C 23  * 0 

then,  Eq.  5.173  Is  equivalent  to: 

(C„S“y-H  (C„S“y + [(C,.:)V3C„C„](S''-) 
■e  [C.&"  tC»y*3HC,.S“-  + [3(c..y-  C„C«3s''S 


iZ. 


(5.175) 


where  the  con«)oneht8  of  the  right  Cauchy-Green  deformation  tensor  were 
defined  in  Eq.  5.158  in  terms  of  the  components  of  tlie  Green  strain 
tensor. 

s 

The  second  term  in  the  loading  function  is  (from  Eq.  5.163): 

T 


(5.176) 


where  ®t  is  the  static  (rate  independent)  Kirchhoff  stress  yield  of  a 


uo 


s s 

sf>ocimen  in  uniaxial  tension,  and  d and  p are  material  strain-rate 
constants,  as  discussed  in  Subsection  3.3.  Equation  5.176  can  bo  rewritten 


as : 


(5.177) 


whore  D is  an  "equivalent  deformation  rate"  defined  by: 


X)«f 


(5.178) 


which,  being  the  scalar  product  of  two  doviatoric  tensors,  can  bo  expressed 
as: 
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D»^T)f  D 


^ - I 


7^  tT 


D ' Dj 


iUHt.  ail  tho  iKialnr  product  ot  the  dcvintorlc  Ktichhol'f  ittroitn  totiMorii  were 
exproiiHOd  in  the  form  of  Kq.  ry.171.  Krom  Kq.  iMHH  one  can  exprena  the 
compononta  of  the  rato-of-defoiinatlon  tenaor  in  terma  of  the  material 
rate  of  tlio  Green  strain  components 

T>1  - (c-')‘* 

where  the  components  (C  ) were  defined  in  j.  5.159.  Since 


(5.180) 


from  Eq*  5.157,  thon 


(5.181) 


(5.182) 


and  henev*.  Eq.  5.179  becomes: 


D°(p;y*(]):)%  3(DiXK)  - (Di)  (tt) +xi*3  (D’  'D;  -d$ 


(5.183) 


Since  tlie  present  analysis  is  formulated  in  terms  of  tlie  strain  components 
^ij'  will  be  expressed  in  terma  of  these  quantities.  From 

Eijs.  5.180  and  5.158: 


D3-(C)  «33=-^- 

It  can  be  nhown,  after  nomt'  tedioun  alqebva,  that 


(5. 184) 


by  Kq.  Thoroforo^ 

la  dofinoiii  in  torms  of  and  y^j  by.Kqa.  5.175,  5.158,  5.177,  5.185, 

5.187,  5.188,  5.158,  and  5.190. 

5. 3. 2. 3 "Blaatic"  Part  of  the  Oonatitutivo  Relations  for  Plane 
Stroaa  and  Finite  Strains 

Consider  Bq.  3.31>  namely, 

C as  =S  a 

where  **t  ia  tlio  co-rotational  rate  of  the  Kirchhoff  stress  t of  sublayer 
a,  is  tlie  fourth  order  "elasticity  tensor",  considered  here  to  be  the 
same  for  each  sublayer  si 

(5.192) 

and  the  "elastic"  part  of  the  rate-of-deCoinnation  tensor.  Expression 
5.1"2  will  b«‘  made  explicit  in  ti'iins  of  tlie  components  in  the  pri'sent 
I'ont  iqut  at  ton  of  the  body-fixed  eonveeti'd  eoordinale  system: 


Si  saaft 

C-X 


E*  Ejt  6,  Q^G„Q‘- 


Honco,  ono  obtains 


(5. 194) 


(5.19Ii) 


(5.1%) 


For  plane-stress  conditions  of  an  isotropic  material,  the  classical  plane- 
stross  elasticity  relations  are  generalized  to  finite  strains  and  rotations 
as  follows: 

’ = e::  CdT.  + 

Eri(‘D*)‘ 

*'^1= 


s 

where  the  mixed  components  of  the  fourth  order  elasticity  tensor  E are: 


E 

E 

E 


id 

11  * 
11 

Vi  " 


u 

il 


r— 21  El 

" (i-  ?") 

r“. — 

‘-J1  (i-  pi) 

t-12  D “ 


(5.201) 

(5.202) 


(i-5)E 


il (5.203) 

id 
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1,1  nil 


ii|i|4IIIH|iJ,|PMW. 


Tl»n  phynlcal  componuntn*  of  n fourth  ordor  toiuior  aro, 


tloneo 


IK  yKyHc*l  ^ 

/ Gkk 
V Gwu 

Gxx' 

Ga^ 

riK 

1. 

/ 

(E  - 

^ls^ 
^ 6„ 

(S  If 

r-il 

ii 

t-ii 

/Sm 

>Q« 

G».’ 

G.z 

r“  = 

' — iX 

r-  Z2. 

y/f^ 

G„' 

Gil 

r«. 

li 

E“ 

' G 

Gxx' 

Qxx 

r“* 

l—  XI 

ii 

1 Gzz 
V Gu 

Gu' 

G,z 

t—  £Z 

■ t-xi 

-E‘' 

Gxx 

Gii 

r—  2l 

t-i2. 

p~  ii 
* t— IJL 

* 

As  dofinod  by  Ti'ucsdcll  137). 


(5.^04) 


(5.205) 


(5.206) 


(5.207) 


(5.208) 


(5.209) 


(5.210) 
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IK 

The  componunto  in  Kqhi#  fi,  197-5.200  arn,  indorid^  physical  compononto 

Oil 

ana,  thoioforo,  K and  v arc*  Younci'n  modulun  and  rainnon'n  ratio,  ronpne- 
tivoly,  an  moanurod  from  oxporimontn. 

ExproHBionn  5,197-li.200  aro  written  in  trrmn  of  the  co-rotatioiuil 
Kirchhoff  fitroHH  rate  and  tho  rato-of-doformation  tunnor,  both  quantities 


anaociatud  with  the  prooont  configuration.  Since  tho  prt'Hont  finite 
element  analysis  is  formulated  in  terms  of  a reference  configuration,  one 
has  to  express  Eqs.  5.197-5.200  in  tormn  of  the  2nd  Piola-Kirchhof f atreaa 
and  the  Green  strain. 

Before  doing  this,  an  important  point  will  bo  mentioned.  In  Section 
3,  Eg.  3.32,  the  following  additive  decomposition  of  the  rata-of-defomation 
tensor  D was  assumed! 


Prom  Bq.  2.182*  « - ~ ss 


(5.212) 


Hence,  one  can  express  the  additive  decomposition  of  the  rate-of -deforma- 
tion tensor  D in  terms  of  tho  material  rate  of  the  Green  strain  tensor 


Y as  follows: 

^ - f -f-P-  (‘f»*  1-  ‘50-  f 


F *•“ 

L 

(5.213) 


If  one  wishes,  oho  may  define  the  ''clastic'*  Green  strain  rate  as* 


‘ITT 


and  tho  "plastic"  Green  strain  rate  as* 


F’’- 


(5.214) 


(5.215) 
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Thoroforo,  Crom  liq,  5,;^13» 


tho  Grocn  strain  raaturial  rata  y can  bo  clocompanod,  as  wcjII  as  n,  into 
additive  elastic  and  plastic  parts. 

Since  this  was  shown  to  be  true  in  tho  absolute  tensor  notation,  it 
is  true  for  any  coordinate  aystem.  In  particular,  for  the  body-fixed 
convected  coordinate  system  one  obtains: 

if 

(5.217) 


DJGxk*  *(15)' Gxk  + 


(5.218) 


'JK 


J)  s/-i^  \e  . s 


(5.219) 


Frexn  Eq.  2.175: 


ir,.D 


x<3* 


(5.220) 


Therefore , 


(5.221) 


or,  frcM  Eq.  2.188: 


-l\ 


(5.222) 


Hence , 


-W)"' W-  (c-f  •(«,  X.  (c-f  txiiT 


(5.223) 
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w • (cy  •(■ijjV 
•(B5)'  • (c-y  ‘(V 


Note,  that  the  deformation  gradient  tensor  P appearing  in  expreasions 
5.213,  5.214, and  5.215  is  the  total  deformation  gradient  tensor  that 
measures  the  total  deformation  from  the  reference  configuration  to  the 
present  configuration.  Also,  the  Cauchy-Green  deformation  tensor 
components  appearing  in  expressions  5.223,  5.224,  and  5.225  are 

the  total  deformation  tensor  components.  The  decompositions 

(5.2 


(5.227) 


are  exact.  The  first  decomposition  (Eq.  5.226)  measures  the  ’'elastic" 
and  plastic  deformation  rates  with  respect  to  the  differential  length  of 
the  differential  line  element  in  the  present  configuration,  while  the 
second  measures  it  with  respect  to  the  reference  configuration  differential 
line  element. 

The  basic  assumption  is  that  the  differential  line  element  dS  in 
the  present  configuration  can  be  decomposed  into  "elastic"  and  "plastic" 
parts  t 

c<iBy  - dU*  dU  (5.228) 


dS  =*(dsr + 
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Honco,  tho  mAtwial  rato  of  tho  difforontial  lino  olonitint  da  in  f.hn 
pronont  c^- fiquration  can  alno  bn  dncomponnd  into  niantic  and  plantic 
partm 


j^(ds)=  as 


(Q.330) 


(S.231) 


Dividing  this  relation  by  tho  length  of  tho  differontial  lino  olomont  in 
the  pronont  configuration,  ono  obtainn  tho  additive  docompoaition  of  the 
rato-of-doformation  tensor  (Eq.  5.226): 


(d^v  Ydsy 

dS  d3 


'idMl 

ds 


D = *1) 


^3' 


(5.232) 


Since  the  Green  strain  tensor  compares  lengths  in  the  present ’and 
reference  configurations! 


(d.)*-  ^ 2-V(dsV 


233) 


(5.234) 


its  material  rate  is: 


t-ic 

Multiplying  fiq.  5.231  lyC«  1+  2y“  ('^)^,  one  obtains: 

as 


(5.235) 


(5.236) 
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(S.237) 


jS'tdST 

ds  d & 


(S.239) 


Therefore,  the  additive  docoinposltlon  of  the  rate-of-deformation  tensor 
D Into  "elastic''  and  plastic  parts^D*^  and*D^  is  equivalent  to  the  additive 
decomposition  of  the  material  rate  (dS)  of  the  differential  line  element 
dS  in  tJie  present  configuration  into  "elastic"  C*ds®)  and  plastic  fds^) 
parts,  which  are  measured  with  respect  to  the  total  differential  line 
element  dS  in  the  Resent  configuration.  The  additive  decomposition  of 
the  material  rate  y of  the  Green  strain  tensor  y into  "elasUc"*Y®  and 
plastic*^  parts  is  tantamount  to  the  additive  decomposition  of  the 
material  rate  (dS)  of  the  differential  line  element  (dS)  in  the  present 
configuration  into  "elastic"  ‘dS®)  and  plastic  (‘dS^)  parts,  which  are 
measured  with  respect  to  differential  line  element  ds  in  the  reference 
configuration. 

Consider,  for  the  mcment,  that  the  deformation  in  sublayer  s is 
totally  clastic,  then 


P 

II 

(5.240) 

(5.241) 

1 

n 

(5.242) 

' ds  ''d 5 ' d s ds 


which  in  oquivalont  to: 


dS  ■ . Xisf 

d s d s ds 

_f  « f 
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Hy  nuvuin  of  Hq.  5.242  and  Rq.  2.353j  namoly, 


s^“c*j + i s^"c*{r&U]+(c'Tajl 


ono  cian  oxpjconn  fiqrii  5,197^’r^.^OO  iu  totw  of  tho  ■Piola’-’Klrahhof f 

uoinponontn  and  Qroon  ntrnln  Yj^  c’  | (e^,j  - q^^),  to  obtain  aftof 
oorao  lunqthy  algobraj 

4%^\  Cu  (<^'T  "s'Xcf) 

+ir4E‘;,(cr  (cT-^  El*[(cT] 

*s«" . E“  [(cTJ"  -r  s“(c-‘r] 


(5.246) 


where 


r-ll  e: 

44  / , 


U-. 

(1  - i-) 

(5.247) 

r*  ii  a 

OE 

^ Elt 

E iJL 

0-  J *) 

(5.248) 

rr  ^2.  _ 

E zi  “■ 

1 

n 

(5.249) 

as  defined  in  Eqs.  5.201**5.203f  and  the  inverse  of  the  right  Cauchy-Green 

*•1  i1 

deformation  tensor  [C  ) was  defined  in  Eq.  5,159.  Compare  Eqs.  5.244- 


5.246  with  their  "small  strain”  approximation* 

*s“= 

(5.250) 

E'A  * i'u  tu 

(5.251) 

‘'S“  = 

r-A2- 

(5.252) 

to  evaluate  the  errors  incurred  in  such  an  approximation. 


5. 3. 2. 4 "Plastic"  Part  of  the  Constitutive  Relations  for  Plane 
Stress  £md  Finite  Strains 

Prom  Section  3,  Kq.  3.33,  the  constitutive  relations  of  the  sth 
sublayer  is  t 

‘ * E > (5  - 50 

or  o « « — 

= E-rD  - 


(5.253) 


(5.254) 
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Tho  firBt  part  of  this  rolationahipi  namoly, 


was  treated  extensively  in  the  previous  subsection,  and  was  expressed  in 

s i*i 

terms  of  the  2nd  Piola-Kirchhoff  stress  components  s and  the  material 
rate  of  the  Green  strain  tensor  with  components  in  Eqs,  5.244-5.246. 
In  this  subsection  the  second  part  of  expression  5.254;  namely,  the  term 


(5.257) 


will  be  studied. 

Prom  Eq.  3.47,  the  £lastic  rate-of-deformation  tensor  of 
sublayer  £ can  be  expressed  as: 


®D’’ = ‘A. 

Hence,  one  can  write  £q*  5*257  as 

(®%X=  E = ‘X 


(5.258) 


(5.259) 


or,  in  the  body-fixed  convected  coordinate  system,  in  the  present 
conf igurat ion  t 


*)k 


(5.260) 


Por  plcine  stress  conditions,  this  equation  becomes 


HA-  ^ 


where#  as  before, 


= 

*—  2.1 


j.4*  ^ 


(5.262) 
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Defining « 


si*  i C-«  *i  S si 

A ■ 3 c-  ai  A - A 


axpro80lon  5*253  becomes: 


e'KiX' 


Using  Bq.  2.270,  emd  the  conditions  of  plane-stress  (Bq.  5.161) 

n = Cw  s*‘ 

s” » s**=  s“-  0 


= Cjs  = X,  = C, 


23 


'23 


one  obtains 

*^^-Ca‘S*‘=C./S%C.‘S" 


(5.263) 

(5.264) 

(5.265) 

(5.266) 

(5.267) 

(5.268) 

(5.269) 

(5.270) 

(5.271) 

(5.272) 

(5.273) 

(5.274) 
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'll"  mm  iuii"ii"iii  I 


Houcg , 


®A*(3C‘S"+3C„‘S' - ^^(c,fS'Vc„'S'5.2C.V))5, 

3Cii*S“) 


275) 


276) 


(5.277) 


(5.278) 


Also.  fromEqs.  5.197-5.200.  5.191  and  5.254.  one  obtains 

(‘tix=E;:D:  ^ e;:di 
ct;\=E;:D: 


(5.279) 


(5.280) 


(5.281) 

(5.282) 


"ti  = E;;Di-E;:DL-C*^;\ 

‘ti=  Er:Dk-(*iO. 


(5.283) 

(5.284) 


(5.285) 
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(5.286) 


Ono  can  express  Eqs.  5.283-5.286  in  terms  of  the  material  rates  of 


by  means  of  Eq.  2.188,  which  f<>«  these  plane 

stress  conditions 

s*'=  s**=  s”=0 

(5.287) 

(5.288) 

(c-yx,  ^ 

(5.289) 

(5.290) 

(5.291) 

(c'Ttu  ^ 

(5.292) 

and  by  means  of  Eq,  2.353,  which  for  the  plane  stress  conditions  (Eq.  5.287) 
becomes : 


+ X + *5"(C')"C,  t icyCn] 

(2  *S'’(C")'*C,  - 'S“  (C-)'*  C..} 
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ro 


+ (c-)“  Cu  ^ ‘S'*  (c")“  Cu) 

+ (2-^„){‘S'V  ‘s“(c-')'^c«  - "S"(C-')''C„} 

+t„{(c-rCs"c«+*s"c4 

+ 'f„{(C-)“(‘S“C,=,+‘S'*C..)} 

+ J + *5"  (C  -')“■  Ca  + ‘S“(C")"Ca.] 

+ + (c-')'*  (‘S'*c,«  t ‘S"Cz»)) 

+ ‘S'*c„ 

-h  % {‘S'*+  (c-')'‘  Cs'*c.  ^5"  C,,)} 


(5.294) 


(5.295) 


(5.296) 
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Thlf.  roBulta  in  a syatom  of  4 coupled  equations  in  y , y y ^22 

and  8 . solving  for  tho  2nd  Plola-Kirohoff  stress  rates  and 


in  terms  of  tho  stresses,  strain  rates,  and  strains,  one  finally 


obtoins i 


+ E|;  (c-7(c7-‘S'‘(c')''-*5"  (c)'*] 

+ {E-  (c-')"(cr+  ET“ ‘S'^CcTj 


(5.297) 


‘s**-  's'jijE;;  [(c-')“]*-2*s“(c-')“} 

(c-r(r)“-‘s7cT-‘s“(c-r}  ,5.„3, 
+ I E ,t  (c-)“(c7+  E [(C-')“j‘-  2'‘S“(C-')'"} 

ij^)(c-T(^S"C„^'S‘‘C^-^  Z‘S“C.^ 


(5.298) 


'£>“  =%,[£ ;;  (c-r  (c-r-  ‘5"  (c'T-  (c-'T] 

(5.299) 

£1  (cTicT 

- ‘X* [3*5'"-  (C-')'Y^S"C„ 'S"C„+ 2’S“C,.)] 


'HW' 


n rfiW7  * TH  ^ yf»«-T^  w ^pv«n9'f^^! 


wharo 


T 


as  previously  defined  in  Eqs.  5.201-5.203.  The  right  Cauchy-Green  deforma- 
tion tensor  components  and  their  inverse  are  defined  by  Eqs. 

5.158  and  5.159. 

5. 3. 2.5  Incremental  Procedure  for  the  Evaluation  of  Stresses 

In  the  following*  the  procedure  employed  to  determine  the  stress 
components  at  any  integration  point  In  tlie  volume  integrals  necessary  for 
the  finite  element  analysis*  is  described.  In  the  previous  subsection 
this  procedure  was  described  for  the  case  in  which  differehtial  changes 
in  strains  and  stresses  occur.  In  the  present  case,  however*  those  rules 
are  applied  directly  for  finite  incremental  rather  than  differential 
changes.  Hence*  attention  must  be  given  to  computational  difficulties 
which  might*  therefore*  arise.  This  matter  will  be  discussed  further* 
presently. 

Let  it  be  assumed  that  at  time  (t  - At) * all  stresses*  strains*  and 
displacements  are  known  at  all  shell  locations  of  interest.  Further*  let 
it  be  assumed  that  the  displacement  increments  Aq^  and  strain  increments 
^Yij  fi^om  time  (t  - At)  to  time  t have  been  calculated.  In  order  to 
integrate  the  differential  expressions  5.297-5.299*  a "mixed  rectangle 
rule"  which  uses  the  Cauchy-Green  deformation  tensor  components 

^ij  time  t*  and  the  stress  tensor  components  computed 

at  time  t - At  is  employed.  The  trapezoidal  rule  would  be  ideally  suited 
for  this  integration*  since  it  entails  a much  lower  truncation  error  than 
the  integration  method  used.  However*  as  it  is  evident  from  Eqs.  5.297-5.299* 
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that  tlio  Hystom  to  bo  intogratocl  ban  many  tarms  (many  morn  than  in  tho  small 

strain  approximation  of  tho  conatitutlvo  aquations)  and  it  is  highly 

couplod.  In  order  to  apply  the  trapaxoidal  rule  (as  proviously  done  in 

Section  4 for  tho  curved  boom  equation) , this  system  of  throe  coupled 

equations  would  have  to  bo  solved  in  terms  of  tho  citrosn  incromonts 
.0  11  *8-22  , .0  12 

A b , A s , and  A 8 . For  tho  present  analysis,  those  equations  are 

exprosaod  in  incremental  form  by  replacing! 

‘A"  . SC.« 

^ At  ^ 


At 


— (5.300) 


t. 


At 


_ AVt*. 

^'^“aT 


(5.301) 


•SS-(‘5‘‘X.« 


(5.302) 


(5.303) 


in  Eqs.  5.297-5.299. 

It  is  convenient  in  the  computational  process  for  determining  the 
stress  components  ( S^^)^  at  time  t to  perform  an  initial  examination 
by  forming  a trial  value  of  the  stress  (overscript  T)  by  assuming  that 


the  stress  increment  arises  from  wholly-"elastic"  behavior: 

CS‘^)t  - A‘S‘j  + 


'At 


(5.304) 


where 


A‘S“.  AX,lf5-.)[(C-'X]'-2  “S'U 


(n:  (c")r + frCo^-'xr-z's^^ccx } 


(5.305) 
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-•H'-’iT- 


TWfTfM 


ip^f 


A‘S 


(<^-‘)i  (c-'):-  ‘s:„,  (c-'x*-  ‘5t« 

(C-'X  (c-t 


+AX,i 


-‘s“^(cT-‘5;,CcX} 


(5.307) 


It  should  be  noted  that  the  symmetry  of  these  expressions  is  fully 
exploited  in  the  computer  implementation  of  the  analysis. 

Next,  a test  is  performed  to  determine  whether  or  not  the 
are  within  the  "elastic**  region  bounded  by  the  loading  function  (®$) 
defined  by  Eqs.  5.175,  5.177.  5.185,  and  5.190.  Thus,  one  forms  a trial 
(T)  value  of  the  loading  function  (®|)^  of  the  sth  sublayer  at  time  t: 

(«i\ -e5,x- [(‘rjxr 

where 

• [(c.\  [(CaOt  (“s“X7  + 
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^ +(c^\  (’S“)t]H  (c,\  (‘S'*x 

+ [(c.\.r-  (c,\  (»5“X  , 


(5.310) 

i>t-rr)uv.]%[(c-')“AYj^ 

■^{[(t")t]*+3Cc-X  (c-)ri  (AY.,)* 

+ ^ [(C-):  AX,  Hc-')X  AXJ  (C-)-  AZX. 

(5.311) 

^cccri^-cc-yuc-xiAx.AY, 


+(I>IX[CD1X+(C"X'  AX,t-  (c)t  AX„t(cX*A2V,J 

(Dl)t-  (C-yi  At  + (C-)f  At,  + iC-'):  AZt„ 

In  these  expressions: 


(5.312) 


\»  - .tauc  yield  (Klrchhoff)  of  the  eth  sublayer 

in  an  biaxial  test.  "" 


d»P  = material  strain  rate  Constants 


If  ( 4)^  £ 0,  the  trial  stress  state  ( 
domain  bounded  by  the  loading  function 


8^i  j 

S lies  within  the  **Glastie»» 
(yield  surface  in  strff^ss  space) 
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or  it  lion  nxactly  on  it,  Thorntoro,  for  thin  time  ntop  At/  thorn  hnn 

n i i 

boon  no  plantlc  Clow  nnd  tho  actual  otronn  inoromontn  A(  a ) did,  in 

fact,  artdo  from  wholly-’nlantlc  bohnvior  an  initially  annumod  in  tho 

n i^^l 

trial  examination.  Honen,  tho  actual  ntronn  ( a in  ocjunl  to  tho 
trial  ntronn j thun, 


Ah 


<e.3i3) 


rT  gTH 

If,  on  tho  contrary,  ( > 0,  the  trial  atrooa  wtato  ( S lioo 

outside  of  the  loading  function  (i.o.,  in  the  forbidden  region).  Thureforo, 

the  trial  assumption  that  tho  entire  strain  increment  is  an  elastic  strain 

increment  is  not  valid.  Plastic  flow  has  occurred  within  this  time  step 

8 ii 

and  the  actual  stress  state  ( S must  lie  on  the  loading  function 
( B 0.  Then  the  calculation  proceeds  as  follows.  As  shown  in 
expressions  5.221  and  5.239,  the  total  strain  rate  can  be  decomposed 
exactly  into  elastic  and  plastic  components  for  each  sublayer  s: 

<5.314) 


Prom  expressions  5, 297^299/  one  may  see  at  once  that  the  stress  rate 
s * i*i 

S ^ can  be  decomposed  into  two  parts#  c '.e  dependent  on  the  total  strain 
rates  and  another  part  dependent  on  the  plastic  strain  rate 
which  is: 


315) 


Since  the  stress  ( S the  previous  time  increment  t - At  satisfied 

the  loading  function  condition 


(5,316) 


Eq.  5,315  will  be  integrated  during  a finite  time  increment  At  by  taking 
s ii  -1  ii 

the  stresses  S ^ and  strains  (C  ) ^ to  be 
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At 


(5.317) 


(c-'yj . (c-'Xi 

Oij  * 


(5.310) 

(5.319) 


Thoroforo,  ono  obtaina  tho  following  cxprooBion 

incromont  A(°S^^) I ^ , 

A(‘s‘i).  ac5’)  - a(‘x*)1^s’U-PTs')„ 

k t i 


doe 

A*V; 


due  "^0 


(5.322) 


[(‘S“),.,.  (c,v 

The  actual  stress  at  time  t is 

= - A (»A*)i3esg.y-(C-)fS’-] 

?|5) 

The  parameter  A(®X‘)  will  be  obtained  from  the  solution  of  a second 
degree  polynomial  in  A(®X*).  This  second  degree  polynomial  is  obtained 
from  the  condition  that  the  actual  stresses  (®S  at  time  t must 
satisfy  the  loading  function  ^ » 0.  This  condition  insures  that  the 
stress  (®S^^)^  at  time  t is,  indeed,  located  exactly  on  the  yield  surface. 
Expressing  this  mathematically t 
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r(c..\(‘s")tT4-  [(C,4  (^S“X]‘ 
■H{[(C.\r+  3 (C„\  [(*S"),T 

(r..323) 

+[(c.,\  es"X+  (c,.\es'*X]4(c4(6'l 
+ {3  ECc.^XT-  (c,\  ic,^\}  (^s'%  (*s“X 
- R*t2)tr 

where  ( is  obtained  iron  Bq.  5.310.  Substituting  Eq.  5.322  into 

Eq.  5.323  and  aolvlng  for  A(®X*)  one  obtains  the  physically  valid  value* 


A r*A*')  - 


S*-AC 


(5.324) 


where  t 


A*  r(c.\]^[*s"]*+  [(caO^rr^s^j" 

+ {[(C»^N-3  (C.,\(CaaXt]  (*S“)" 

+ [Cc.)b  (*S")  + (c^\  (»§“)]  H Co^\  E»l“) 

(c„\  (CtrX]  (4  ")  (»S“) 

®=  [(c«xr(*-i“x  es")+-[(CaaXT(«s“X  (4“) 

+{Rc,Aby+  3 Cc„x(c„\]  e5“x  ei“)  +[cc.x(^5*x 
+ (c..\es«x]2(c,aXC’s'*')+  r(c«\(“S“)+  (c,.\(»i,'-x 

+ili[cc.iViMa  (OtHc‘5"X(‘l“)+es")c&‘X^ 


(5.326) 
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Mw^vfiran 


■P 


.X 

C * C*i  )t 

Tho  coo£ficiont  C was  already  displayed  in  Bqo.  5,308-5.312,  The  following 
roquirornonts  must  be  satiofiodi 

®‘-AC>0  (S.328) 

B - Vb*-- AC  >0  (5.329) 

During  the  operation  of  the  solution  process  for  intense  loading 
problems,  instances  of  large  strain  increments  may  occur  which  lead  to 
an  imaginajry  value  of  X . A subincremental  procedure  to  circumvent 
this  difficulty  as  developed  by  Buffington  [165]  is  employed.  The  basic 
time  increment  At,  is  divided  into  a number,  say  L,  of  equal  subincrements i 
the  si2e  of  the  subincrements  is  chosen  to  be  sufficiently  small  so  that 
a positive  real  value  of  A®X*  for  each  subinorement  can  be  derived 

successively,  as  follows.  The  value  of  the  strain  increments  during 
the  time  interval  At  are  also  divided  into  L equal  parts,  Ay^j/L.  It  is 
assumed  that  during  each  subincrement  of  length  At/L  this  change  in  strain 
is  approximately  correct.  Then,  by  employing  the  previously  mentioned 
procedure,  a valid  value  for  A^X  along  with  stress  increments  A(®S^^)  are 
calculated  for  each  subinterval,  and  in  the  meanwhile,  the  stresses  and 
plastic  strains  are  kept  updated.  The  process  is  continued  until  either 
(a)  the  information  needed  at  time  t is  calculated  or  (b)  a complex  or 
negative  A®X  is  encountered.  In  the  latter  case,  the  process  is  repeated 
from  time  (t  - At)  using  a larger  value  of  li.  If  the  stresses  at  time  t 
can  be  derived  successfully,  the  solution  procedure  continues  with  L 
henceforth  set  to  unity  until  an  imaginary  or  negative  A^X*  is  again 

encountered. 


228 


(U1VKiiNlN(i  ANO  HOTiirVTON  rROrKPUKI*]!! 


iuX 

1n  \^^\\^  invor.t  Uial  ion,  at  t.onivion  in  iVRtrit?l*t>d  to  mot.hodn  for  analyjvtiRT 
dyiiamio  al.ruoiairal  ronponaof  with  principal  ntioniion  dovot<Ht  to  tho 
ronponnon  of  ntruoturon  whUdi  aro  nul):inctnd  to  l.ranniont  oxlornal  loada  mch 
aa  thoHo  ariaind  t^rom  siuntB,  blant,  impact,  utc,  KKplioitly  oxcludod  from 
ooiuiidoralion  ia  tho  ’*Hhort  time’*  or  "early  time"  roaponao  which  is  often 
called  "material  response",  and  which  pertains  to  the  nature,  propaqation, 
and  effects  of  stress  waves  in  the  material  as  a result  of  severe  impact  or 
impulsive  loads  vnpplied  to  the  structure?  roughly  the  time  span  of  interest 
for  this  t.yjx^  of  respcnise  is  of  the  order  of  from  1 to  100  microseconds. 

Only  the  "late  time"  response  which  is  usually  termed  "structural  response 
(in  contrast  wi tH ‘*matorial  response")  is  discussed  here?  such  responses 
involve  times  of  interest  extending  from  time  aero  to  1 millisecond  or  pex- 
haps  to  several  h\uidred  milliseconds?  this  type  of  response  pertains  to 
the  transient  bending  and/or  stretching  behavior  of  overall  structures  or 
of  structural  components  such  as  beams,  rings,  plates,  and  shells. 

Furthermore,  principal  interest  in  this  study  centers  upon  iransi^n^ 
structural  responses  involving  finite  strains  including  large  rotations 
and  deflections,  as  well  as  path-de|^>ondent  and  time-dependent  elastic- 
plastic  material  behavior.  Sought  is  information  on  both  the  peak  transient 
responses  (deflections  and  strains,  with  primary  interest  on  atraijps) 
together  with  the  time  of  occurrence  of  that  peak  and  the  peimanont  deforma- 
tion condition  of  the  structure  after  subsidence  of  the  eXtornally-appHed 
transient  loading. 

in  this  section,  the  finite  elemtmt  equations  of  motion  aro  derived 
from  a variational  statement  consisting  of  the  rrinriple  of  Virtual  Work 
and  D'Alembert  *s  Principle.  The  resulting  egliatiom^  can  be  solved  in  three 
ways?  (a)  the  ?nire  vector  form  (characteri st ic  of  explicit  st>lution  by 
mi't-hods  like  the  ci'ntral-di  f ference  operator),  (b)  Ihi'  constiint  stiffness, 


and  (u)  tho  tanqont  ntlffnofin  form;  thono  Innt  two  formn  aro  often  unod 
with  Implicit  oporatoro  which  exhibit  bettor  ntobiUty  propertlen  than 
do  explicit  oporatora. 

For  tho  tranoiont,  path-dependent,  tinw’(-doiH>ndont  problomn  of  in- 
toreat  in  the  present  work,  tho  first  two  forma  arc  uacd,  since  they 
are  more  officiant  computationally.  For  tho  "pure  vtjctor"  form  of  tho 
equations  of  motion,  tho  so-callod  ”unconvontional''  formulation  is  tho  best 
to  uso;  howover,  for  tho  "constant  atiffneaS"  form  of  tho  equations  of 
motion,  the  resulting  equations  aro  developed  in  two  forms:  (a)  the  "conven- 
tional" form  and  (b)  the  "modified  \inconventional"  form.  The  new  "modified 
unconventional"  formulation  is  shown  to  be  applicable  for  any  kind  of  ma- 
terial behavior,  while  the  usual  "conventional"  formulation  is  valid  only 
for  small-strain,  elastic-plastic  materials.  In  addition,  it  is  shown  that 
the  "modified  unconventional  formulation"  is  more  efficient  and  economical 
(although  it  takes  more  computer  storage)  than  is  the  conventional  formu- 
lation . 

A brief  review  is  made  of  different  timewise  finite-difference  opera- 
tors suitable  for  the  problem  being  investigated.  Also,  the  solution  of 
the  governing  equations  of  motion  is  discussed. 

6.2  Equations  of  Motion 

6.2.1  Variational  Formulation 

In  the  present  Investigation,  the  assumed-displacement  version  of  the 
finite  element  method  was  used.  The  finite-element  method  can  bo  developed 
most  systematically  and  conveniently  .thin  tho  framework  of  variational 
principles  as  shown,  for  example,  by  Pian  and  Tong  [166].  Variational 
principles,  as  expressions  of  physical  laws,  have  the  following  advantages: 
(a)  they  aro  statements  about  a system  as  a whole,  rather  than  the  parts 
that  it  comprises,  (b)  since  they  refer  to  tho  extremum  of  a scalar,  they 
are  Invariant,  and  may  be  used  to  derive  the  special  forms  appropriate  to 
any  particular  description,  (c)  they  imply  boundary  conditions  as  well  as 
differential  equations,  (d)  they  automatically  include  the  effects  of  con- 
straints, without  requiring  that  tho  corresjx^ndlnq  reactions  bo  known, 
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I 

I 

(o)  Ihoy  })avi*  hi>\u:i  nHc  vriliu^  Cor  fmq<|onC  1 ivi  qonoral  ir.at  lonn,  (i  ) tlmy  nro 
oloqanC,  arul  (q)  t hoy  may  bo  ufunl  +*o  oahn^latt^  or  provo  ('/JiHonon  of  aolti- 
Mono. 

(’onahlor  a conCintnim  in  oquU1hr:tnm  tmdor  tho  aoHon  oC  l>o<ly  forcnq;, 
oxtornal  ,1  y-*appl  Iih!  nurfaoi'  i i*aot.ionq,  and  wltVi  arbi  trary  dofurmailon  odn- 
diciona  i^onaiidont  with  tho  pronoribod  <jooinotrlo  bom^dary  c^nndltlontu  U>t 
Chia  oqui  librium  cxmf iquration  bo  nubjoct<Hi  to  on  arbitirary  and  jndo|>oiuiont 
aol:  of  inf initoqimal  virtual  dliq^laoonumtn  iSu  without  vioiatinq  tho  qoomotric 
i boundary  conditionB.  Tho  dinplaconKuit  variatiouB  ^Su  arc  callod  virtual  be- 

cauHo  they  need  not  be  actual  i^hysical  diBplacomonta  u which  would  occur 
undor  tho  given  loads^  but  merely  hypothetical,  kinamatioally  possible 

it  ^ . 

displacements.  The  Principle  of  Virtual  Work  (page  595  of  [71,  237  of 
[50],  [167]  and  [168])  states  that  tlie  virtual  work,  vSw,  done  by  the  external 
forces  (body  forces  and  surface  tractions),  is  equal  to  tho  virtual  work, 
lSu,  of  the  internal  stresses,  i.e., 

su-^w 

su  - &V  = 0 

with 

6uq 

OTo  J 

8W=f  + f t • 6u.  dA, 

-^Aol 

I ^Seeniinqly  first  formulated  for  a continaum  by  Piola  in  1848  [169], 

I 

I 


(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 


(6.6) 


t‘6UiclAo 

•^e^ 

In  this  equation^  8 la  the  second  Plola-Klrchhoff  stress  tensor,  Intro- 
duced In  Subsection  2.5.3,  B la  the  body-fores  vector  (Inortla,  gravita- 
tional, magnetic,  etc.)  per  unit  mass,  It  is  the  externally-applied  surface 
traction  vector.  Introduced  In  Subsection  2.5,  Eq.  2.209,  y la  the  Green 
(Lagranglan)  strain  tensor.  Introduced  in  Subsection  2. 4. 2. 3,  u Is  the 

displacement  vector  introduced  In  Subsection  2.4,  Eq.  2.76,  and  p is  the 

o 

mass  density  in  the  reference  configuration,  introduced  in  Subsection  2.5.2, 
Eq.  2.218,  In  the  Eqs.  6.1  - 6.6  only  displacement  variations  6u  are  per- 
mitted, and  for  that  reason  this  principle  also  goes  by  the  name  "Principle 
of  Virtual  Displacements".  By  dividing  through  by  6t,  one  obtains  an  alterna- 
tive statement  of  the  Principle  of  Virtual  Work  called  the  "Principle  of 
Virtual  Velocities",  the  only  advantage  of  this  formulation  is  that  the 
virtual  velocities  6u/6t  can  be  considered  as  arbitrary  finite  quantities, 
without  invoking  the  imprecise  notion  of  "infinitesimal"  virtual  displace- 
ments. 

In  the  present  formulation,  all  pertinent  quantities  used  in  the  final 
form  of  the  analysis  are  described  consistently  with  respect  to  the  fixed 

reference  configuration.  The  integrations  extend  over  the  entire  volume 

* 

V^  in  the  reference  configuration  of  the  continuum  which  is  bounded  by  the 
surface  (area)  A in  the  reference  configuration.  The  boundary  surface  A 
may  be  divided  Into  a prescribed  surface-traction  boundary  A , and  a pre- 
scribed-displacement boundary  A . 

% 

As  previously  indicated,  one  must  always  boar  in  mind  that  the  choice  of 
the  reference  configuration  is  arbitrary  [22,  pago  79],  that  the  reference 
configuration  is  merely  some  shape  that  the  body  has  occupied  or  might 
occupy.  If  the  last  configuration  that  the  body  has  occupied  is  employed 
as  the  reference  configuration,  the  correspohding  description  is  sometimes 
called  "updated  Lagranglan"?  while  if  a fixed  reference  configuration  is 
employed,  the  description  is  Bomotlmes  called  "total  Lagranglan".  In  the 
present  treatment,  a fixed  reference  configuration  is  going  to  be  used  for 
the  description  of  the  motion. 


Uy  employ InjT  t\w  (Mmt'ppt  of  Alombort  ’ h PrlnclpU't  the  body  force 
vector  W may  bt^  rop^^irtlud  an  conHiMtIny,  of  D’Alnmbt'rt  inert  la  force  vector 
(-  u)  and  other  body  foreran  f (qravltat  ional , magnetic,  etc.),  Thun,  one 
may  write: 


©=-it  + f = -v  + f 

= -LL‘  + r=-v'  + f^ 


(6.7) 


where  v is  the  velocity  vector*  defined  in  Eq.  2.79,  and  (*)  denotos  the 
material  rate.  Observe  that  the  u appearing  In  the  acceleration  u arc  not 
subject  to  variation  since  this  pertains  to  the  existing  force. 

The  Green  (Lagrangian)  strain  tensor  Y can  be  expressed  as  a function 
of  the  deformation  gradient  tensor  F,  from  Eq.  2.133,  as 

-I) 

or,  in  the  body-fixed  convected  coordinate  system  (Eq.  2.139)  the  tensor 
components  are 


(6.9) 


where  ( ) . denotes  covariant  differentiation  with  respect  to  the  con- 

.!■  t 

vected  coordinates  C using  the  metric  tensor  of  the  reference  configu* 

ration  (Eqs,  2.53  and  2.55).  Then,  the  variation  in  the  strain  tensor  y may 
be  expressed  as 


or 


SY»i(F^-SF  +SF^-F) 

t [(sN  V U^Sh,] 


(6.10) 


(6.11) 


where  6^  is  the  Kroneckcr  delta  defined  by  Eq.  2.8. 

This  basic  variational  formulation,  the  Principle  of  Virtual  Work, 
holds  independently  of  the  naterial  constitutive  equations  and  the  ixjssible 
existence  of  potential  functions  for  the  external  forces.  Also,  it  em- 
bodies the  equation  of  equilibrium  of  the  eontitmum; 


(6.12) 


div(^S-  F^)+  fi  ‘f  -j3.it- j>v 

whoro  ''alv”  stands  for  the  divergence  operator  with  roapoct  to  the  refer- 
ence configuration.  This  equation  has  the  following  oomponenta  in  the 
body- fixed  convocted  coordinate  system t 

and  the  prescribed  surface  traction  boundary  condition  on  A (Eq.  2.229, 

°t 

2 • 24G f 2 • 262)  siiro 


(6.15) 

(6.16) 


where  n is  the  unit  outward  normal  vector  to  the  boundary  s\irface  in  the 

IT 

reference  configuration,  and  t is  the  pseudo-traction  vector  both  defined 
in  Eq.  2.209. 

6.2.2  Finite  Element  Formulation  for  the  AaaiimaH 
Displacement  Model 

In  the  finite-element-analysis  method,  the  entire  domain  of  the  con- 
tinuum is  subdivided  into  a finite  number  of  regions  called  "finite 
elements"  or  "discrete  elements”,  each  having  a finite  number  of  "nodes"  as 
control  points.  The  behavior  of  the  actual  continutim  which  has  an  infinite 
number  of  degrees  of  freedom  is  thereby  described  approximately  in  terms 
of  a finite  number  of  degrees  of  freedom  (DOP)  at  each  of  the  finite  number 
of  nodes.  The  generalized  displacements  within  each  finite  element  are 
expressed  in  terms  of  (a)  such  variables  called  "generalized  degrees  of 
freedom"  q which  arc  defined  at  the  node  points  in  conjunction  with  (b) 
suitably-selected  interpolation  functions  to  describe  the  distribution 
of  each  quantity  throughout  the  interior  of  eadh  finite  element.  Applying 
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thlfl  approach  within  tlio  framework  of  tho  PrinolpJo  of  Virtual  Work  nnrl 
D'Alombort' n Principle  ronultn  in  a finlto"Fii?<ntl  oyntem  of  necond'*ordor 
ordinary  differential  oquationn.  Tho  .jiknownn  in  the  oquAtione  arc  the 
qeneraliKod  doqrooH  of  freedom  at  each  node  of  the  complete  nnnemblod 
discrotiaed  structure  (or  continuum) . 

In  the  asBumod-dioplacomont-typo  of  finito-eloment  analysia,  one 
selects  appropriate  interpolation  functions  "anchored  to"  control-point 
values  which  aro  tho  nodal  generalized  displacements.  Lot  it  be  assumed 
that  the  continuum  (or  structure)  being  analyzed  has  been  subdivided  con- 
ceptually into  n finite  elements.  Then,  one  may  write  Eq.  6.1  as  the  sum 
of  the  contributions  from  each  of  the  finite  elements  as  follows s 


6*1 

where  for  any  element  e: 


± (mx-t  (sw) 


(6.17) 


We 

>f  SHVqdV. 

W)e 

(&W)e“f  ^ (-U.+ -f  ) • 6lL 


(6.18) 


(6.19) 


(6.20) 


(6.21) 


4-  r i S a I (JAo 

J(A.€  )c 

in  those  equations,  (V  ) is  the  volume  in  tho  fixed  reference  configuration 

o c 
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of  the  Qth  dlBcreto  olomont^  and  ^ portion  of  tho  aurfaoo 

t 

aroa  fixod  roforonoo  configuration  of  element  o,  over  which 

tho  Burfaco  traction  t in  proscribod.  The  auimnation  T.  extends  over  tho  n 
oloinenta  of  tho  continuum. 


For  each  element  o,  lot  an  assumed  displacement  field  of  tho  follow- 
ing form  bo  soloctodt 

lAl  <6.22) 

j 

where  is  an  appropriately  assumed  interpolation  function  expressed 

in  terms  of  convected  coordinates  of  a generic  point  within  the  element 
(a  row  vector  is  identified  here  by  the  symbol  ^ ).  Alsoi  {a(t)}  repre- 
sents a column  vector  (symbol  { })  of  independent  parameters  which  are  a 
function  of  time  t only.  Hence,  it  follows  that  the  vector  of  nodal 
generalized  displacements  {q}  is  defined  in  terms  of  the  local  coordinate 
system  of  each  element  and  can  be  obtained  by  substituting  the  coordinates 
of  the  nodal  points  into  Eq.  6.22.  Accordingly,  one  may  write: 

If  one  takes  the  same  number  of  displacement  parameters  a(t)  as  the  nodal 
generalized  displacements  <5(t),  the  transformation  matrix  [G]  Is  a square 
matrix.  By  inverting  Eg.  6,23  for  {a(t)}  and  then  substituting  into  Eq.  6.22, 
one  has 


it 

where 


* 1 
One  should  not  confuse  the  interpolation  fvinction  ) with  the  earlier 

symbol  used  to  denote  the  loading  fvmction  (yield  surface) . 
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Bocnuno  and  G aro  a priori  chonon  functionn  oxproBRod  in  tho  C go- 
ordinaton  only,  thoy  aro  not  nubjoatod  to  variation;  honco 

Sui-L^iJ 

Also,  tho  time  dorivativoR  of  Bq.  6.24  baaomon 

at 

By  using  Eqs.  6.9  and  6.24,  one  may  obtain  the  corrosponding  strain 
at  any  point  in  the  elomont  e as  a function  of  position  and  tho  nodal 
generalized  displacements  iq)  as  follows  t 


(6.26) 


(6.27) 


(6.28) 


It  follows  that 


where  D. Dq.,  and  are  the  appropriate  differential  (gradient)  opera- 
ij  j 

rors  which  may  be  e:Q>re8sed  symbolically  in  the  form: 


(6.30) 


*Here  the  three-dimensional  continuxnn  equations  are  utilized  for  clarity, 
instead  of  the  more  complicated  strain-displacement  equations  for  shells. 
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Employlnq  Jlqfi.  G*24  thtouqh  6.32#  Eqo.  6.17,  6,19#  and  6.21  bnoomo* 

2 L J ( J|  Jd.j}  s‘j  JV.  t j {»«; ) Ll>‘ji  5‘J  dV«  [ 


“ 0 (6.33) 

where  subscript  ”b"  is  used  to  signify  that  the  are  evaluated  along 

the  element  botmdarlos. 

Equation  6.33  is  a convenient  finite-element  form  of  the  Principle 
of  Virtual  Work  and  D'Alembert's  Principle  from  which  ono  can  obtain  the 
"equations  of  motion". 

6.2.3  Computat ion.  1 1 Strategies 

(Xie  can  divide  the  numerical  schemes  for  the  solution  of  initial 
boundary-value  problems  into  three  categories  which  differ  primarily  in 
the  preconditioning  of  the  numerical  solution*  as  pointed  out  by  Arqyris 
[170],  According  to  this  criterion*  one  distinguishes  between: 

(1)  The  pure  vector  approach » describing  the  kinematic  motion  by 
state  vectors  without  resorting  to  gradient  matrices.  This 
approach  is  oharacteristic  of  explicit  forward  strategies, 
like  the  central  difference  time  operator. 

(ii)  The  constant  stiffness  approach  describes  the  solution  path 
in  terms  of  gradient  matrices  which  remain  constant.  This 
is  characteristic  of  combined  explicit-implicit  solution 
schemes,  like  the  Hotibolt  implicit  time  operator  with  linear 
extrapolation  of  the  nonlinear  terms  duo  to  plasticity  or 
geometry. 

(iil)  The  variable  stiffness  approach  (tangential  stiffness  method) 
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dfuicribon  tho  nolution  path  in  tormn  of  qrntUont  matrioon  which 
Am  uixiAtocl  with  tho  ovolution  of  tho  riolution,  'fhin  in  chat- 
Actorlntic!  of  fully  implicit  ntmtoqion,  like  tho  uno  of  an  im- 
plicit time  o).JorAto}r  with  Nowton-Raphnon  itoration  of  tho  non- 
linonic  tormn. 

Tho  pure  voctoy  approach  in  traditionally  unotl  in  oonnoction  with 
finite  diffomneo  oxplltsit  mnthodo  |1?3,  173,  172,  Cor  oxamplol.  A 
nyntom  ntiffnooo  matrix  in  novor  conatruetpd,  and  tlio  oqtiationn  of  motion 
am  oxpEOBHod  oimply  in  torms  of  voctor  oquatlonn  which  roadi 

Mljl-'Krt  « W 

UNKNOWN  ''known  " 

wl\cre  [M]  is  tho  global  maos  matrix,  {f}  roprosents  tho  gonoralizod  nodal 
load  voctor  accounting  for  oxtornally-appliod  distributed  or  concentrated 
loads  and  body  forces,  and  (l>  Is  a vector  of  internal  forces  (elastic 
and  plastic)  and  nonlinear  geometric  effects,  The  pure  vector  approach 
which  results  from  the  use  of  the  explicit  time-marching  scheme  has  strict 
stability  limitations  and  very  restrictive  convergence  behavior  for  the 
iterative  solution  of  nonlinear  structural  equilibrium  equations.  There- 
fore, the  range  of  application  is  restricted  to  small  increments  of  time. 

It  has  the  advantage  that,  for  a given  time  step  that  provides  stability 
and  convergence,  it  presents  the  smallest  computational  effort  of  all  of 
the  computational  techniques  being  reviewed.  In  some  kinds  of  analyses 
(notably  in  the  analysis  of  short-term  shocks  and  wave  propagation 
problems  in  which  the  higher  frequencies  play  a significant  role) , it 
is  the  most  effective  technique. 

The  constant  stiffness  approach  was  tl'.e  natural  computational  procedure 
to  use  at  the  time  that  finite  elements  wore  introduced  into  nonlinear 
analysis  [23  and  173,  for  examplel.  Just  as  in  linear  finite  element 
analysis,  a system  gradient  matrix  called  the  stiffness  matrix  [K]  remains 
constant  (hence  tho  name  "constant  stiffness")  during  tho  whole  solution 
procedure.  The  effects  of  nonlihearitios  are  treated  as  pseudo  forces? 
therefore,  this  method  is  also  called  the  "pseudo  force  method  • These 
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jnn  nipppiMinmniiwmwuifpw' 


iiii|i)Uli>mp.wnu— yifnnj; 


pncmdo  forcoH  nro  functlonfi  of  tho  cUBplncomontfl  {q}  and  arn  pTncod  on  thn 
rlpht'-hnnd  nldo  (cho  *'known"  ntdo)  of  tbo  oquatlona  of  oquil  IbKlutiit  Tho 
hnnic  oquatJonn  of  oqulUbrtum,  an  obtained  by  thin  mnthod,  may  bo  ok- 
pi’oniiod  mathomatleally  nos 


unknWn 


"KNOWN" 


(G.3D) 


whoro  io  a paoudo- foroo  voufcor  axioing  from  nonlinoar  goomotric  of- 

fucto  and  {p  ) ia  a pooudo-forco  vootor  otoiranlng  from  plaotie  ofCoeto. 

P 

Since  the  poeudo-forces  are  not  known  In  advance,  one  reuorto  to  either 
an  extrapolation  of  tho  pseudo  forces  from  previous  increments  (in  an  in- 
cremental procedure) , or  to  an  iterative  corroction  of  this  implicit  pre- 
dlctlon«  Tho  constant  stiffness  method,  thus  leads  to  a combined  implicit* 
explicit  formulation  of  tho  equations  of  motion.  One  iterative  scheme 
that  keeps  the  gradient  matrices  (the  matrices  on  the  left-hand  side  of 
the  equation)  constant  Is  the  method  of  successive  approximations.  How- 
ever, this  Iteration  scheme  imposes  restrictions  on  the  amount  of  non- 
linearities  that  the  scheme  can  handle  (if  the  structure  stiffness  becomes 
larger  than  the  original  stiffness,  then  the  method  will  not  Converge) . 
Also,  the  convergence  rate  is  very  slow.  Further,  self-correcting  pro- 
cedures can  be  utilized,  as  shown  by  Stricklin  [174].  Of  course,  the 
Newton-Raphson  method  can  be  utilized,  but  this  will  involve  refactoring 
of  the  left-hand  side  of  the  equation. 

Finally,  the  tangent  stiffness  approach  [74  and  175,  for  example] 
follows  the  concept  of  tangential  linearization  of  the  solution  path  by 
introducing  time  variable  system  properties.  The  form  of  the  incremental 
equations  is: 

UNKNOWN  known 


where  {f  } is  an  unbalance  load  added  to  the  right-hand  side  to  satisfy 

U hi 

equilibrium.  Here  [K  ] Is  a tangent  stiffness  matrix  that  includes 
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Donllnnar  qoomotrlc  offootn  ao  wall  an  olantio-plantlo  oCfootn,  Thin  pro- 
ooduro  han  hnnn  Unml,  Cor  oxampln,  by  McNamara  and  Maroal  1175]  wJjo 
nhow  that  Jarqor  tlmn  inoromnntH  can  bn  unod  by  thin  method  than  with  the 
prnvloun  onnn.  Of  cournn,  a 6onnid»irabln  amotmt  of  computer  timo  in  in- 
volvnd  in  the  ovaiwation  of  fK*^]  and  the  roCactortnfi  of  thn  InCt^hand  nidn 
of  tho  equation.  in  oonneation  with  an  unconditionally  ntabin  timo 
operator  and  tlio  Newton-Rnphnon  iteration,  fchio  nolution  method  providen 
tho  mont  rollablo  computational,  technique  for  lonq  bom  reniionue  analynen 
with  largo  nonllnonrltloa.  The  NewtunwRophnon  toehniquo  to  very  often 
modified  in  order  to  rodueo  tho  computational  of fort  whereby  the  ayatem 
gradiento  are  updated  only  occa'jlonally.  In  thlo  caae,  However,  the  con- 
vorgetiGG  propertioB  deteriorate  (in  the  lilnit,  when  the  initial  atiffneoa 
matrix  remaina  unaltered,  the  conatant  stlffneaa  method  la  recovered) . 

Finally,  one  can  aummariae  the  three  ochomoa,  ao  done  by  hrgyrle  1170] 
by  QxpreBalng  the  reliability  of  tho  three  methoda  in  terma  of  stability 
and  convergence  restrietJona  of  the  underlying  nonlinear  time-marching 
scheme  and  where  the  computational  effort  accounts  for  the  prograrnming 
effort  as  well  as  the  numerical  cost  of  the  solution  of  typical  reference 
problems  t 


Computational 

Procedure 

Stability 

Properties 

Convergence 

Behavior 

Computational 

Effort 

Pure  Vector 

(Explicit 

Operators) 

Very  restric- 
tive 

Very  restric- 
tive^ 

Small 

Constant  Stiff- 
ness (Implicit- 
Explicit) 

Mot  restric- 
tive 

Restrictive 

Medium 

Tangent  Stiff- 
ness (Implicit) 

Not  restric- 
tive 

Not  restrictive 

Large 

one  can  observe  that  the  constant  stiffness  procedure  converts  nonlinear 
deviations  from  tho  linear  prediction  into  equivalent  pseudo- load 


Numerical  ejqjeriehce,  however,  shows  that  wheh  the  At  is  chosen  small 
enough  to  insure  stability,  convergence  is  also  achieved. 
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voatorn  (nonltnoar  corjrrtction) , thoroby  aomblning  tho  Rimpllotty  of  tho 
voctor  formuXfttlon  with  tho  rnUabUity  of  tho  gradient  mothodn,  For  tho 
purjxinnn  of  tho  pronont  ntudy,  tho  pure  voctor  approach  with  tho  contral” 
clifforonao  explicit  timo  operator  ond  tho  conntant  ntiffnonn  approach  with 
tho  implicit  Houbolt  tlmo  operator  aro  unod.  Thono  two  approachon  have 
boon  ghooon  (1)  bocauno  of  their  inhoront  numerical  advantage  (tho  ntlff- 
noon  matrix  in  never  formed  or  u^3od  in  the  voctor  approach f and  it  in 
formed  and  factored  only  once  In  tho  conatant  atiffnoso  approach)  and  (2) 
since  tho  present  study  is  concerned  with  the  etrain  predictions  of  time™ 
dependent  plasticity. 

Since  the  present  class  of  nonlinear  elastic-plastic  transient  struc- 
tures exhibits  strictly  path- dependent  responses,  it  is  impossible  to 
guarantee  the  return  to  the  true  solution  path  by  residual  correction  at 
the  end  of  the  time  increment  without  integration  of  the  prior  history. 
Hence,  one  has  either  to  use  small  increments  of  time  (as  is  necessary 
with  the  puro-VQCtor  approach  and  constant  stiffness  method)  or  to  inte- 
grate the  nonlinear  history  of  deformation  within  each  time  increment, 
which  will  always  involve  numerical  truncation  errors.  Morec /er,  since 
higher  frequencies  are  more  important  in  the  strain  response  than  in  the 
displacement  response  of  the  structure,  it  may  be  possible  to  follow  the 
displacement  response  with  fairly  large  increments,  but  to  follow  the 
strain  response,  smaller  time  increments  are  necessary. 

6.2. 3.1  Pure  Vector  Form 

Observe  that  Eq.  6.33  may  be  written  more  compactly  as  follows  [23] 
for  the  so-called  “unconventional"  formulations 

where  the  following  are  evaluated  for  each  finite  elements 

[m3  = j 


(6.37) 


(6.38) 
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[hl-UDt^iLC'jS^JdV, 

{f  ] -j  g {!.]  rdv,  +/  ji  4 1'  ji. 

^otjg 


Note  that  {p}  and  [h]  lnvol%»e  streas  information,  and  that  thoy  are  time 
dependent; 


Ip}  - {pW) 

[hi  - 


Since  the  element  nodal  generalized  displacements  {g)  for  different 
elements  are  not  completely  independent,  a transformation  is  required  to 
relate  the  element  nodal  displacements  {q}  to  independent  global  (or 
common)  nodal  generalized  displacements  {q*}  for  the  discrete-element 
assemblage  by 

,e.. 

The  quantity  t J]  includes  the  effect  of  transferring  from  local 
coordinates  from  each  individual  element  to  global  reference  coordinates 
for  the  system  as  a whole. 

Applying  Eq.  6.44  to  Eqs.  6.38-6.41  to  describe  the  system  in  terms 
of  the  independent  global  generalized  displacements  {q*},  one  obtains: 
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whnro 

C«*j- [JTt-KJ] 

lp’}-[Jrir) 

[h’]‘ [jrth][Jl 

since  the  square  matrix  (h]  is  not  a constant,  and  since  bo«i  (p)  and 
[hi  involve  nonlinear  geometric  effects  as  well  as  plastic  effects,  there 
is  no  practical  reason  to  calculate  the  matrix  [h]  explicitly  in  the 
analysts,  and  this  is  not  done.  It  is  more  convenient  to  express 

and  hence 


Therefore,  Eqs.  6.37  and  6.4a  become; 

tl'i 

where  _ » ^ 
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Purformlnp,  thf  Huninintlon  In  Kq.  t>.53,  Invoking,  tii«‘  npproprintP  oJpmont 
function  p,onornl1s!cU  dluplncpmcnt  compotlblUtlcH,  and  bccaunc  the  (iSq*) 
arc  Independent  nnd  arbitrary,  the  followlnp,  vector  equatlonn  of  motion 
are  obtained  for  tlie  complete  anHembled  dlH(!retl7-ed  atructurc! 


= (Fi 


(6.55) 


whoro  IM]  :Lfl  tho  global  maaa  matrix,  (l)  is  a vector  of  internal  forcoa 
aBaociatod  with  linear  and  nonlinear  tormo  of  tho  strain  displacomont 
relations  as  well  as  elastic  and  plastic  forces;  and  (p)  represents  the 


generalized  load  vector  accounting  for  oxternally-applied  distributed  or 
concentrated  loads*  In  terms  of  element  information,  [M] , {l}  and  {P} 
may  be  e^^ressed  as: 


Cm^J 

(6.56) 


(6.57) 
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(Fft)}  - 


1 <.’(«! 


J (.'(«) 


(6.58) 


6, 2.3. 2 Conat^nt  Stlffnena 

Th.  T“”‘  fomulations  will  b.  presented. 

force  fomuletlon,  which  may 
^ Ohtalhea  hy  replaclh,  the  etreee  tenecr  In  a,,  e.33  by  the  fcZ- 

ing  expression  in  terms  of  the  strains  Y 

'ki. 


c.ijkA 


S’-E'-i'VYuX) 


(6.59) 


etrain  Z , “ “ “ “'dm,.! 

valid  onlv  f * evident  that  this  formulation  is 

Ud  only  for  infxniteei.a.1  etrelne,  since  for  finite  strains  cannot 

1.  pZl  - elastlT^ 

strain  L°  T"°! ' ■teconposition  of  the  total  Green 

"elastic"  strain  will  not  hav  th"'  ' “ e useful  concept,  since  the  Green 

w„,  u — "“"‘"P  clastic  strains,  but 

win  be  a ,uantity  affected  by  the  total  defomatlon. 

e«Press°“  1"  -uatlons  ,t.3s, , one  can 

s‘j  = E‘J^* 


that  the  constant  ela^irS^lis  reStL^the^Kl^hh^L^^''”''^''''®  confirm 
logarithmic  strain,  and  not  the  2nd  Plol!  ^ ° the 

(Lagrangian)  strain  whonTTnite  strn4n  ^ Kirchhoff  stress  and  the  Green 
5.297-5.299).  strains  are  present  (see  Lqs.  4.167  and 


Applying  Kqru  OtPO  and  (i,r>l»  tu  Hq,  b.33  onu  obtainn? 


£ -if>ti?H»';ii?))- » 


whoro 


(Cl  »hl) 


M {$1^  L$'-J  d v„  [ J]  (^...=) 

Wo  + |j5,^,t‘aAo)  cc..., 


(fn-prC-/  ce.e. 

LT>* J E‘j*“  (Li^.ilifl:+^ 

(VV-rJ3"j 

' •'  Av*>«  '' 

f } - - 1 Wo  ifi 


Performing  the  summation  invoking  intex^clomont  generalized  displacement 
compatibility,  and  because  the  variation  {fiq  } can  be  independent  and 
arbitrary,  the  following  conventional  equilibrium  equation,  which  is  val id 
only  for  small  strains  is  obtained: 


(b.ba) 
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whoro  [M]  ifl  the  global  maas  matrix#  [K]  io  tho  uoual  sraall'-Btraln  linoar- 
olaatia  global  (oonatant)  Btilifnooo  matrix,  {p}  lo  tho  gonerallssod  load 
vector  ropronentlng  oxtornally  applied  cURtrlbUtod  or  concentrated  loads, 
{p*^}  reproeonts  a pseudo  load  vector  arising  from  tho  nonlinear  tormn  in 
tljo  strain-displacement  oquationn,  {P^J  and  {p”^}  aro  tt.e  pseudo  load 
vectors  due  to  plastic  (small)  strains  and  are  aosociatod,  roapoctivoly , 
with  the  ^inoar  and  nonlinear  terms  of  tho  strain-displacement  equations. 

Not  only  does  this  formulation  have  the  drawback  that  J.a  applictdjle 
only  to  small  strains,  but  if  an  adequate  description  of  tho  structural 
behavior  requires  one  to  employ  nonlinear  strain-displacement  relations 
(specially  for  finite  rotations  of  beams,  plates,  and  shells),  it  is 
evident  that  the  “conventional  formulation"  involves  much  more  computational 
work  than  the  "modified  unconventional"  formulation  to  be  presented  next. 

The  "unconventional"  formulation  of  Eq.  6.55  is  valid  for  small  and 
finite  strains,  for  any  kind  of  material.  The  reason  for  this  is  tl\at 
the  "unconventional"  formulation  is  an  exact  expression  of  the  Principle 
of  Virtual  Work.  No  assumptions  whatsoever  have  been  made  in  the 
"unconventional"  formulation  about  the  constitutive  equations.  On  the 
other  hand,  the  "conventional"  formulation  is  valid  only  for  the  specia.-. 
kind  of  material  that  obeys  the  constitutive  equation  given  as  Eq.  6.59, 
which  is  not  valid  for  finite  strains  of  elastic-plastic  materials. 

However,  the  "unconventional"  formulation,  as  expressed  by  Eq.  6.55,  has 
stability  and  convergence  problems,  since  the  only  gradient  matrix  (the 
matrix  on  the  left  hand  side  of  the  equation)  is  the  mass  matrix.  There- 
fore, to  be  able  to  have  stability  and  convergence  properties  similar  to 
the  constant  stiffness  method,  while  at  the  same  time  preserving  the  useful 
properties  of  the  "unconventional"  formulation,  the  , small-, linear- 
elastic,  constant-stiffness  m-\trix  (K)  is  added  to  both  sides  of  the  Eq. 
6.55  to  obtain  the  following  modified  unconventional  form  of  the  equations 
of  motion j 

CH]  <e.e„ 
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ObHorvo  that  tliln  oquatlon  in  vaiiO  for  finite,  ntraina,  and  for  any  kind 
of  matorial,  nlncn  no  conntitutivo  annumptlonn  havo  boon  mado,  Dofining 


IF""} 


((i.70) 


whoro  {p  '}  in  a pnuudo-force  arlning  from  finito  ntraln  olantic-plantic 
buhavtor  ati  woll  an  all  (linaar  and  nonlinear)  tormn  of  the  ntrain- 
dinplacumcnt  equations,  one  can  oxprosa  Eq.  5.69  as: 


M{fJ-hi:K]{f]  = {F"}+{F}~|  .^.7x 

This  expression  is  called  the  "modified  unconventional"  form  of  the 
equations  of  motion. 

In  the  next  subsection,  this  "modified  unconventional"  fdrmulation 
is  to  be  used  with  implicit  time  operators,  while  the  "unconventional" 
formulation  of  Bq.  6.55  is  to  be  used  with  explicit  time  operators. 


6. 2. 3. 3 Tangent  Stiffness  Form 

The  tangent  stiffness  form  of  the  equations  of  motion  will  be  derived 
here  from  the  Principle  of  Virtual  Work  for  completeness  purposes,  but 
the  reader  is  reminded  that  the  tangent  stiffness  formulation  is  not 
utilised  in  the  present  report  for  any  computations  or  predictions. 

The  vector  form  of  the  equations  of  motion  (Eq.  6.55  derived  from 
the  Principle  of  Virtual  Work)  at  time  instants  t amd  t-At  may  be 
written,  respectively,  as* 


subtracting  Eq.  6.72b  from  Eq  o.72a,  one  obtains  the  following  incremental 
form  of  the  equations  of  motions 
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(6.72c) 


OM][A^»j  - - |ai]  + [af] 

whom 

{‘fl-lflriru 

{ai).  {iL-1iL. 

(AFJ.  tFli-W,.., 


Next,  the  increment  of  the  internal  force  vector  {Al}  is  treated  as  a 
differential: 

3{?I 

Hence,  one  obtains  the  following  "tangent  stiffness"  form  of  the  equations 
of  motion: 


+ CKT{A^*}-jAF]+{f,J 


(6.74) 


where  the  "unbalanced  force"  {f^}  is  due  to  the  error  implicit  in  Eq.  6.73 
and  consists  of  writing  the  residual  equation  for  Eq.  6.55: 

{^*1 " {1}  {f'} 

This  error  term  consists  of  evaluating  the  terns  at  the  state  before  the 
current  increment  (if  no  errors  had  been  introduced  by  previous  increments 
the  error  would  be  equal  to  zero) . By  including  this  residual  load 
correction  in  the  equations  of  motion,  one  may  obtain  convergent  solutions 
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n»r 


uni.nq  timci  incromontn  that  arc  rnlativoly  largo  In  compatlnon  with  tho 
Molutlonn  obtainocl  without  tho  oorroctlon. 

From  RqUi  (n39|  6.40,  and  6.GI,  ono  obtainn 


7C) 


and,  Hinuo,  from  Eq.  6.73 


(6.77) 


it  follows  that 


V«>e  ..  . 

•I 11-4 “■ 
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By  moans  of  the  strain-displacement  equations,  6.28,  one  can  write t 


Placing  Eq.  6.79  into  Eq.  6.78,  one  obtains  the  following  tangent  stiffness 
for  finite  element  "e” : 

-.1  I I 2B  il  I ^ V, 

Vo 

- 1 ^ 'V  V IE  A I 

'Or-h 
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(6.79) 


^ 1^)  ® 1 L^  j {3^1}  L®=fei 

(6.79) 

It  suouia  bo  oniphoolbod  that  this  tangont  otiffnoaa  matrix  [k’'l  doponds 
upon  tha  ourrcat  auta  of  diaplaoomont  {q}  and  stross.  Also,  comparing 
Eqs.  6.79  , 6.63  , 6.76,  and  6.70,  It  la  avldont  that  moro  oalculatlona  arc 
Involvsd  In  the  formulation  of  the  tangent  stiffness  matrix  than  In  the 
format-on  of  the  Internal  forces  for  the  modified  unconventional  and/or 
for  the  unconventional  formulations. 


Finite  Difference  Operators 
6^.  3.1  Linear  Dynamic  Systems 

For  the  timewise  numerical  solution  of  undamped  linear  dynamic 
structural  problems,  many  finite-difference  operators  have  been  explored 
to  assess  their  attributes  and  shortcomings.  Some  schemes  are  stable  no 
matter  how  large  the  time  increment  At  is  chosen  to  be  - and  hence  are 
termed  •'unconditionally  stable",  others  are  unstable  for  At  larger  than 
some  critical  value  — and  thus  are  termed  "conditionally  stable" . some 
introduce  (unintentionally)  artificial  or  false  damping  whereas  others 
do  not  exhibit  this  undesirable  feature.  All  of  these  methods,  however, 
usually*  produce  a phase-shift  error  in  the  predicted  response,  depending 
upon  the  sise  of  the  finite  At  used  - some  schemes  exhibit  more  phase- 
shift  error  than  others  for  a given  At.  a concise  tabulation  [177]  of 

*cenSal-dl^°terT‘'''f ' wherein  the  3-point 

waroiac;  ifbote  ft  = 1,  a solution  which 

was  exact  in  both  amplitude  and  phase  was  obtained.  Second  the.  rn>-+-<r, 

o^r^mis  r“” ' ■ ° vr°“  bS  o°jrwuh 

ne  (much  too  large)  value  of  At,  false  damping  also  is  present.  ^ 
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Homti  Qf  tho  faaturiie  of  tho  moro  commonly'-UBod  variotieo  of  thin  mothod 
tiro  glvon  bolow. 


SUMMARY  01?  SOMTl  PO  OPRRATOR  PRATURIJ9 
POR  UMPAWEp  14 NEAR  DYNAMIC  SYSTEMfl  (MATH,  MOPED) 


Mothod 

Allowable  At 
tor  Condition- 

ally  stablo  Uncondition* 

Mofehoa  ally  Stable 

- Paloo 
Damping 

Phaoe 

Shift 

Error 

EXPLICIT 

Central  Dlff. 
3 Pt. 

max 

No 

No 

Yos 

3rd  Order 
Runge  Kutta 

No 

Yes 

Yos 

4tla  Order 
Runge  Kutta 

No 

Yos 

Yes 

de  Vogelaere  (I) 

No 

Yes 

Yes 

IMPLICIT 

Houbolt 

— 

Yes 

'*as 

Yes 

^Newmark  P 

Y - i.  6 - i 

— 

Yes 

No 

Yes 

Y “ J!  0<p<i 

At<  2 — 

No 

No 

Yes 

Gurtln  Averaging 
Wilson  Averaging 
do  Vogelaere  (11) 

At  < 2/2/(0  'I 

^ max 

Yea 

Yes 

Yes 

Yes 

Yes 

Yes 

or 

<At<  2v^Ai  „ 
max  — •"  luux 

/ 

>’No 

No 

Yes 

t 

Here  a)  represonta 

ItlciX 

the  largest  natural  frequency  of 

the  math* 

model. 

Por  P = 0,  this  reduces  to  the  explicit  3 pt.  CD  operator. 
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Tho  soloction  of  ft  fluitftblo  tiino  increwont  Ri^ip  At  ip 
tjovornocl  by  (ft)  tho  Rtftbility  critorion  tho  oonAition  undnr  which  the 
pxponnntiftl  ftrrojr  growth  will  bo  boundocJ  and  (b)  tho  convorgonco  roqiitro- 
raont  ■'"  tho  cloftononn  of  tho  tomporal  dinorotii^fttion  nolytion  to  tho 
oxftct  dif  Corontiftl  nqufttion  ngl'Utl.on  nn  tho  .timowino  dinorotif'-fttioii  monh 
doeroftiioft,  Tho  mathoraotloal  foMndntlonn  for  tho  qmmtionn  of  oonvorgonoo 
find  otobtlity  of  nuinorlcaJ,  mothodn  «ro  wo3,l“dovolc)pod  on^  for  nnom; 
fjyntnmr..  Moroovor,  tho  problnm  of  piflofcical  eonvorgonoo  (tho  oloruuiomi  of 
tlui  aolutiono  for  finite  At)  ia  often  noqloetod. 

AO  proviouDly  defined,  a finito-dlfferancQ  oehomo  io  oaid  to  bo 
convergent,  if  all  valuoo  of  tlio  flnito-diffaronce  aolution  approach  tho 
solution  of  the  differential  equation  of  the  continuum  ao  tho  finite 
difforonco  mooh  size  approuchuo  zuro.  The  finitu-differenco  oehomo  ia 
said  to  bo  conoiotent  if  the  finito-dlfforonco  oquation  approaches  tho 
differential  equation  as  the  mesh  size  approaches  zero.  Although  consio” 
toncy  might  seem  to  be  autmaticnlly  satisfied  by  the  Taylor  series  method 
of  developihg  the  finite-difference  stiheme,  in  fact  it  is  not.  The 
property  of  consistency  is  a subtle  concept,  since  it  is  not  concerned 
with  tlie  limit  behavior  of  the  whole  solution  of  the  differential  equation 
but  merely  with  the  limit  behavior  of  the  individual,  terras  (differentials) 
of  the  equation.  For  example,  a finite-difference  simulation  of  a 
differential  equation  may  have  consistent  finite  differences  but  not  be 
convergent. 

Lax  tl78l  has  stated  an  equivalence  theorem  that  has  fundamental 
importance  for  linear  systems  of  equations.  This  equivalence  theorem, 
states  that,  for  a consistent  finite-difference  scheme,  stability  is  a 
necessary  and  sufficient  condition  for  convergence i 

Lax  equivalence  theorem  consistency  + stability  = convergence 

(for  linear  systems)  J 

Although  early  investigators  lilte  O'Brien,  Hyman,  and  Kaplan  (179)  as  well 
as  Bddy  (IBOl  have  defined  stability  in  terms  of  the  growth  or  decay  of 
roundoff  errors,  it  is  now  generally  accepted  that  the  definition  of  Lax 
and  Richtmyer  [178]  is  much  to  be  preferred.  This  more  general  definition 
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of  ntrtbility  roquiron  a boundod  nxtrmt  to  which  any  cfjmiianont  of  thn  initial 
data  can  l>o  ampliflod  in  tho  nwmnrif-'al  piocnduro  (by  any.  kind  of  orror, 
inoiudinq  truncation  error  an  wnll  an  qrnnn  orrorri) . 

An  Roachn  U«l,  p.  49 J polntn  out,  ntabUity  ovnn  for  Unoar  hyntomn 
in  not  dnflnod  with  unlvornal  applicability,  tho  ntabllity  critorion 
annoolntod  with  tho  twwio  of  von  Nnuroann  In  that  ntabUity  in  to  bo  dotor- 
miiutd  from  tho  ckieay  or  amplification  of  £S£li. ^ finito  Pourior 
norioo  oxpunoion  of  tho  uolution  to  a model  equation.  Lax  ond  Richtmyur 
(170]  havu  donionotratod  that  thin  in  nufficiunt  for  otability  Cor  a lijigog. 
uyotcra  witli  Gonutaiyt  coofficlonto.  RlchtmyoK  (102]  pointo  out  that  thu 
concept  of  otublltty  dupondu  on  tho  choice  of  tho  nom  uuod  to  mouauro 
Btability,  and  that  thu  uao  of  Pourior  unalyuia  aa  In  thu  von  Neumann 
muthod  implloa  a root  moan  aquaro  norm*  which  ia  aomowhat  arbitrary. 

Onu  can  readily  conotruct  m-polrit  forward-dlfferunca*  central- 
difference,  or  backward-difference  opuratora  by  Taylor  aerloa  repreaenta- 
tion  of  the  acceleration  q and/or  velocities  q in  terms  of  displacement 
q^  information  at  m instants  in  timej  the  truncation  error  of  each  approxi- 
mation thus  selected  may  be  identified,  and  depends  upon  the  number  (m, 
such  as  1,2, 3,... etc.)  of  the  time  instants  used.  It  can  also  be  shown 
thatj  (1)  all  forward-difference  operators  are  unconditionally  unstable, 

(2)  all  central  difference  operators  are  conditionally  stable  (a  critical 
At  exists  beyond  which  error  blwup  will  cccUt) , and  (3)  all  backward 
difference  operators  are  unc^.»ilitionally  stable.  Krieg  [183]  has  shown 
that  there  can  be  no  explicit  second  order  method  which  is  unconditionally 
stable,  and,  in  addition,  no  explicit  second  order  methcd  can  have  a 
critical  time  step  larger  t an  that  of  the  central  difference  time  operator. 
Morino  et  al.  [18]  have  shown  that  the  central  difference  method  ia  the 
optimal  method  within  the  class  of  explicit  n—step  predictor  methods  with 
different  n-stop  correctors,  where  n ^ 3. 

The  Houbolt  method  is  a four-point  implicit  backward-difforehce  method 
(that  ia,  at  time  n,  q^  and  are  expressed  in  terms  of  q^^, 
and  q )t  this  method,  accordingly,  is  unconditionally  stable.  However, 
it  introduces  false  damping. 
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While  error  instability  is  avoided  by  all  of  the  unconditionally 
stable  mothodn  (permitting  one  to  une  as  large  a At  ae  one  wishes) , the 
forcing  function  in  a given  problem  may  have  severe  variations  such  thot 
one  must  use  a fairly  small  At  in  order  to  follow  and  identify  the  severe 
peaks,  etc.  in  the  response.  Perhaps  a At  of  some  chosen  fraction  of  the 
period  of  the  highest  significantly-excited  mode  should  be  used.  However, 
the  problem  is:  can  one  make  a rational  a priori  estimate  of  this  situa- 

tion? In  such  cases  the  feature  of  unconditional  stability  may  not  be  as 
much  of  an  advantage  over  a conditionalxy-stable  method  as  one  might  think 
first  sight.  However-,  for  "stiff"  equations  (a  term  used  by  numerical 
analysts  to  refer  to  equations  containing  widely  varying  frequency 
components)  like  structural  dynamics  equations,  and  in  particular  transient 
loadings  which  excite  only  the  lowest  modes  of  the  structure,  the  "larger 
At"  permitted  by  the  uncondltionally-stable  methods  compared  with  the 
"small  At"  required  by  the  conditionally-stable  methods  (like  the  3 point 
central-difference  scheme)  makes  the  unconditionally-stable  methods 
attractive . 

Although  one  can  construct  finite-difference  operators  of  the 
implicit  or  e3q>l^  cit  type  having  truncation  errors  as  small  as  one  wishes 
by  using  information  at  time  stations  (t,  t-At,  t-2At,....),  it  is  evident 
that  one  pays  a price  in  the  necessity  of  storing  this  information  in 
order  to  march  the  solution  ahead  in  time.  Further,  the  use  of  an  explicit 
operator  circumveots  the  iterative  (or  extrapolation)  type  of  calculation 
required  for  the  solution  of  the  equations  of  motion  when  an  implicit  time 
operator  is  used. 

6.3.2  Nonlinear  Dynamic  Systems 

The  equivalence  theorem  of  Lax  is  certainly  important  for  linear 
systems,  but,  as  Roache  [181,  p.  50]  points  out,  its  significance  tends 
to  be  overemphasized.  Some  authors  have  baaed  arguments  for  the  convergence 
of  nonlinear  finite-difference  equations  on  the  Lax  equivalence  theorem 
for  linear  systems,  "apparently  out  of  desperation".  While  it  is  useful 
to  study  linear  systems  as  guidelines  to  nonlinear  systems,  Laix's  equiva- 
lence theorem  is  simply  not  applicable  to  nonlinear  systems.  As  Roache 
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tlBl;  50]  point};  out|  a prociao  stability  criterion  in  not  required 
mathomatically . Hicks  [185]  suggests  skipping  over  the  problems  of 
stability  criteria  and  going  directly  to  tho  heart  of  the  matter  which  is, 
after  all;  convorganco,  Pundamontally , one  wants  tho  finite-difforonco 
solution  to  approadh  tho  differential  equation  solution,  and  stability 
definitions  are  of  secondary  nature. 

None  of  tho  criteria  or  analyses  of  stability  are  really  adequate 
for  x-)ractical  computations  of  nonlinear  problems.  Usually  the  stability 
conditions  are  applied  locally.  The  shortcomings  of  this  approach  should 
be  clear.  Several  authors  [182,186,187,  and  1881  have  reported  instabili- 
ties caused  by  nonlinearity,  or  at  least  because  of  variable  coefficients. 
Others  [189]  have  reported  the  phenomena  of  time  splitting  of  solutions 
(Section  III-A-6  of  [181])  which,  though  not  an  instability  in  the  sense 
of  producing  unboixnded  solutions,  is  an  instability  in  a practical  sense 
of  preventing  iterative  convergence. 

It  is  of  fundamental  importance  to  realize  that  it  may  be  impossible 
to  distinguish  between  what  one  might  call  a ^*true**  instability  and  just 
a very  poor  rate  of  convergence > In  fact,  preoccupation  with  tidy  defini- 
tions of  consistency,  convergence,  and  stability  as  the  mesh  size  goes  to 
zero  (At  *>  0)  is  sometimes  rather  futile,  since  computations  are  not  run 
under  these  conditions.  Various  of  the  explicit  methods  have  been  applied 
to  nonlinear  problems  — with  the  corresponding  linear  system  At  limit 
being  used  as  a guide  for  choosing  an  appropriate  At  — in  typical  practice 
some  fraction,  usually  0.8  and  0.9,  of  the  analytically-indicated  maximum 
At  for  the  linear  system.  In  early  time  calculations,  when  transients  are 
large,  smaller  fractions  may  be  needed. 

All  of  the  finite-difference  operators  which  are  unconditionally 
stable  for  the  linear  system  provide  degraded  (grossly  inaccurate)  solu- 
tions for  nonlinear  problems  if  the  time  step  is  too  large. 

Since  there  is  no  reason  to  extrapolate  to  nonlinear  problems  the 
classical  methods  used  to  describe  stability  limits  and  convergence  for 
simple  linear  systems,  the  complexity  of  the  problem  determines  that  the 
best  way  to  examine  the  various  approaches  at  the  present  time  is  by 
numerical  means. 
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6.3. 2. I Implicit  Mothodn  without  itoration 


Stricklin  ot  al.  (xqo]  have  compared  the  axplicit  fourth  order  Rungo- 
Kutta  method  with  tho  implicit  Houbolt  and  Novnnark  (P  -4)  methods.  The 
comparlcona  wore  made  on  problomn  with  nonlinear  strain**dinplacomont 
relations  and  linear  clastic  material  behavior,  solved  by  the  finite 
element  method.  The  "conventional"  form  of  tho  aquations  of  motion  was 
used.  Therefore,  the  equilibrium  equations  consisted  or:  a constant  stiff- 
ness matrix  on  the  left-hand  (unknown)  side  of  the  equations,  and  the 
nonlinear  terms  were  expressed  as  pseudo- load  vectors  on  the  right-hand 
("known”)  side  of  tho  equations.  The  nonlinear  terms  on  the  right-hand 
side  of  the  equation  were  extrapolated  from  the  previous  increments,  thus 
avoiding  iteration.  For  the  extrapolation  of  the  pseudo- loads,  both  linear 
and  quadratic  extrapolations  were  explored.  The  ’inear  extrapolation  was 
felt  to  be  more  accurate  since  the  quadratic  extrapolation  led  to  numerical 
instabilities.  The  Houbolt  and  Mewmark  (3  ■j)  implicit  methods  are 

unconditionally  stable  for  linear  problems,  while  the  fourth  order  Runge 
Kutta  method  is  explicit  and  conditionally  stable.  For  the  nonlinear 
response  of  an  elastic  shell  of  revolution  subjected  to  a step  pressure 
loading,  direct  preference  was  established  for  the  Houbolt  operator  since 
it  was  stable  and  accurate  for  a larger  time  step  At  than  that  required 
for  stability  with  the  Newmark  (3  =■  ^)  method.  The  time  increment  At 
demanded  by  the  Runge-Kutta  operator  was  extremely  small  in  comparison 
with  the  other  two.  Later  on,  Stricklin  et  al.  (191]  extended  their 
investigation  to  include  elastic-plastic  behavior. 

Wu  and  Witmer  (23]  also  compared  the  Houbolt  and  Newmark  3 = 
methods.  They  demonstrated  that  the  Houbolt  method  is  more  accurate  for 
a larger  time  increment  At  size  than  the  Newmark  method,  for  linear  elastic 
or  elastic-plastic,  geometrically  nonlinear  structural  problems,  and  that 
the  3 point  central- difference  method  remains  conditionally  stable  but 
the  stability  criterion  becomes  more  severe  (a  smaller  At  is  required) 
than  for  linear  problems.  The  equations  of  motion  were  cast  in  both  the 
"unconventional"  and  the  "convtatlonal"  form  for  use  with  the  (explicit) 
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central  iUttoronue  time  operator;  only*  the  ’^aonvontional**  form  of  thn 

CH|uationn  of  motion  aould  bo  uood  with  the  (Implicit)  Uoubolt  and  Nowmark 

time  opnratornr  tho  pnoudo--loadn  wore  extrapolated  linearly, 

1 

Wnokn  [192)  oxtunlnod  tho  Uoubolt,  Nawmark  p and  contral** 

difforonco  oporatorn,  Banod  on  a ono-dagroo-of-fruodom  Byntom,  ho  nhowod 
that  UxQ  Houbolt  method  providoa  accurate  Bolutionn  for  a larger  time  step 
At'  than  tho  Nowmark  P =*  method  when  linear  extrapolation  of  the  pBQudo- 
forces  is  used*  Por  the  linear  elastic,  geometrically  nonlinear  response 
of  a cantilevered  rod,  the  results  obtained  indicated  the  same  character*- 
istics  as  for  tile  one-degree-of-freedom  system,  and  with  large  time 
increments  both  the  Houbolt  and  Newmark  operators  gave  grossly  inaccurate 
answers* 

McNamara  1193]  studied  the  central-difference,  Newmark,  Houbolt,  and 
Wilson  time  operators*  Unlike  the  previously-mentioned  authors,  McNamara 
used  the  tangent-stiffness  fojrmulation  of  the  equations  of  motion,  where 
the  stress-strain  relations  for  nonlinear  material  behavior  are  suitably 
linearized  during  an  increment,  and  all  nonlinearities  are  taken  together 
in  one  total  stiffness  matrix;  this  tangent  stiffness  matrix  has  to  be 
reassembled  and  refactorized  frequently  throughout  the  solution*  McNamara 
points  out:  **the  computer  time  required  can  become  substantial  for  large 

problems,  and  much  thought  has  been  given  to  avoiding  this  drawback”.  He 
proposes  the  pseudo- load  extrapolation  method  with  constant  stiffness 
(the  ” conventional”  formulation)  as  an  alternative,  bat  does  not  use  this 
" method  in  the  solutions  presented*  The  tangent  stiffness  matrix  was  kept 
constant  throughout  the  increment*  When  no  equilibrium  iteration  was  used, 
tlie  Houbolt  metliod  again  proved  to  be  the  method  that  gave  accurate  solu- 
tions for  larger  time  steps  of  all  the  methods  ccxnpared.  The  comparisons 
included  a linear  elastic  beam  clamped  at  both  ends  with  a point  step-load 
applied  at  the  midspan  of  the  beam*  This  problem  is  geometrically 
nonlinear.  The  Newmark  3 - and  Wilson  0 *=*  1.5  methods  became  unstable. 

The  ” unconventional”  form  of  the  equations  of  motion  cannot  bo  used  with 
dn  implicit  operator,  since  the  initial  guess  afforded  by  the  ”unconvon- 
tional”  method  is  quite  poor  because  the  gradient  matrix  is  just  tho  mass 
matrix* 
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whUu  the  lloubolt  mothoa  wat.  RtnbXo  for  all  uhockod  valuon  (thnno  valuon 
of  At  wore  an  much  an  fivo  tirnoi?  larger  than  tho  valued  of  At  that  produced 
unntablo  behavior  for  tho  Newmark  operator,  and  thirty  -timed  larger  than 
tho  valuoa  that  produced  inntability  for  tho  contral-difforonco  operator) . 
Another  comparinon  wan  oatabliahod  for  an  impulaively-loadod  beam  olnmpod 
at  both  undo,  with  olastic-plastic  material  behavior,  and  dofloctiona 
reaching  a value  of  more  than  four  times  the. original  thickness.  For  this 
problem  tho  Newmak  (g  = A)  method  proved  to  be  the  most  "unstable"  of  the 
implicit  operators  examined,  and  again,  the  Houbolt  operator  was  given  an 
edge  over  all  of  the  other  operators  examined. 

Recently,  Park  [194]  has  devised  an  attractive  implicit  method.  Two 
numerical  examples  are  shown  for  the  nonlinear  dynamic  response  of  struc- 
tures. A shallow  spherical  cap  with  clamped  edges  under  a step  load  at 
the  apex  was  solved  by  the  Park  and  Houbolt  operators.  This  problem  has 
geometrical  nonlinearities  but  the  material  is  considered  to  be  linear. 

Park  concludes  that  his  method  provides  a maximum  "stable"  step  size  of 
0.5  ysec,  while  this  value  is  0.3  Msec  for  the  Houbolt  operator.  Since 
these  are  the  only  two  At  values  displayed,  it  is  not  clear  what  it  is 
considered  to  be  stable  or  unstable  behavior  in  this  case.  Also,  a simply- 
supported  cylindrical  shell  under  uniform  external  impulse,  with  nonlinear 
material  (elastic-plastic)  behavior  as  well  as  geometric  nonlinearities 
was  solved  by  the  Park  and  Houbolt  methods  by  the  DYNAPLAS  code.  The  same 
problem  was  solved  by  a different  computer  code,  named  SHORE,  tliat 
utilizes  the  central-difference  time  operator.  The  solution  of  the  SHORE 
code  was  utilised  by  Park  as  the  bench-mark  solution.  Park  concluded  that 
the  solution  obtained  with  his  method  with  At  = 8 M sec  was  more  accurate 
tl.an  by  the  Houbolt  method  with  At  = 5 Msec.  This  conclusion  is  intrigxnng, 
since  different  computer  codes  are  utilized,  and  again,  only  the  Houbolt 
method  solution  for  one  At  value  is  displayed.  The  equations  of  motion 
for  this  contt>arison  are  cast  in  the  "conventional"  form,  and  the  pseudo- 
loads are  extrapolated  linearly.  Finally,  Park's  operator  is  at  least  as 
stable  locally  and  has  less  false  damping  and  frequency  distortion  than 
the  Houbolt  operator,  accordingly,  its  use  for  the  present  class  of 
nonlinear  transient  response  problems  deserves  further  investiation. 
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Implicit  MotliodM  witli  Itoration 

It:  Jn  vnry  important  to  dlntinguinh  bntvyonn  two  typun  of  quaniiUatic 
problomM  dccLU'dinq  to  tlio  path^dopoiulonco  of  tho  nolvition.  An  polntuU  out* 
by  Arqyri  i 1170]  , path-inclopomiont  problomn  roadily  load  thommUvon  to  a 
total  oquilibrium  fomulation  in  which  tho  Incromontai  linoarijsation  orrorn 
arc  under  full  control  via  residual  load  Iteration!  In  contrast,  patli- 
dependent  problems  (for  example,  plastic  problems)  make  it  impossibli^ 
to  compute  residual  loads  without  integration  of  tho  prior  history.  While 
patli-independent  problems  guarantee  a return  to  tlio  true  t^olution  path 
within  a given  tolerance,  path-dependent  problems  provide  no  possibility 
of  reducing  the  numerical  integration  errors  without  reanalyzing  the 
process  with  smaller  increments.  The  numerical  solution  of  tlie  path- 
dependent  problems  poses  computational  problems  which  are  fundamentally 
different  from  path-independent  problems.  The  error  control  and  tlae 
development  of  time  step  strategies  which  assure  accuracy  as  well  ss 
stability  are  far  more  complicated.  It  is  a common  mistake  to  believe 
that  residual  correction  at  th.e  end  of  the  increment  will  guarantee  the 
return  to  the  true  solution  path,  tt  is  of  fundamental  importance  that 
the  truncation  error  cannot  be  reduced  by  residual  iteration  for  path- 
dependent  problems. 

Path-Independent  Nonlinear  Problems 

Weeks  [192]  observed  that,  for  the  nonlinear,  path-independent 
response  of  a one-degree-of-freedom  system,  the  Houbolt  operator  provides 
more  accurate  solutions  when  linear  extrapolation  of  the  pseudo-loads  is 
used  than  when  (Newton-Raphson)  iteration  is  used,  for  sufficiently  large 
time  step  sizes  At.  The  numerical  damping  of  tho  Hoxibolt  operator  is 
compensated  by  the  weak  instability  produced  by  the  linear  extrapolation 
of  the  pseudo- loads;  thus,  extrapolation  provides  more  accurate  solutions 
Uian  iteration.  When  the  Newton-Raphson  iteration  motliod  was  used  to 
converge  for  a nonlinear  solution  at  each  time  step,  the  Nowtnark  and 
Houbolt  operators  were  always  stable,  at  least  for  tho  time  st:ep  sizes 
investigated  (time  steps  that  were  small  enough  to  trace  tho  response 
adequately) . In  contrast,  tho  Nowmark  operator  became  unstable  when  using 
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ioad  oxtrapolation  and  Xargor  timo  Rtopn,  whoroati  the  Houbolt  oporator 
waa  alwayn  stabla  with  luad  extrapolation. 

For  tho  olantic  (path~lndopondant)  nonllnoar  roaponno  of  a oanti- 
lovorod  boom,  wooko  found  that,  the  Houbolt  oporator  la  ntabls  (but 
oxhibita  conaidorablo  damping)  when  Newton-Raphson  Itoration  ia  UBod  at 
oach  timo  atop,  while  the  Nowmark  method  exhibita  no  artificial  damping 
but  dooa  exhibit  a alight  shift,  and  was  stable  for  the  time  step  sizes 
invostigated. 

McNamara  [193]  studied  the  linear  elastic  (path“ind0pendoni) 
geometrically  nonlinear  response  of  a beam  clamped  at  both  ends  and 
subjected  to  a point  step- load  at  midspan.  He  used  the  tangent  stiffness 
form  of -the  equations  of  motion.  The  iteration  method  he  used  is  the  • 
so-called  modified  Newton-Raphson  iteration.  This  method  is  just  the 
well-known  method  of  succesive  approximations,  applied  at  each  time  step. 
The  gradient  matrix  is  the  tangent  stiffness  matrix,  which  ia  kept  constant 
within  the  time  step,  and  hence,  is  kept  constant  within  the  iteration 
loop.  He  found  the  interesting  results  that  (for  large  time  steps  At) : 

(a)  the  Houbolt  operator  provides  better  results  when  iteration  is  not 
used  and  (b)  the  Newmark  operator  becomes  stable  for  this  nonlinear  problem 
when  iteration  is  used,  but  the  results  are  not  as  accurate  as  the  results 
obtained  with  the  Houbolt  operator. 

Path-Dependent  Problems 

For  the  path-dependent  (elastic-plastic)  and  geometrically  nonlinear 
problem  exam.  1 (the  impulsive  loading  of  a beam  clamped  at  both  ends)  by 
McNamara  [193] , he  could  not  achieve  convergence  for  the  iteration  scheme 
used  (the  modified  Newton-Raphson  method) . 

However,  Belytschko  and  Schoeberle  [195]  report  to  have  obtained 
"stable"  results  for  the  same  problem.  They  also  used  the  tangent  stiffness 
form  of  the  equations  of  motion,  as  well  as  the  modified  Newton-Raphson 
iteration  scheme  (the  tangent  stiffness  is  kept  constant  within  each 
iteration  loop,  and  recomputed  at  each  time  stop) . Belytschko  and 
Schoeberle  used  a different  computational  procedure  which  ensures  that 
9nSS3Z  is  conserved  within  a given  "energy  error  criterion".  The 
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avoraqn  tuunbnr  of  ItoratiouH  pnr  tlmo  ntop  wno  not  roportod,  out  it  in 
ropoi’tod  that  whoii  largo  timo  ntopn  aro  unrtcl,  from  BO  to  100  i.torationn 
aro  roqulrod  in  tho  flrnt  timo  ntop  bocauno  tho  yicild  valuo  in  oxcoodod 
qulto  a bit  within  that  timo  ntop,  'I'ho  Nowmark  |3  motliod  wan  unod,  with 
valuuH  oC  P " ond  Tho  Nowmnrk  p ^ ■i'  mothoci  in  umitablo,  junt  an 

Cor  linoar  ayntems.  Tho  rosultn  for  p i and  3 | aro  "titablo"  but 

dotorioroto  as  the  timo  stop  alzo  ia  ihcroanod,  with  tho  amplitude  of 
tl>o  rosponsc  increasing  as  the  timo  atop  is  increased.  Tho  throe  probloms 
shown  exhibit  "stability"  and  "accuracy"  for  time  stops  much  larger  (10- 
1000  times)  than  the  stability  limit  of  the  central-differenco  timo 
operator.  However,  in  order  to  have  comparable  computing  times  as  for 
the  central-difference  time  operator,  time  steps 'more  than  twenty  times 
the  size  of  the  allowable  time  step  size  for  the  central-difference 
operator  were  required  for  the  implicit  Scheme.  Belytschko  and  Schoeberle 
conclude  that  the  path-dependence  for  the  problems-  investigated  was  quite 
weak,  and  that  in  problems  with  two  or  tliree  dimensional  states  of  stress, 
the  accuracy  will  deteriorate  more  rapidly  with  increasing  time  step  size."^ 

6.4  Solution  of  the  Governing  Equations 

In  order  to  obtain  the  timewise  solution  of  a set  of  equations  of 
dynamic  equilibrium  sudh  as  Bqs.  6.71,  6.68,  or  6.55,  one  may  resort  to 
analytical  techniques  or  numerical  techniques  depending  upon  the  mathemati- 
cal (and/or  physical)  nature  of  the  problem. 

For  small-deflection  linear-elastic  behavior,  for  example,  one  may 
recast  these  equations  into  normal  mode  form  and  solve  the  resulting 
equations  of  motion  analytically,  mode  by  mode  if  the  forcing  functions 
are  modally  uncoupled  or  are  properly  sequentially  coupled.  Superposition 
of  the  forced  responds  of  each  mode  then  provides  the  total  response  of  the 
system.  Alternatively,  if  desired,  one  may  solve  these  equations  by  using 
a finite-difference  numerical  procedure  whereby  orte  obtains  a recurrence 
equation  which  provides  a solution  step-by-step  in  finite- time  increments. 

If  the  stiffness  matrix  varies  with  timo  as  in  the  present  class  of 
nonlinear  problems,  the  normal  modes  also  vary  in  timo;  of  course,  one 

Since  the  plasticity  itself  becomes  path  dependent  in  stress  space  for 
non-proportional  loading  in  multidimensional  states  of  stress. 
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could  retain  thn  linear  part  of  tho  internal  forco  tnrmn  thoroby 
idontiCyinq  tlmo'- invariant  "normal  modon"  and  treat  thn  romnindnr  of  thn 
ihtornal  Corc«i  tnrmn  an  pauudo'^loadn.  Hownvar,  thn  normal  mode  approach 
may  bncomn  impractical.  Accordimply,  tho  numorieal  finito-diffaronco 
method  in  omployod  in  tho  pranont  otuily  for  nolvinq  oquationn  of  motion 
like  Bqn.  b.71f  Ci.dS,  or  G.D5. 

In  particular,  tho  contra 1-difforonco  finite -difforonco  time  operator 
is  omployod  for  purposes  of  Illustrating  the  solution  process  for  the 
"unconventional"  formulation  described  in  Subsection  6.4.1.  Since  the 
central-difforenco  time  operator  is  an  explicit  scheme,  the  solution  of 
the  equations  of  motion  is  best  handled  by  tho  pure  vector  form  described 
in  Subsection  5.2.3. 1,  which  is  denoted  hero  as  the  "unconventional" 
formulation}  of  course,  other  methods  like  the  constant  stiffness  method 
("conventional"  formulation)  can  be  and  were  used  in  the  past,  but  these 
methods  are  not  as  efficient  as  the  "unconventional"  formulation. 

In  Subsection  6.4.2,  the  Houbolt  (finite-difference)  time  operator 
is  employed  to  describe  the  solution  process  for  the  "conventional"  or 
for  the  "modified  unconventional"  formulation. 

6.4.1  Explicit  Solution  Process  of  the  Equations  of  Motion 

As  indicated  earlier,  the  equations  of  motior  (Eq.  6.55)  in  the  pure 
vector  form  are: 


1 — 1 

If] 

1) 

1 

:f] 

where  [M]  is  the  global  mass  matrix,  {l}  is  a vector  of  internal  forces 
associated  with  linear  and  nonlinear  terms  of  the  strain” displacement 
relations  as  well  as  elastic  and  plastic  forces;  and  {p}  represents  the 
generalised  load  vector  accounting  for  externally-app  d distributed 
or  concentrated  loads.  These  equations  are  to  be  solved  at  a sequence  of 
instants  in  time  At  apart  y employing  tlie  following  central-difference 
(explicit)  (finite-difference)  simulation  for  the  acceleration  q^  at  any 
instant  t: 
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(G.73) 


Alno,  ono  may  nppiroxiraato  tho  volocity  q*  at  tlmo  t by: 

Now  note  that  at  any  time  instant  t,  Eq.  6.72  can  be  written  exactly  as 


M if),.- in,  t IF), 

In  this  equation,  all  quantities  except  [MJ  change,  in  general,  with  time. 
If  the  solution  has  been  obtained  for  earlier  instants  of  time,  one  may 

compute  {q*}^  from  this  equation  (Eg.  6.75),  and  then  use  Eg.  6.73  to 
obtain  as: 


(6.76) 


At 


Assuming  that  at  t = 0,  the  structure  is  at  a known  condition  such  as 


■’  irt'W  ’ IfH®] 


(6.77) 


one  oan  readily  obtain  {q*}^^  from  the  following  Taylor  series  expansion: 


since  {P}^  is  prescribed  and  all  other  quantities  are  known. 

In  the  timewise  step-by-step  solution  process  involving  geometric 
(path-independent)  nonlinearities  as  well  as  material  (path-dependent) 
elastic-plastic  transient  responses,  the  vector  of  internal  forces  {l} 
changes  with  time  and  hence  must  be  reevaluated,  in  general,  at  each  ^ 
instant  in  time.  This  Vector,  in  turn,  is  composed  by  assembling  the 
contributions  (see  Eq.  6,51): 
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(6.79) 

^We  '^C%)e 


whnjTH 


XJ'L-Kjjj,) 


(6.00) 


for  uach  flnlto  ulumunt  ”o*’,  (ooo  Bqo.  C.51,  6. SO,  6.S4,  and  6.55).  It  io 
soon  that  those  quantities  involve  volume  intogralo  of  information  involv- 
ing the  stress  state  In  practice,  these  evaluations  arc  carried  out 

by  appropraito  numerical  integration  — Gaussian  quadrature.  This  requires 
that  the  stresses  and  displacement  gradients  ^ J {q}  be  evaluated  at 
a finite  number  of  Gaussian  integration  points  over  the  "apanwise''  or 
"areawise"  and  the  “depthwise"  region  of  each  finite  element. 

At  any  Instant  of  time  t,  one  needs  to  solve  Eq.  6.75  for  {q)^,  which 
is  of  the  form: 

[H]  I X am.(6.81) 

where 

tM]  is  a known  banded  positive  definite  syinmetric  matrix 

{x(t)}^  is  a vector  of  unknowns  which  must  be  determined  by 
solving  Bq«  6«81 

{b(t)}^  is  a known  vector  (representing  all  terms  except 
tM]  in  Eq*  6*75) 

In  order  to  solve  Eq.  6.81|  the  Choleski  method  is  used.  Briefly# 
the  well  known  choloski  method  tl96)  involves  factoring  the  matrix  tM] 
to  form  a lower  triangular  matrix  and  an  upper  triangular  matrix#  which 
is  the  transpose  of  the  former,  if  a diagonal  (** lumped'*)  mass  matrix  is 
used#  then  the  solution  of  Eq.  6.81  is  trivial#  and  hence  extremely  fast. 


266 


An  nltornnt<'  tjolution  Hohnmn  in  tho  tripin-fnctoriiflation  nnd 
nni-juimtlal  nolution  mofcljod  (nnn  pp.  of  Rnf,  19(i)  and  in  morn 

offiijitiui  and  bnttnr  nonditioncd  numaricallv  t-han  tlm  ntnndard  ahoianKl 
mothud,  Tliin  mi.itJiod  in  alno  callod  tho  (Jaunn-ppolittln  dnqomponi1:.ion 
with  rioquonUn.1.  nolution  (non  pp.  n-n  of  Rof.  197)  and  uunnintn  of  two 
major  ntopui 

1.  Thu  ylobul  mono  matrix  in  fnetorod  into  a triplu  product  (triplo 
faetoriaution  or  GauoB-Doolltfclu  duoomponition) . 

2.  Tho  dioplaeomontti  are  uolvod  for  soquontially , in  threu  Btii- 
stops . 


The  global  mans  matrixl'Mjis  factored  into  tho  formt 

[Hll  = CtlCD]CL.3^ 


whereCbJis  a lower  triangular  matrix  with  zeros  in  its  upper  triangular 
portion  and  unity  on  the  diagonal,  and[Dlia  a pure  diagonal  matrix.  . By 
direct  substitution  and  comparison,  one  can  show  readily  that 


and 


<w-»  2. 


(6.82a) 


LiK  * i - 2 Lip 


f 

Note  that  for  m “ 1,  there  ate  no  summation  terms.  By  the  use  of  Eq. 
6.82,  Bq.  6.81  may  be  rewritten  as 


(6.82b) 


Next,  let 


where 


CLj  L®:  cu]^  { X ] = { b} 
[L]{Tl}  = Ibi 


(6.83) 


(6.84) 


(6 . 84a) 
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flolvlng  Eq.  6.84  for{Rj,  ono  obtains  by  forward  aolution 


-2  L-r^r] 


m-n, 


Noxt,  rewrite  Bq.  6.B4a  no 


whoro 


M (f } • 

C'-rw- W 


(6.8Q) 


(6.86) 


(6.86p^ 


Solving  Eq.  6.86^  ono  finds 


I'l'l  ■ [!>]■'  W • 


% 

i 


(6.07; 


Finally,  Eq.  6.86a  is  solved  by  backward  substl -ucion  to  obtain: 

ZUL 

L4i«t 


^")  (6.ee 

Uni-I  4»-l 

)C  = “j  (T^  *“  Lii  X;t  ■"  1-31  X3  ...  *“  L «l-l  X /»l) 


Sequentially,  the  “computing  and  storing”  process  involves  (a)  solving 
Eq.  6.84  for^Rjand  replacing ^b\ by {R^  (b)  solving  Eq.  6. 86  for and 
replacing {rJ by [tj,  and  (c)  solving  Bq.  6.86a  for  (x)  and  replacing  jp} by  {x}. 
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i^.,2  ImpllcK;  Solution  Procng,,  pf  tho  Equations  of 

Tho  oonntonb  ntiffnona  form  of  the  oquationa  of  motion  in  to  bo 

with  implicit  operator.  From  Eqn.  6.71  and  6.6a,  thoao  oquatlonn  of 
motion  aro: 


U^od 


E^illVCK]  . {F}  + { 


(6.89) 


whoro  IM)  IS  the  ,lobsl  sajs  n»tri«,  CK]  la  the  usual  small  strain,  llnaar- 
Olastlc,  global  (oonstanti  stlffnsH  "“rix.  and  {p)  Is  tbs  load  veotor 
roprassntlng  giarnallj,  applied  distributed  or  ooncentrated  loads.  The 
vector  (F  } is,  for  the  ''conventional''  formulation 


(6.90) 


a pseudo-load  veotor  representing  internal  foroes,  whioh  for  small  strains 
can  be  deoomposed  into  three  veotors,  (pf ) a veotor  arisingi:;:  ;ir~ 
nonlinear  terms  in  the  atraln-displaoement  equations,  and  {p'')  and  {p"4 
pseudo-load  veotors  due  to  plastio  (small)  strains  and  assooLted  respeo- 

vely,  with  the  linear  and  nonlinear  terms  of  the  strain-displaoement 
relations. 

For  the  "modified  unconventional”  formulation,  the  vector 


(6.91) 


is  a pseudo-load  veotor  representing  internal  foroes  arising  from  (small 
and  finite  strain)  elastlo-plasUo  behavior  as  «ell  as  all  (linear  and 
nonlinear)  terms  of  the  strain-displaoement  relations.  In  Eg.  6.91,  the 
matrix  [KJ  is  the  same  global  (oonstant)  stiffness  matrix  appearing  on 
the  left-hand  side  of  Eq.  6.89,  and  (l)  is  the  SOS.  Pacado  load  veotor 
of  internal  foroes  used  for  the  "unoonventional”  veotor  form  of  the 
equations  of  motion,  Bq.  6.72.  The  "modified  unoonventional"  form  of  the 
equations  of  motion  (Eq.  6.91)  is  more  efficient  than  the  "oonventlonal" 
form  Of  the  equations  of  motion,  as  well  as  being  valid  for  finite  strain 
+ 

Of  course,  one  can  also  use  a variable  stiffness  formulation  with  imDllclt 
operators,  like  the  tangent  stiffness  form  of  the  equations  of  motion. 
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mntorial  bohavior  of  any  kind,  whUo  tho  "oonvontional"  form  in  valid  only 
for  f)mall"Otrain  olantlc-plantic  makorlnl  bohaviori 

Tho  nolution  of  tho  dynamic  equation  of  motion  (Eq.  6.89)  can  bo 
accompliohod  by  applying  an  implicit  intogratlon  nchomo.  In  tlUn  nchomo, 
tho  timo  dorivativoH  of  tho  nodal  dioplacomont  vector  Iq*}  (that  in,  {q*} 
and  aro  exprosaod  at  a dlscroto  timo  instant  in  torms  of  tho  nodal 

diaplacomonta  at  sovoral  nearby  discroto  timo  instants.  When  substituted 
into  tho  governing  equation  of  motion^  a rocurrenco  relation  is  obtained 
from  which  displacements  can  be  calctilated  at  each  discrete  time  instant. 

Tho  acceleration  time  t + At  is  expressed  by  a 4-point 

backward-difference  formula  in  the  Hou)jolt  operator; 

+ 0(At)^ 


The  velocity  {q  at  time  t + At  can  be  expressed  by  the  following 

3-point  backward-difference  formula  having  the  same  truncation  error  as 
{q*} 


t+At* 


For  computational  convenience,  the  terms  in  Eq.  6.92  can  be  regrouped 
so  that  at  time  t + At  can  also  be  related  to  {q*}^  at  time  t: 

t I A)  ■ i l^*)t 
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KHiuitton  I’iUi  ho  writton  to  oxpvoiin  dynomict  uqii.tlihr;l.um  at 

tlmo  t t At  ao 

.{fI  ijF*l  

'*  ' ■'t+At-  I ' -'t+At  L Jt+At  L it+At 

K«luat,i,ou  iuO!>  iii  thon  nubntltutod  Into  Hq.  (>.96  and  thi>  turmo  rcqfoupocJ 
to  qivu 


Tho  rocurronco  relation  qiven  by  Eq.  6.97  can  be  aolvod  at  each  ^xme 
step  for  Uie  unknown  diaplacomonta  at  time  t + At,  baaed  on  the 

k..o»loa<,o  of  (4)^,  and  (>,.)^.  ti,o  quantities 

(4*}(,i  and  on  the  rloht-hand  side  of  tho  oquiUbrium  equation  (Bq. 

6.97)  are  known  at  time  t + At,  but  tho  vector  of  pseudo-forces  , 

* 1’  1 ^ ^ 

IS  a function  of  and,  thus,  ia  not  known.  Consequently,  either 

some  form  of  extrapolation  or  iteration  is  required  to  calculate  {P**^} 

. t+At 

as  will  be  discussed  in  Subsection  6*4 *2.1  and  6, 4.2* 2, 

Once  is  determined,  the  velocities,  can  bo  obtained 

from  Eq.  b.93,  and  tho  solution  advanced  to  the  next  time  instant.  This 

process  is  repeated  utitil  some  specified  termination  point  is  reached.  The 

process  is  self-starting,  since  once  the  initial  conditions,  {q*}  and  tq^} 

o ^ o 

at  time  t ^ 0 are  specified,  tho  solution  for  is  obtained  directly 

from  Eq.  6.97.  However,  in  order  to  evaluate  tlio  velocity  {q^}.  at  time 

At 

t - At  (needed  to  calculate  from  Eq.  G.93,  is  needed 

but  is  not  known.  Thus,  some  fomt  of  **startinq  sequence**  is  required.  Tn 
the  present  case,  calculated  from  a contral-di f foronce  expression 

for  iq*} 


90) 
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(6.99) 


Which  when  solved  for  {q*}  qivos 

and  nubntituttng  this  into  Eq.  6.93  (for  t - 0)  given  tho  required 
ojtproasion  for 

After  the  first  time  step^  the  solution  progresses  using  Eq.  6.97  for 
^‘^*^t+At  ^^*^t+At‘ 

The  matrices  [M]  and  [K] , and  the  time  step  siae  At,  are  held  constant 
throughout  the  timewise  solution.  In  order  to  solve  Eq.  6.97  for  {q*} 
the  triple- factoring  form  of  Gauss-Jordan  elimination  is  used,  as  reviewed 
in  Subsection  6.4.1.  The  matrix  sum  ^tlM)  + [KJ)  is  thus  formed  and 
factored  only  once,  prior  to  the  first  time  step.  At  each  time  step, 
^^*^t+At  obtained  by  back-substitution  operations. 


6 ♦ 4 e 2 , 1 Extrapolation 

Using  a first  order  Taylor ‘s  series  expansion  about  time  t,  one 
obtains : 


Approximating  the  partial  derivative  ^ by  a first-order  backwards 

difference  expression  gives* 


sxibstituting  this  back  into  Eq,  6.101  produces  the  following 
extrapolation  expression" s 


(6.102) 


"linear 


(6.103) 
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.,„  u,„  

in  a nonnj^gjt  a„„c«tmau„„  ot  tho  „n...„cta-load  anator  (l-"'') 

a.  103  ccri„,„«„a„  to  a lUoat  oxtjaisiatia,  o£  tho  loadnt™ 
the.  two  piovioua  time  instantB, 


(6.106) 


for  the  "modified  unconventional  formulation  ^^u-u  m 

/Mt.T«.^  at  formulation  with  linear  extrapolation” 

LE)  form  of  the  equations  of  motion,  and 


MM 


LI 


(6.107) 


(6.108) 


oi  o ”convontional  linear  extrapolation”  form  of  the  equations  of 
motion.  The  linear  extrapolation  of  the  pseudo-force  vector  arisint,  from 
non  rnearitxes  has  siqnificant  advantages:  no  iteration  for  convergence 
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VWHW 


■'  ana  only  « vector  ({p^I*)  . 

tho  con^toto  .,.cobi„„  ^ 

Nowton-Raphaon  method.  naceaoary  with  the 

h.^‘2.2  Iteration  and  converc^nn^ 

~s:::::::r  t r - 

tlonb.  This  itorauvs^c^  " “ 

it  doss  not  ““ 

^SMiSntJ!^.  Which  Is  coh,i;tnt  »Uh  L"  iTlT'"’ ' ' "' 

stiffness  form  of  the  equations  of  .<  °°"®*“t  . 

^stions  Of  motion  000^^^  e.^r'  ~-  - 

* i rtrit  {^*}t) + { F-^«] 

^ Ji4At  h»O^I;...K 

in  this  recursive  relation,  n denotes  the  nth  iter«f^ 

« indicates  the  total 

during  a given  At  time  sten  n>u  J^equired  for  "convergence" 

on  initial  estimate  {/\  (superscript  «o")  with 

hse  the  entrapoiated  load  f^^  1 .-shdo-ioad  ueotor.  it  is  natural  to 
estimatei  hence,  * i"““'s>'ta  as  the  first 


(6.110) 


i^sn  a ualue  of  the  displacement  vector  is  obtained  from  bq.  b.l<« 


Where  ^ 

+[K] 


(6.111) 


(6.112) 
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(6.1.13) 


{B}  = [Fl 


vocte  cm,  bo  obtalm-d,  am,  tbon  a „ow  .-»u„.,to  fr«,  t„o  »olutio„ 


(6.114) 


can  also  ba  obtain*!,  and  so  on.  Tills  Itorativo  procsn  is  contlnuad 
until  althar  convorgonon  o£  two  suocossivo  dlapiacomont  voctors  is  noted 
or  a spocKiod  nundier  of  iterations  is  roachad.  The  method  of  sucoesslvo 
substitutions  is  sovoruly  limited  by  its  inability  to  converge  for  problems 
exhibiting  a significant  degree  of  nonlinearity. 

For  a one-degree-of-freedcTO  system: 


(6.115) 


it  is  easy  to  show  that  if  P(q*)  possess  a continuous  derivative,  it  is 
necessary  for  convergence  of  the  method  of  successive  substitutions,  that 


< A 


(6.116) 


Where  a is  a root  of  Eg.  6.115.  Moreover,  since  the  gradient  matrix  tA] 
stays  constant  during  the  iteration,  this  method  has  a very  slow  rate  of 
convergence  when  it  does  converge.  Purthermore,  when  unloading  of  an 
elastic-plastic  solid  occurs,  evert  the  Newton-Raphson  method  (which  has 
proven  itself  to  be  one  of  the  best  solution  methods  available  for  static, 
geometrically  nonlinear  analysis)  fails  to  converge  in  many  cases,  as 
pointed  out  by  Stricklin  and  Haisler  {198] , who  anticipate  that  this 

lack  of  convergence  arises  from  tlie  discontinuity  produced  by  elastic 
unloading. 
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A naatod  doublo.  itoration  procoduro  uaing  an  inner  loop  Mewton- 
Raphpon  procoduro  hao  boon  omployod  sdccoaafwlly  in  materially  nonlinoar 
static  analyais  by  Buahnoll  (I99j.  The  outer  loop  updates  (for  a given 
value  of  tho  load)  the  material  properties  and  strain  components  while 
the  inner  one  ensures  equilibrium  for  that  set  of  material  properties. 

The  problems  solved  in  Ref.  199  did  not  involve  cases  of  severe  unloading 
and  were  not  dynamic.  Stricklin  and  Haisler  [198]  conclude  "The  research 
conducted  to  date  tends  to  indicate . that  additional  refinements  are 
necessary  before  the  direct  application  of  the  Newton-Raphson  method  can 
be  made  for  plasticity  problems  with  complex  loading  and  unloading 
patterns" . 

For  the  present  work,  the  following  compromise  procedure  was  devised. 
Knowing  in  advance  that  the  method  of  successive  substitutions  will  fail 
to  converge  for  the  complex  geometrically  and  materially  nonlinear  dynamic 
problem  being  analyzed  (that’ involves  complex  loading  and  unloading 
patterns) , it  is  still  hoped  that  the  first  few  iterations  will  be 
"asymptotically  convergent"  in  the  sense  that  the  first  few  estimates  of 
the  solution  may  be  closer  and  closer  to  the  solution  until  the  method 
diverge.  Monitoring  the  rate  of  convergence,  the  iteration 
loop  is  stopped  once  divergence  commences  and  the  last  "converged" 
estimate  of  the  solution  is  taken  as  the  solution  (in  "equilibrium")  for 
that  time  step,  in  order  to  monitor  the  convergence,  two’ criteria  were 
applied.  The  first  criterion  is 


d 

!{i'i 
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l{^-j 

► 

i+At 

^ (6.117) 

where  I I {<5*"). . | | is  the  Euclidean  norm  of  the  vector  {g*"} 

^ t+At’ 

((f), .„)])'  . »■.» 
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It  ii5  oany  to  ithow  that  tlw  convorqonco  ariturian  Eq.  G.U7  in  morn 
utringont  (by  a factor  of  2)  than  tho  convorgonuo  criterion  obtained 
from  tho  difforonoo  of  tho  Euclidoan  norroni 


LiAt 

L 1 Jt+A^ 

y -/Trr’  a 
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t+At 

\ y IT  C,  - 1 

(6.119) 


(6.120) 


which,  for  small  e is  approximately: 


J 

r H+r 

L+At 

E 

1 JLvAk  1 , .m. 

<-e 

Hence,  if  convergence  criterion  Eq.  6.117  (used  in  the  present  work)  is 
satisfied  to  a given  tolerance  e,  then  convergence  criterion  Eq.  6.121 
(used,  for  example,  in  Ref.  200)  1s  satisfied  to  E.  In  the  present  work, 
the  convergence  criterion  was  taken  to  be 

^ i * 10  (6.122) 


The  second  convergence  criterion  examined  in  the  present  study  was: 


J 

It+Atl 

y c 

111").... 

(6.123) 


It  is  easy  to  show  that  this  convergence  criterion  is  more  stringent  than 
the  previous  ones,  since,  from  the  triangle  inequality: 
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Hence,  if  the  Eq.  6.123  criterion  is  met  within  a given  solerance  6,  it 
certainly  meets  criterion  Eq.  6.121  to  within  a smaller  or  equal  tolerance. 

The  convergence  criterion  Bq.  6.123  is  to  be  preferred  to  Eq.  6.121 
since,  for  any  norm  |l{q”'*’^}  - {q**)||  is  a measure  of  the  deviation  of 
the  approximation  in  vector  space. 

In  the  present  work,  the  quantity  S was  taken  to  be 

5 a lx  10'*^  (6.126) 

If  the  iteration  scheme  were  convergent#  it  would  take  a certain  number 
of  iterations  to  meet  a given  criterion;  however#  since  the  present 
iteration  scneme  will  not  always  converge,  the  following  test  is  made; 
if  the  condition  of  Eq.  6.117  or  Eq.  6.123  is  not  met,  the  iterative 
process  is  continued 


for  Eq.  6.117,  or 


for  Eq.  6.123. 

Hi-'U 

— (6.128) 
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othorwioo,  if  conditions  Eq.  C.127, 
Itoiratlon  prooons  in  otoppod,  nnd 


6.128  nro  not  sAtinfiod, 


the 


(6.127) 


tho  grovw  that  aatlofiod  hq.  S.I27  or  6.128  ia  tokon 

oquiUbrlum”  oolution  for  that  time  stop. 


as  tho 
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SECTION  7 


EVAI.UATION  AND  DISCUSSION 


7.1  Introduction 

In  ordoir  to  ovaluato  tho  pronont  flnito'-titrain  Cormulation  nnd  impln- 
montod  computational  procoduro  for  prodioti  •’■.g  tranniont  otructurnl 
rotjponooD  produced  by  novoro  trantilont  oxtornal  loado  or  impact,  ouvoral 
wcll-definod  probloma  for  which  indepondont  prodictiona  and/or  roliablo 
experimental  data  are  available  for  compariaon  are  invoatigated.  This 
discussion  is  divided,  for  convenienco  and  clarity,  into  two  categorioa* 

(1)  impulsively- loaded  structures  and  (2)  fragment-impacted  atruotureo. 
Further,  under  each  of  those  categories,  there  are  two  types  of  structural 
response  and  modeling t (a)  two-dimensional  (or  planar)  and  (b)  three- 
dimensional  (non-planar)  structural  deflections. 

Impulsively- loaded  structures  discussed  in  Subsections  7.2,  7.3,  and 
7.4,  respectively,  are  a narrow  plate  (or  beam) , an  initially  circular  ring, 
and  an  initlally-flat  square  thin  aluminum  plate  with  all  four  sides 
ideally-clamped.  These  first  two  structures  exhibit  essentially  two- 
dimensional  deformation  behavior,  while  the  third  one  involves  distinct 
three-dimensional  structural  deflections  as  well  as  large  levels  of  strain. 
These  examples  are  especially  important  since  the  conditions  responsible 
for  producing  the  large  transient  deflections  are  very  clear  and  well 
defined  --  each  represents  a well-defined  initial-value  problem. 

Accordingly,  these  examples  provide  a clear  and  stringent  test  of  the 
accuracy  and  reliability  of  the  present  finite-strain  formulation  and 
computational  procedure. 

Discussed  in  Subsections  7.5  and  7.6  are  structural  responses 
produced  by  fragment  impact.  A steel  containment  ring  which  was 
subjected  to  simultaneous  impact  by  3 equal-size  bladed-disk  fragments 
from  a T58  aircraft  engine  turbine  rotor  is  examined  in  Subsection  7.5, 
and  is  found  to  exhibit  essentially  two-dimensional  structural  response. 
Hence,  this  containment  ring  was  represented  for  analysis  by  curved-ring 
finite  elements  which  pertain  strictly  to  two-dimensional  response. 
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ConfUUorocl  In  Subnoptian  7.G  An  n narrow  aliiroirmm  platn  having  both 
oncln  laoaUy  plampod,  both  nldon  frno,  and  nub;)opuKj  to  porpondioular 
impnpt  at  Atn  midwAdth»rai.dnpan  Jocatlon  by  a fioUd  ritnnl  nphorn  of  l-lnch 
Uiamotor.  Noar  tho  ''Jrapact  ntntion”  tho  ntructuro  oxhibitn  novoro  thrc.o 
»Umonolonal  utructurn],  doforrantAono,  cilnowhoro,  oxoopt  vary  noar  tho 
oiampod  ondo,  tho  npooimon  dioplayu  oonontAal  two-dlmonnional  dofloction 
bohavAor.  Accordingly,  thin  narrow-plato  upooimon  waa  analyaod  in  two 
different  waya.  Plrat,  tho  structure  and  the  attacking  fragment  wore 
as  a strictly  2-D  problem—  tho  structure  vaa  roodolod  with  2-D 
beam  Glomonts  and  tho  fragment  was  regarded  as  being  a aolid  cylindrical 
fragment  extending  across  tho  entire  width  of  the  beam.  in  the  second 
analysis,  the  structure  was  represented  by  flat-plate  elements  which  can 
accommodate  three-dimensional  structural  deflection  behavior,  and  the 
fragment  was  represented  as  a non-deformable  sphere  of  1-inch  diameter. 

Each  of  these  oases  is  discussed  in  the  following. 

7_«2  Impulsively-Loaded  Narrow  Plate 

7_.2<1  Problem  DefinitAon 

To  provide  a well-defined  initial-value  problem  which  would  furnish 
reliable  experimental  data  on  large-deflection  elastic-plastic  transient 
structural  responses  involving  significantly  large  peak  and  permanent 
strains,  narrow  aluminum  plates  with  both  ends  ideally  clamped  and  both 
sides  free  were  subjected  to  known  impulse  loading  [l],  see  Pig.  8.  m 
particular,  a 6061-T651  aluminum  narrow  plate  (or  beam)  specimen  denoted 
as  CB-4  with  8.005-in  span,  1.497-ln  width,  and  0.l02-in  thickness  was 
loaded  uniformly  impulsively  over  its  entire  width  and  a 1.80-in  spanwlse 
region  centered  at  midspan  by  the  sheet  explosive  loading  technique. 

This  resulted  in  essentially  a uniform  initial  lateral  velocity  of 
10,590  in/soc  of  the  loaded  portion  of  the  specimen;  accordingly,  the 
initial  kinetic  energy  was  3930  in-lb.  Spanwlse  oriented  strain  gages 
were  attached  to  the  upper  (non-loaded)  surface  at  various  distances 
measured  from  the  midspan  location.  These  strains  were  displayed  and 
recorded  photographically  from  Oscil-loscopes.  Post-test  measurements 
of  the  permanently-deformed  configuration  wore  made.  barge  transient  and 
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pormftnont  dofloatiano  woro  produond.  Thpoo  data  arn  iropoptod  in  Rof.  1. 

Uniaxi’l  otatlo  fconnilo  tont  apoaimono  whono  axnn  wnrn  parniloj,  to 
tho  npanwiflo  diwction  of  npocimon  CD''4  wore  madn  from  tho  t,hiek"pJato 
Htock  from  whieh  apocimon  CR"4  wan  proparod.  High'-olongntion  ntrain  gngon 
woro  uood  to  maaemro  tho  rolativo  olon^ation  of  thono  apoolroono  in 
fltatic  tonoilo  tooto  ao  a function  of  tho  applied  load  Pj  tho  initial 
oroou-oootional  area  of  each  opooimon  wao  known.  For  uoo  in  tho 
"small  otrain"  and  in  tho  "finite  strain"  caloulationoi  tho  uniaxial 
static  strosa-strain  information  is  approximatod  ao  deocribod  in  Subuoction 
7.2.2  for  beom-finite-elomont  modeling  and  in  Subsection  7.2.3  for  plato- 
finito-elomont  modeling  of  tho  CB-4  narrow-plato  opocimon. 

Finite  element  analysos  of  specimen  CB-4  have  been  carried  out  to 
compare  predictions  based  upon  (a)  tho  (previous)  small-strain  procedure 
and  (b)  the  present  consistent  finite-strain  procedure  versus  the  experi- 
mental results.  Further f for  each  case  the  specimen  has  been  finite- 
element  modeled  in  two  wayst  (1)  by  assumed-displacement  cubic-cubic  (CC) 
beam  elements  and  (2)  by  assxuned-displacement  linear- linear-cubic  (LLC) 
flat  plate  elements.  These  two  types  of  finite  element  modelings  of 
narrow-plate  specimen  CB-4  and  the  resulting  predictions  are  discussed  in 
Subsections  7.2.2  and  7.2.3,  respectively. 

7.2.2  comparison  of  Small-Strain  vs  Finite-Strain  Predictions 
for  Structural  Modeling  by  Beam  Finite  Elements 

Since  there  is  symmetry  about  the  midspan  location  y » 0,  only  the 
half  span  of  specimen  CB-4  was  modeled  by  4 IDOF/node  beam  type  finite 
elements.  The  use  of  beam  elements  implies  the  assumption  that  the  dis- 
placement behavior  is  two-dimensional  (or  planar) . Studies  reported  in 
Refs.  28  and  30  indicate  that  the  use  of  20  equal- length  4 DOP/node  beam 
elements  provides  a reasonable  modeling  - permitting  one  to  obtain 
essentially  converged  predictions  for  the  displacements.  The  use  of  a 
finer  mesli  in  order  to  obtain  converged  strain  predictions  would  have  been 
preferable,  but  the  unduly  large  computing  time  for  a significantly  finer 
mesh  was  outside  the  range  of  what  the  present  financial  resources  Would 
allow. 
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Par  analynin  tho  unlaxlaX  tonaUo  ntatic  atrcaa^atraln  bohavlor  of 
thin  lot  of  6061^T6S1  aluminum  (non  Pig.  29a  of  Rof.  2 «nd  Pig.  la  of 
Rof.  30)  wan  modolod  by  )>ioaawino  linoar  nogmonta  for  ueo  in  tho  mochanioal 
.ublayor  modal.  Thio  ntrain-hardoning  model,  as  implomontod  in  tho 
oman-atraln  JET3  computer  program  [24],  roquiros  that  tho  strGa.s-„t, .,tn 
curve  being  modolod  >vuat  bo  monotonically  increasing  - tho  stroas  asaoc- 
latod  with  the  stroas-atrain  curve  must  not  decrease  with  increasing 
strain -and  unloading  must  proceed  elastically  at  the  same  slope  or  ■ 
modulus  as  the  original  elastic  modulus.  since  the  uniaxial  Kirchhoff 
stress  versus  uniaxial  Lagrangian  strain  exhibits  this  type  of  mono- 
tonic behavior  whereas  the  2nd  Piola-Kirchhoff  stress  S does  not,  the 
uniaxial  tensile  static  stress-strain  data  from  Pig.  29a  of  Ref.  2 was 

ashionby  the  follo;ang  stress-strain  pairs  (t^  , y^)  « (o,o) , (41,000  psi, 
0.0041  in/in),  (45,000  psi,  0.0120),  and  (53,000°psi,  O.IOOO),  note  that 
is  the  uniaxial  engineering  stress  and  E Is  the  axial  relative 
elongation:  E^  a ((1+  2y^)  . In  the  JET  3 computer 

program  [24]  used  for  the  analysis,  the  resulting  stress  t was  used  as 
giaxing  the  role  of  the  proper  second  Piola-Kirchhoff  streL  S (or  I) 
upon  Which  the  basic  finite-element  formulation  was  based.  since  the 
OBT  3 computer  code  is  valid  only  for  gnall  strains,  this  is  consistent 
because  for  small  strains  s^.  m view  of  the  above  considerations  as 
well  as  the  data  scatter  in  experimental  uniaxial  stress-strain  measure- 
ments, this  adopted  comEros^e_^rooedure  (not  fully  consistent)  was 
believed  likely  to  provide  reasonable  predictions  of  structural  response 
involving  small  strains,  but  was  expected  to  be  significantly  in  error  at 
large  strain  levels.  At  what  strain  levels  these  computer-implemented 
approximations  lead  to  unreliable  predictions  was  (until  now)  very 
certain.  Accordingly,  this  compromise  procedure  has  been  termed  the 
••small-strain  analysis"  here  and  in  Ref.  30.  Also,  it  is  assumed  that 

strain  rate  effects  can  be  approximated  satisfactorily  by  an  expression  of 
the  form 
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where  T and  are,  respectively,  the  static  and  the  strain-rato- 
dopendent^yield  stress  of  the  s,th  elastic,  perfoctly-plastic  mechanical 
sublayer,  and  Yy  ® material  rate  of  the  ^iaxial  Green  (Lagrangian)  . 

strain  Y « The  strain  rate  constants  d and  p for  alumimmi  as  cited  in 

« -1 
Refs.  201  and  202  were  used  as:  d <=>  6500  sec  and  p » 4. 

For  a consistent  finite  strain  representation  and  computer  implementa- 
tion of  tne  correct  stress-strain  behavior,  the  uniaxial  tensile  stress- 

* „ 

strain  data  of  Pig.  29a  of  Ref.  2 was  recast  into  Xy  versus  e"  = Jin  7—  » 

o o 

logarithmic  ("natural"  or  "true")  strain  H Jin  (1  + . This  curve 

was  then  fitted  in  a piecewise- linear  fashion  by  the  following  t , e pairs 
for  use  in  the  mechanical-sublayer  model:  (x^  , e^)  = (0,0) , (44,200  psi, 

0.00442  in/in),  (49,200  psi,  0.076),  and  (76,400  psi,  0.615).  It  is 
assumed  that  strain- rate  effects  can  be  approximated  by: 


(7.2) 


where 


o 


u 


A*  = u 

u " dt 


static  (subscript  "o")  uniaxial  yield  stress  of 
the  £th  elastic,  perfectly-plastic  mechanical 
sublayer 

a train- rate-dependent  yield  stress  of  the  £th 
mechanical  sublayer 

— » longitudinal  comt>onent  of  the  rate  of 
deformation  tensor 


For  illustrative  purposes » the  material  strain  rate  constants  d and  p for 
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alumlmwn  citod  in  Hoin.  201  and  202  aro  unud;  d ^ 6500  ana  and  p ~ 4, 

For  analynin^  tho  half  npan  of  npocimnn  CU-’4  wan  tnodnlod  by  unlnq  20 
oqual-lonqtU  4 DOF/nodn  (oublc-cubic)  anaumod-^dinplacnmont  finite  olcmuntn, 
and  nymmotry  conditlonn  were  imponed  at  midopan.  Four  Bpanwioo  and  four 
dopthwino  Caunnian  Btationa  wore  used  for  tho  volume  integration  of  tho 
f Inlto-olomont  property  equations.  A consistent  mass  (CM)  matrix  was 
employed  for  each  oloment.  A time  increment  size  of  0.25  microseconds 
(approximately  equal  to  1.6/o)^^^^  whore  is  tlio  maximum  natural 

frequency  of  the  finite-element  model  or  the  structure  for  purely  linear 
behavior)  was  used;  the  explicit  central-difference  timewise  finite 
difference  operator  was  used  to  solve  the  unconventional  form  of  the 
equations  of  motion.  The  aluminum  material  was  treated  as  behaving  in  an 
elastic,  strain  hardening  (EL-SH)  rate-independent  fashion  or  as  EL-SH-SR 
where  SR  denotes  strain-rate  sensitive  behavior;  the  material  rate  constants 

were  assumed  to  be  d = 6500  sec  ^ and  p = 4.  The  mass  per  unit  volume  p 

-3^24  ^ 

was  taken  as  0.25384  x 10  (lb-sec  )/in  ♦ 

Response  predictions  were  carried  out  by  the  ** small-strain  procedure” 
and  by  the  ”finite-strain  procedure”  as  follows: 

Small-Strain  Procedure 

(a)  The  uniaxial  static  tensile  stress-strain  data  for  6061- 

T651  aluminum  [2]  were  expressed  as  vs  fitted  in 

a piecewise  linear  fashion  as  described  earlier. 

(b)  Strain-disjplacement  relation  Type  C in  conjunction  with  an 
assumed  displacement  field  which  is  valid  for  small  membrane 
strains  (see  Eq.  490)  was  used.  Hence,  this  equation  is  valid 
for  arbitrarily  large  rotations  but  only  for  "small  strains”. 

Finite-Strain  Procedure 

(a)  The  uniaxial  static  tensile  stross-stirain  data  were 
expressed  as  vs  and  fitted  in  a piecewise- linear 
fashion  as  described  earlier. 

(b)  Strain-displacement  relation  Typo  P given  by  Eq.  4.14b  for 
finite  strains,  arbitrarily  large  rotations i and  incompres- 
sibln  material  behavior  was  used. 

(c)  The  proper  transformations  of  the  stresses  and  strains 
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to  the  forms  demanded  by  the  correct  finite-element  formu- 
lation (Eqa,  4.173  - 4.176)  were  employed  as  described  in 
Subsection  4.3. 

Indicated  in  the  following  tabulation  are  the  comparisons  of  those  two 
predictions  with  each  other  (and/or  versus  experimental  data)  as  shown  in 
the  indicated  figures  for  the  time  histories  of  the  longitudinal  Green 
strain  tensor  component  on  the  upper  (non-loaded)  and/or  the  lower 

(ln«)ulsively- loaded)  surface  at  various  spanwise  stations  of  narrow-plate 
(or  beam)  specimen  CB-4s 


Figure 

Station  |y|  (in) 

Time  Histories  of  on  Surface; 

Upper  (U)  or  Lower 

Predicted 

Measured 

9a 

0 (midspan) 

U and  L 

9b 

1.4 

U and  L 

u 

9c 

2.2 

u 

u 

9d 

3.0 

u 

u 

At  all  stations  except  for  the  midspan,  the  plotted  strain  is  the  average 
of  the  values  given  by  the  two  elements  at  those  nodal- junction  station 
locations.  At  midspan,  the  predicted  strain  is  the  value  at  the  element 

node  located  there.  Each  of  these  stations  is  located  at  a nodal  station 
of  the  finite  element  model. 

It  is  seen  that,  of  the  spanwise  stations  shown,  the  major  differences 
between  the  two  procedures  occur  at  the  midspan  station  y = o in,  where 
the  finite-strain  formulation  shows  that  between  150  hsec  and  500  psec  the 
lower  (loaded)  surface  experiences  larger  strains  than  the  upper  surface 
while  the  former  "small-strain"  formulation  indicates  the  opposite  behavior. 
Also,  at  this  roidspan  station,  the  strains  predicted  by  the  finite-strain 

Beam  specimen  CB-4  was  originally  straight j hence,  1/R  = o and,  there- 
fore, y22  = Y2  = Y22’ 
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pructHluro  am  conBldornbly  larqor  than  tho  Htrainn  pmcllct.ul  by  tho  „n.aU- 
(•train  procvUum.  At  tho  uthor  ntatlonn,  whom  nmalh^r  ntralnn  oncur,  tho 
lUf ti.xiiju-on  botwocm  tho  two  prudictlonn  am  mrroHpamttniTly  Bmallor. 

Shown  in  Plq.  9o  In  tho  apanwlno  ntrnin  dintrlbution  at  t - 300  pnoo 
from  y n 0 in  (mldapan)  to  y n 4.00  In  (clompod  ond)  of  tho  upper  (non- 
loadod)  aurCaco.  This  time  inatant  ia  taken  an  typical,  nincc  tho 
strains  have  already  achieved  their  peak  and  about  97%  of  the  initial 
kinetic  energy  has  boon  transformed  into  strain  energy  by  tliat  time.  The 

strains  predicted  by  the  finite-strain  formulation  are  larger  than  those 
predicted  by  tlie  small-strain  formulation  with  tho  exception  of  a region  at 
the  end  of  the  impulsively- loaded  zone  (y  = 0.9  in)  and  a re, ion  at  the 
middle  of  the  half.span  (y  = 2.0  in  to  y = 2.4  in) . The  nodal  strain 
discontinuities  typical  of  the  4 DOP/node  finite  element  (employed  in  the 
JET  3 and  CIVM-JET  4B  programs)  are  evident  from  the  graph.  This 
assumed-displacement  finite-element  model  involves  cubic  polynomials  in 
the  assumed-displacement  field  for  v (the  axial  displacement)  and  w (the 
lateral  displacement) . The  degrees-of-freedom  (OOP)  involved  at  each  end 
Of  the  finite-element  are  the  displacements  v and  w and  the  displacement 
gradients  x - ^ + - and  ij,  = ~ - X.  These  degrees-of- freedom  provide 
continuity  of  displacement  (v  and  w)  and  continuity  of  membrane  strain 
(Yo  = X ■+•  1/2  X + 1/2  ip^)  but  the  bending  strain  (5°k  = C°f(-|^)  d+X)+'/>^]) 


is  not  continuous  at  the  nodes  since  « and  & ate  not  degtees-of-fteedo!? 
Hence,  strain  jumps  appear  at  each  finite-element  node  since  inside  each 
clement  the  displacement  function  is  continuous  to  derivatives  of  all 
orders  but  at  tl,e  nodes  only  continuities  of  displacement  and  its  first 
derivative  are  preserved.*  The  strain-displacement  equations  (Eqs.  4.146 


and  4.90)  Involve  tho  displacement  gradients  X = l^  + -andm  = -^-i'««a 

tlrelr  derivatives  and  1^.  - - " R 3ri  R 


degree  of  the  polynomial  involved  in  the 
displacement  gradients  x and  tp  is  quadratic  for  an  initially-straight  beam. 
The  degree  of  tho  polynomial  involved  in  the  representation  of  the  first 


See  Ref.  28  for  an  evaluation  of  a fomulation  which  includes  element- 
iimction  continuity  of  boiidimj  strain* 


2H7 


2 


3 V 

dorivativef.  of  tho  dinplacotnont  qradiontH  ^ 

3X.  , (— ) 1h  of  the  firflt  order  or  linoaS , for  an  initially- 

Htrai§fit  boml  (using  tho  4 DOP/noda  cubic-cubic  element) . Prom  Pig.  9o  it 
in  obBorvod  that  tho  degree  of  the  polynomiale  involved  in  the  Bpanwiee 
strain  distribution  is  (mainly)  either  quadratic  or  linear. 


It  is  also  observed  that  the  largest  discontinuities  occur  at  locations 
whore  bending  strains  are  largest:  at  the  end  of  the  impulsively- loaded 

zone  (y  ■=  0.9  in)  and  at  the  immediate  zone  adjacent  to  the  clamped  end 
(y  = 3.8  in  to  y =■  4.0  in).  At  the  clamped  zone,  a very  large  strain 
discontinuity  is  evident.  The  reason  for  this  is  that  this  region 
involves  high  levels  of  nonlinearity.  The  strain  discontinuity  at  the 
clamped  zone  is  significantly  larger  with  the  finite-strain  formulation, 
which  involves  a more  nonlinear  representation  of  the  behavior  than  the 
"small-strain"  formulation.  It  is  evident  that  a finer  mesh  of  finite 
elements  is  needed  in  this  clamped-zone  region  to  represent  accurately  this 
nonlinear  behavior.  However,  time  and  fund  restrictions  have  prevented  a 
more  thorough  study  of  this  matter  at  this  time. 

The  predicted  transient  midspan  transverse  displacement  w for  each  of 
these  EL-SH-SR  predictions  is  shown  in  Pig.  10.  It  is  seen  that  the 


finite-strain  formulation  and  small-strain  formulation  predictions  are  in 

fairly  good  agreement  with  each  other . 

The  computing  time  required  for  the  two  formulations  for  explosively- 
impulsed  beam  CB-4  is  displayed  conveniently  in  the  following  tabulation 
for  4000  time  steps  with  a time  step  size  of  0.25  microseconds r all  runs 
were  conducted  on  an  IBM  370/168  computer  with  double  precision  arithmetic 


No.  of  Gaussian 

Total  No. 

Formulation 

No.  of 
PE 

Sta.  per  Blem. 
Spanylse  Depth 

of  unknown 
DOF 

Small  Strain 

20 

4 4 

79 

Finite  Strain 

20 

4 4 

79 
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Formulation 

Htrni n-Dtupl, 
Ro.lation 

Mann 

No,  of 

CPI) 

Time 

(min) 

CPU 

(min) 

Matrix 

Cyclen 

(d'ufV 

(Cyclon) 

Small  strain 

C (E(I.4.90) 

CM 

4000 

8.63 

27.3  X 

lo"^’ 

Finite  Strain 

F (Eq.4.148) 

CM 

4000 

11.07 

35.0  X 

I 

O 

The  offocts  on  CPU  timo  of  tho  moro  Icngtliy  exproBsiona  used  and  manipu- 
lations required  for  the  finite-strain  calculations  are  evident  from  an 
inspection  of  the  last  column.  Note  here  that  the  efficient  "unconven- 
tional" formulation  of  the  equations  of  motion  was  used  for  both  the 
small-  and  finite-strain  procedures. 

Finally / compared  in  Fig.  11  are  finite— strain  predictions  for  the 
transient  w-displacement  at  the  midspan  location  of  specimen  CB-4  for  the 
same  modeling  as  before  but  for  the  two  cases  in  which  the  6061-T651 
aluminum  material  is  assumed  to  behave  as  (a)  EL-SH-SR  or  (b)  EL-SH,  where 
the  latter  case  assumed  no  strain  rate  effect  upon  the  mechanical  behavior 
of  the  material.  It  is  seen  that  the  predicted  midspan  deflection  w is 
much  larger  for  the  EL-SH  than  for  the  EL-SH-SR  case  even  though  the  rate- 
sensitivity  used  for  the  EL-SH-SR  is  rather  "weak"  since  large  strain- 
rates  are  present.  Note  that  the  finite-strain  EL-SH-SR  prediction 
compares  favorably  with  the  observed  experimental  permanent  deformation. 

It  is  evident  also  that  the  strains  predicted  for  the  finite-strain  EL-SH 
are  much  larger  than  for  the  finite  strain  EL-SH-SR  case.  Accordingly, 
the  former  are  not  shown  since  the  latter  have  been  displayed  and  demon- 
strate the  behavior  adequately  — and  also  have  been  shown  to  compare 
favorably  with  experiment. 

7.2.3  Modeling  by  Plate  Finite  Elements 

7»2.3.1  Modelirtg - Description  and  Outline  of  Analysis 

Impulsively- loaded  narrow  plate  specimen  CB-4  was  also  analyzed  by 
using  a finite-element  model  consisting  of  initial ly-flat  plate  elements  « f 
the  assumed  displacement  type  [31] . These  elements  consisted  of  rectang- 
ular flat  plate  elements  with  linear  in-plane  (u,v)  and  cubic  out-of-plane 
(w)  displacements  for  the  assumed  displacement  field;  accordingly,  each 
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corner  node  hae  6 degrees  of  freedom/  To  ''minimize"  the  computations, 
only  one  quarter  of  specimen  C33-4  was  modeled.  27  unifom- length  elements 
covered  the  half  span,  with  each  element  extending  from  the  midwidth  to  the 
free  edge  of  narrow-plate  CB-4.  This  modeling  provides  a comparable 
number  of  degrees  of  freedom  in  the  v,w  plane  as  used  for  the  beam- 
element  modeling.  For  the  4 DOF/node  beam  element,  with  20  elements  in  the 
axial  "y"  direction,  there  are  (4  x (20+1)  - 5)  = 79  unrestrained  degrees 
of  freedom,  while  the  linear-linear  cubic  |>late  element  is  "equivalent"  to 
a 3 DOF/node  beam  element  when  “ -g-  “ “ 0 having  then  (3  x (27+1) -5] 

“ 79  unrestrained  degrees  of  freedom.  Thus,  the  assembled  "unrestrained" 
finite  element  model  consisted  of  336  DOF,  which  reduced  to  238  DOF  by 
imposing  (1)  symmetry  conditions  along  x .=>  0 and  y = o and  (2)  the  ideally- 
clamped  condition  at  the  end.  With  this  FE  model,  it  turns  out  that  the 
maximum  natural  frequency  of  this  mathematical  model  is  o)  = 0.739  x lo’ 
rad/seo.  Thus,  if  one  were  to  predict  the  transient  response  of  this 
finite  element  model  by  using  the  very  convenient  explicit  central- 
difference  timewise  operator,  the  At  required  to  avoid  calculation 
instability  would  be  At  <0,8^  - 0.2  microseconds.  Since  one  may 
need  to  study  the  structural  reSPnse  for  a time  duration  of  up  to  perhaps 
900  microseconds,  one  would  need  to  carry  out  some  4500  solution  time  steps 
on  this  238  DOF  nonlinear  system;  this  may  be  viewed  in  some  circles  as  a 
rather  substantial  calculation. 

On  the  other  hand,  one  might  lie  able  to  use  some  other  finite- 
difference  operator  which  would  permit  the  use  of  a substantially  larger 
time  step  At  while  still  providing  "proper  results".  For  stiff  systems 
such  as  the  present  one  involving  large  deflections  and  nonlinear  material 
behavior  with  many  regions  of  loading,  unloading,  reloading,  etc.,  one  has 
available  a number  of  implicit-type  finite-difference  opetators  which  are 
unconditionally  stable  (At  is  not  limited  by  calculation  stability  or  blow 
up)  for  l^ar  system  response  analysis  ^ which  become  ill-behaved  for 
the  present  type  of  nonlinear  system  if  At  is  "too  large".  Wevertheless, 

*Th.  ar.  u,  v,  w,  |S,  and 


290 


it  turns  out  that  nomo  of  Uwso  oporators  will  permit  one  to  uso  a much 
larqor  At  than  noodod  for  tho  contral-diffcrenco  operator  while  still 
providing  transient  roaponao  prodlctions  which  compare  favorably  with 
(convorgod)  contral-difforonco  predictions.  Bocauso  those  operators  arc 
of  tho  implicit  typo,  the  solution  proceduro  at  each  time  step  must  employ 
either  (a)  iteration  (hopefully  to  convergonce)  or  (b)  extrapolation  of 
••internal  force"  information.  The  latter,  of  course,  represents  an  approxi- 
mation to  the  correct  internal  force  terms  needed  for  the  proper  solution, 

this  approximation  becomes  worse  as  one  attempts  to  use  a larger  and  larger 
At. 

Many  iteration  methods  are  available  for  the  solution  of  simultaneous 
nonlinear  equations.  Unlike  single  degree-of-freedom  nonlinear  equations, 
always-convergent  methods  are  just  not  available  for  solution  of  systems  of 
nonlinear  equations.  Convergence  itself  is  such  a serious  problem  for 
systems  of  nonlinear  equations  that  if  the  initial  approximation  is  not 
quite  close  to  the  solution,  the  method  will  not  converge.  One  of  the  most 
simple  methods,  the  method  of  successive  substitution  (also  called  Piccard's 
method)  enjoys  linear  convergence  (under  some  conditions) . Examples  of 
higher-order  methods  are  the  Newton  method,  that  has  quadratic  convergence 
and  the  secant  or  quasi-Newton  methods  (like  the  BPGS  method  [203,204])  that 
possess  superlinear  convergence  (which  is  faster  than  linear  but  slower  than 
quadratic  convergence) . The  higher  order  methods  (like  the  BPGS  or  the 
Newton  methods)  use  variable-gradient  matrices  that  may  become  singular 
(for  example,  in  the  course  of  unloading  in  elastic-plastic  problems,  these 
gradients  become  discontinuous) , and  may  impede  convetgence  of  the  method. 

The  computational  effort  for  iteration  methods  is  large,  as  compared  with 
extrapolation  of  the  nonlinear  internal  pseudo  forces. 

The  point  at  which  ah  iteration  method  would  be  competitive  computa- 
tionally with  the  extrapolation  method  would  be  for  large  time  step  sizes, 
however,  under  those  condition,  the  path-dependency  of  elastic-plastic 
strain-rate-dopendent  transient  response  problems  could  be  significantly 
lost  (because  of  integration  error  that  iteration  methods  cannot  reduce  - 
see  Subsection  6. 3. 2. 2)  unless  higher  order  integration  rules  (like  the 
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fourth  oraor  Kunho-Kutto  „„  „tlUh„d  to  f„t„,r„to  tho  ditforoh^ 

tlol  cuhtfoho  Of  Plhotlcftf.*  Moroovor.  tho  „o„  of  o „„ttohly  1 j 

convorgonco  critorion  can  give  one  tho  in,  < « , ^ 

i,«ii  givo  ono  tho  illusion  of  having  achiovod 

convorgonco  when  this  has  not  actually  boon  accomplished! 

Houbolt  iLeh  P^rfieli*  arc  those  of  Nowmark  [205], 

174  and  194  i f an  ot  ors.  Since  studies  reported  in  Refs.  23, 

174,  1,4  iwloato  that  tho  Houbolt  »othod  for  problota  of  tho  praaoht 

ypo  provides  .Voll-behavod  prodlctloha.  for  ,a.  dt  sites  lar,or  tl 
or  comparable  porformance  by  Mewmark  S . i operator  or  (b) 
c^arable  to  those  ueeded  for  Park,  operator  -^„d  also  sluo:  L 
ttors  have  appropriate  cc»puter  pro,rams  (24.11,  available  „,1„,  the 

operator,  It  was  decided  to  employ  this  timewise  solution  operator 

llowlng.  similar  studies  Involving  the  use  of  the  very  attractive 

r rr 

permitted  this  in  the  present  investigation. 

neoesllty^i”!?'  to  demonstrate  the 

-»s  ity  for  using  double-precision  calculations  with  the  present 

tlon  method  when  one  use,  a digital  computer  with  the  slgnlfluant- 

tLsToTTT  “ *•”'  «»ich  was  u^  f„ 

a ou  at  ons.  Per  this  demonstration,  the  Houbolt  operator  with 
loads"  extrapolation  (not  Iteration,  for  the  "internal 

st  „ r d -II- 

StUTQin  plTOCGctUlTG  and  t:h<a  ^ i 

Sehseotl^n  ,.2.3.1  and  are  discussed  In 

Next,  a study  was  made  to  investigate  the  use  of: 

(a)  the  linear-extrapolation  procedure  for  At  values 
ranging  from  0.5  to  20  psec,  and 


•f  

However,  a subincrementation 
in  this  study  partly  relieves 


procedure  (see 
this  problem. 


Subsection  5 .3. 2. 5) 


as  used 
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(b)  thf!  UHo  qC  Itoration  during  a givan  At  tlmo  ntop  . 
again  for  At  valuon  ranging  from  0.5  to  ?.Q  lanoa, 

Bocaunn  6f  tho  unn  of  vary  difforont  At  valuon,  tho  ntrain-’rata  infonna- 
tion  avaliablo  in  thono  varioun  oaiciiiationn  will  not  bo  of  comparabin 
accuracy  and  moaning.  Accordingly,  for  thono  comparinonQ , tho  CB-4 
narrow  plato  material  wao  annumod  to  bo  EI.-SH;  that  in,  indopondont  of 
strain  rato.  Only  in  thin  way  can  one  make  a valid  comparison  among  tho 
prudictionn  when  one  unos  various  fixed  time-stop  sison  At.  Thoso 
studios  are  discussed  in  Subaoction  7. 2. 3. 3. 

Finally,  having  selected  double-precision  calculations,  an  appropri- 
ate solution  procedure,  and  an  appropriate  At,  predictions  were  carried 
out  to  compare  small-strain  formulation  predictions  versus  finite-strain 
formulation  predictions,  and  are  discussed  in  Subsection  7. 2. 3.4. 

7. 2. 3. 2 Single-Precision  vs  Double-Precision  Predictions 
Stated  concisely  in  the  following  are  the  modeling  and  solu- 
tion features  employed  In  these  cal relations: 


Finite  Element  Model:  Quarter  plate  modeled  by  27  flat-plate  141X3 

elements  with  6 DOF/node;  consistent  mass 
matrix. 


Material  Behavior 
for  both  Small- 
Strain  and  Finite- 
Strain  Calculations^ 


EL-SH-SR  with  the  mechanical  sublayer  stress- 
strain  fit  given  by: 

g * (44,200  psi,  0.00442) 

^ \ “ (49,200  psi,  0.07500) 

o (76,400  psi,  0.61500) 

Strain  rate  constants;  d « 6500  and 

p « 4 for  all  mechanical  sublayers  are  used 
for  illustrative  purposes* 


Timewise  Finite  ^ 

Difference  Operator  ► 
and  Solution 
Procedure  ^ 


Houbolt  with  At  = 1.0  microsecond  ahd  linear 
Gxtrapo.lation  of  pseudo- loads. 


293 


TT? 


ip|yilWHIWHIHI|IHh.iLlinill 


n„  ntlcfon«  tomt  of  «.»  oquotlonn  of  motion  «nn  nnod  with 

thn  Honholt  opotntot.  Ptcm.  Pq.  6.90,  thin  onptonnlon  »t  tlmo  ttht  In. 


At 


(7.3) 


whom  IMl  Is  the  globel  (constant)  mass  matrln,  IKl-is  the  us^l  amoU 
strain,  llnoat-elastlo,  global  (constant)  stiffness  mstrl«,lP)„it  “*= 

XOSO  vector  representing  presoril«a 

centrated  loads,  evalnated  at  tji»  t = MOt,  and  (P  )„4t 

load  vector  representing  intertial  forces . . , „ 

For  the  small-atraln  con®>utational  procedure,  the  convent  on_; 
form  of  the  equations  of  motion  (Eq.  6.68)  was  utilized.  The  vector 
for  the  "conventional"  formulation  is 

^b-i-At 



where  iF®}  . is  a vector  arising  from  the  nonlinear  terns  in  the  strain- 

q,  t+At  and  {P^^}  a pseudo*load  vectors 

displacement  equations,  and  iPp^t+At  ^ P ^t+At 

arising  from  plastic  (small)  strain,  and  associated,  respectively,  with  the 
linear  and  nonlinear  terms  of  the  strain-displacement  relaUons.  The 
reader  is  reminded  tliat  Eg.  7.4  is  valid  only  for  small  str 


+hlso  referred  to  herein  as  the  modified  unconventional  form 
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l ot  t-.hci  computfxtionrtl  procnclqrn,  tho  "modlfind 

fonn  of  td.o  n^untionn  of  „,oHon  w.n  nmployo;i.  ' n.n  voctor 
t+At  "wof^lflod  unconvpnf.lonnl"  formulntion  in 


t+At 


(7.5) 


oft-ha„d  aide  of  7.3,  and  la  t,.„  ^ paaad»-load  vactor  0, 

intolnal  loicoa  ™„d  f,n  t.,o  -undonvcnllonal..  vuctor  f=i„  of  tho  o<,„ati„„o 
motion,  E,.  6.72.  It  turn,  out  that  tho  •'modltiod  unoonvontlonal” 
fo«  Of  tho  ouuotlonu  Of  notion  oon  1»  unod  fot  both  unall  and  tlnlto 
atralnn,  t,„uiro.  loan  oot^utation,  and  lo  aiao  bottot  oondltlonod  numot- 

loally  than  tho  ” oonvontional”  form  (E,.  7.4,  which  cannot  bo  uaod  for 
finite  strains) . 

Not.  that  tho  paoudo-ioad  uoctor  appoarin,  in  Eq.  7.3 

rlTtT  T 'tlAt  « Ihutant  t . ttdt.  but  th.au 

rumain  to  b.  d.t.mlnod,  thua  thuau  -fore...  or,  approrimatod  by  llnoarly 

,«tr.poiati„9  tho  known  p„„do-forooa  at  two  pruvloua  tim.  inatanu  t - t, 
and  t = t-At  (as  explained  in  Subsection  6. 4. 2.1)  as: 


(7.6) 


Thia  orproaaion  haa  the  same  inhorunt  order  of  error  as  in  the 

th°e“^eLr°7  acoeieration  ,HU.  6.72,  and 

velocity  ,Eg.  6 u3U  hence,  it  la  a .cpnolatent  approximation  of  the 
pseudo~ load  Vector 

^t+Af 

Note  that  tho  pseudo- force  extrapolation  for  tho  modified  nnconven-  ' 
tea  line  ,r„,„3,tio„  prtx»dur.  <«,!.,  i, 

amaii  t T ' foa.  of  the  cuatlona  of  motion  for 

problemo  - only  tho  pseudo-force  vector  (p'"')  i,  extrapolated. 
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O ooMtant  f.tlt£«,„„  Cora  pto„lal„g  „„„h  ntabUity  propartlnn 

than  It  attomptad  to  nxttop„i„to  th»  ontlw  pnoudo-totoo  vaotor  (j) 
ttnadt  In  a vnntor  (on,  o£  (*„  oq„„tlo„„  o(  motion  ,8^.  G.34).  computa- 
Uon«j  nxpQt'imoMtn  conficmoa  thin  oxpnotntAori. 

nt  "*"'>“>•'““‘'‘"1“''  “Id  a,0  doublo-proolnion 

Ptodl^lona  (OP  tho  tranolont  lateral  dloplacomont  w at  tho  plato-oontor 

ocatton  ,x,y,  . nmall-atraln  „aaa..:to„n  and  ,.roooa„.„.  „ 

0 noon  that  tho  olnglo-proolston  eolculatlon  dotorloraton  badly  boyond  a 

■mo  ot  about  300  nicrouoooado .,  Tho  doublo-ptoololon  prodlctlon  oppoaro 

o bo  wall  bohavod  and  oomparoo  (avorobly  with  tho  oxporlmontally-obaorvod 

pomanont  doflootlon  at  thla  location.  Although  tranalont  atrain  prodlo- 

tlono  arc  not  ahown  hero  for  thooo  caoos.  It  is  ovldont  that  those  prodlo- 

ono  must  differ  greatly  from  each  otheri  tho  computed  results  do  show 
this. 


f^te-stralH  <saS.<M-,o«a  end  procedure,  pig.  13  shows  tho 
slnglo-praclslon  end  toe  double-precision  predictions  for  toe  transient 
lateral  .displacement  w at  the  plate-center  locaUon  («,y)  . (0,0) . In 
this  cose  toe  slngl.-pr.cl.lon  prediction  appear,  to  behave  In  a more 
plausible  fashion  than  for  the  small-strain  calculation  but  also  has 
"stabilised"  to  a permanent  deflection  value  much  less  than  both  the 
double-precision  prediction  and  esperlment  show.  While  to.  finite-strain 
sguation,  using  MOLE  are  much  better  conditioned  numerically  than  the 
"tonventlonal  equation,  of  motion"  employed  for  the  «,all-straln  prediction, 
toe  necessity  of  employing  double-precision  arithmetic  with  these  equations 
using  the  IBM  370/168  system  at  MIT  is  evident. 


Although  the  aspect  ratio  of  the  finite  elements-  in  the  present  mesh 
is  certainly  responsible  in  part  for  the  inadequacy  of  single-precision 
arithmetic  for  these  calculations,  many  other  investigators  have  concluded 
in.  the  past  that  double-precision  arithmetic  is  necessary  when  using  the 
IBM  machine  to  produce  accurate  results  for  the  types  of  trans.ient  non- 
linear response  problems  being  studied  here. 
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w nt  (K  vl”'''(o°!!rr'*  ””  far 

« <K,v)  . („,0,  CO,  ,1,  ,«o„.„c„c„  p„oodo™  vorom  (2)  «,o 

lniU,-„trol„  pcoo„„u,c,.  i,  prodiotlor, 

.»  nu*  botto,  bobavn.  than  t,.o  .,o„y  f„„„,  .opp„t„Uo„„  aco 

0,uu«a  CO,  tbo  ..„„acciod  u„oo„v..„tt„„al..  Co™„laUo„  than  Co,  tho 
tonvontConal..  Co^aXatloa  oC  tho  o,oatio„a  oc  „„ti„„, , bat  both  p,„<Uo- 
no  aro  In  „o,loo„  dlaagroomont  pith  oxportaoat.  aooordingly,  all  othor 
caloalatlonn  1„  thin  „o,h  haoo  boon  p„co,^a  pith  dooble-p,ooil„  a,"! 
metic  on  tho  IBM  370/168. 

Ijjgg.  Incrcimont  size  Effects 

In  using  an  implicit  tlmepino  finlto-diftarencc  opa,ator  (the 
tot  liirTT  of  motion 

extrapolation  procaduro  for  the  paeudo-ioad.  or  (2,  resort  to  -iteration  to 

for  the  next  time 

Step  in  the  timewise  solution  process. 


LINEAR  EXTRAPOLATION 

For  the  modified  unconventional  linear  extrapolation  procedure  (MULE), 
3 evident  that  this  approximation  for  the  pseudo-force  vector  {p'*’) 

Pill  become  poorer  and  poorer  as  it  increases.  On  the  other  hand,  the  use 
of  the  largest  At  phich  will  provide  "accurate"  transient  response 
predictions  pill  be  highly  desirable  in  order  to  minimise  the  computing 
ti«e  and  erpense  for  a given  time  dur.Uon  in  phlch  the  transient  response 
must  be  predicted  so  as  to  provide,  for  ,«ample,  the  peak  transient 
strains.  To  study  this  "At  effects  question",  only  BL-SH  material 
havior  Is  taken  into  account-  since  for  time-dependent  Eb-SH-SR 
material  behavior  it  is  obvious  that  the  time  increment  sine  At  pill  have 

*«'’‘*”f'>r.  Further,  all  modeling  and 
^put  n,  features  used  nop  are  the  s«.e  as  sus»,arix„d  in  subsection 

7.2. 3. 2 except  that  At  values  of  0.5,  2.  lOi  and  ,, 

1.  i . '^Sed  for  the 

finite-strain  MULE  procedure. 
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c’ompartid  in  Pig,  15  nro  tMnlto-ntraln  MULE  prodlctionn  of  tho 
tr.inniont  w dinplnonraont  at  tho  plato-contor  location  (x,y)  n (o,o)  for 
At  vnluofi  of  0,5,.  2,  ID,  and  20  mioroi'.ocond)i.  Pur  At  " 0.5  and  2 micro- 
Mocondu,  tho  predicted  tranaiont  dinplncomont  appuaro  to  bo  rolativoly 
well  bohavod  for  tho  first  300  pooc.  However,  for  At  10  and  20  micro- 
Roconds,  tho  pseudo-forces  have  boon  badly  overuatimatud  and  tho  transient 
response  is  soon  to  deviate  substantially  from  tho  "proper"  behavior, 
lot  At  a 10  pace  this  predicted  transient  w displacomont  became  "very 
smooth"  and  peaked  at  a value  of  about  2.01  in  at  about  740  psoc;  for  At  = 
20  pace  this  predicted  transient  response  was  similar  but  a peak  value  of 
1.82  in  was  reached  at  t = 700  psec. 

Observe  from  Fig.  15  tliat  after  300  pscc  there  are  significant  differ- 
ences between  the  At  = 0.5  and  2 microseconds  predictions.  Also,  observe 
that  the  transient  w disfilacement  at  the  plate  center  location  does  not 
grow  monotonically  with  increasing  time  increment  size  At.  In  fact,  the 
peak  transient  displacement  prediction  is  smaller  for  At  = 2 psoc  than  for 
At  ■=  0.5,  psecf  it  is  larger  for  At  = 10  psec  than  for  At  = 2 psec  and 
At  = 0.5  psec;  and  it  is  smaller  for  At  = 20  psec  than  for  At  = 10  psec. 
Therefore,  no  monotonic  exponential  instability  is  observed,  but  rather  the 
predictions  become  less  and  less  accurate  as  At  increases  --  in  an 

This  agrees  with  the  results  obtained  by  McNamara  (165] 
for  the  Houbolt  operator,  but  with  a different  formulation  of  the  equations 
of  motion  and  for  a piroblom  with  geometrical  nonlinearities  and  with  linear 
material  behavior. 

These  calculations  confirm  the  expectation  that  largo  At  values  will 
lead  to  poor  estimates  of  tho  proper  pseudo-forces  when  the  linear  extrapo- 
lation estimate  is  used.  Stricklin  et  al.  (162]  observed  that  quadratic- 
extrapolation  predictions  load  to  less  well-behaved  results  than  do  linear- 
extrapolation  predictions;  for  a given  "not— too-small"  time  stop  size  At, 

for  nonlinear  dynamic  problemo.  Of  course,  one  could  employ  higher  order 
extrapolation  estimates  for  Uie  pseudo- forces  at  tho  cost  of  additional 
storage  and  computing;  however,  the  benefits  of  such  procedxires  are 
uiicettain  and  may  well  be  problem-depcuident. 
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Honce,  in  view  of  the  MULE  predictions  shown  (1)  hare  for  EL-SH 
behavior  with  At  values  of  0.5  and  2 Msec  and  (2)  in  Subsection  7.2.3.2  for 
EL-SH-SR  predictions  with  a At  value  of  1 Msec,  it  appears  that  plausible 
well-behaved  transient  responsos  aro  provided  by  the  finite-strain  Houbolt- 
MULE  procedure  for  At  Values  of  at  least  up  to  about  1 Msec.  However,’ 
there  is  no  proof  that  one  has  obtained  essentially  a "converged"  predic- 
tion? conversely,  it  is  certain  that  such  has  not  been  achieved,  but  the 
predicted  response  might  very  well  be  close  enough  to  convergence  for  all 
practical  engineering  purposes.  That  assessment  could  be  made,  if 
required,  by  using  the  central-difference  timewise  solution  operator 
g ther  with  a suitably  small  At  to  solve  the  unconventional  form  of  the 
equations  of  motion,  for  this  case,  a At  of  about  0.2  microseconds  would 
be  required.  whereas  with  MULE  and  the  Houbolt  operator,  an  "adequate- 
prediction  apparently  is  achieved  by  using  a 5 times  larger  At?  namely, 

At  = 1 Msec -but  the  computational  saving  is  not  as  large  as  this  factor 
because  of  the  greater  required  storage  and  computation  needed  for  Ho’ibolt- 
MULE  vs  the  central-difference  scheme  described. 


Finally,  the  merit  of  Houbolt-MOLE  becomes  evident  when  one  considers 
transient  response  problems  of  the  present  type  but  with  a finite  element 
model  involving  perhaps  10  times  as  many  DOF.  For  such  a case  the 
required  At  for  a central-difference  solution  might  well  be  lo'^  Msec 

Whereas  a satisfactory  Houbolt-MOLE  solution  might  need  a At  of  only  about 
1 Msec. 


ITERATION  SOLUTION 

compared  here  are  predicted  transient  displacements  of  impulsively- 
loaded  narrow-plate  CB-4  specimen  obtained  by  (1)  iteration  as  required 
during  each  At  time  interval  during  Houbolt  operator  solution  of  the 
modified  unconventional  equations  of  motion  for  finite  strain  (as 
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oxplainod  in  Subsection  6. 4. 2. 2)  and  (2)  tho  Houbolt-MULE  (non-iterative 
linear  extrapolation)  procedure. 

Shown  on  Fig.  16  are  Houbolt  equilibrium-iteration  and  Houbolt-MULE 
transient  w-diaplacomont  solutions  at  (x»y)  ® (0,0)  for  tho  27-olomont 
plate  model  of  apocimon  CB-4,  both  with  At  » 0.5  nsec.  Tho  iteration 
convergence  criterion  used  in  this  case  was  (see  Eq.  6.11/), 

„ ( IK  ^’-'LD-OirUT 
(ii(?"UI)‘ 

where  H{q*  ^ Euclidean  x h ) norm  of  the  vector 

Superscripts  n and  n+1  denote  iterations  n and  n+1  durxng  a 
given  time  step  interval  At. 

During  a response  time  of  294.5  ysec  (589  At  cycles) , 41  iteration 
loops  (or  7%  of  the  total  number  of  iteration  loops)  did  converge  to^a 
mean  ratio  of  a » 4.7  X lo“^  (with  a standard  deviation  of  2.7  x 10  ) . 

There  were  3.4  equilibrium  iterations  in  the  mean  (with  a standard 
deviation  of  1.2)  during  these  41  iteration  loops  that  satisfied  criterion 
Eq.  7.7.  However,  as  was  expected,  most  iteration  loops  (548  iteration 
loops  or  93%  of  the  total  number  of  iteration  loops)  could  not  satisfy  the 
convergence  criterion  Eq.  7.7.  In  these  cases  the  procedure  outlined  in 
Eqs.  6.120  - 6.122  was  employed.  As  soon  as  divergence  of  the  iteration 
procedure  was  'ietected,  the  iteration  loops  were  stopped  (after  a mean 
number  of  4.0  iterations  with  a standard  deviation  of  1.4) , and  the 
previous  "convergent"  estimate  was  taken  to  be  the  "equilibrium  solution 
for  that  time  step.  This  previous  "converged"  estimate  satisfied  a mean 
convergence  ratio  of  a = 2.7  x lo"^  (with  a standard  deviation  of  9.3  x 
lo”^).  From  this  figure,  the  iteration  solution  is  seen  to  differ  some- 
what  from  the  Houbolt-MULB  linear  extrapolation  prediction. 


n 


Also  see  Eq.  6.121. 
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A Cuirthoi:  comparlnon  of  thoao  predictions  is  given  in  Pig.  17  whore 
included  also  aro  central-difference  predictions  with  At  « 0.25  ].iroo  for 
the  half  spap  of  specimen  CB-4  modeled  by  20  4 DOP/nodc  beam  elements. 
Although  the  finite  element  models  used  are  different,  it  is  interesting 
to  note  that  the  explicit  central-difforonce  beam  prediction  compares  very 
wall  with  the  Koubolt— MULE  linear  oxtrapolution  prediction,  and  the 
modified  successive  substitution  iteration  method  seems  not  to  have 
’’converged”  to  the  correct  solution. 

Similar  plate  finite— element  finite— strain  egui librium  iteration  vs 
Houbolt-MULE  linear-extrapolation  predictions  are  shown  on  Pig.  18a  for 
At  = 2 ysec.  These  two  predictions  are  very  close  to  each  other  for  the 
300  microsecond  time  span  shown.  Later  on  in  time,  however,  as  Fig.  18b 
shows,  these  two  predictions  exhibit  pronounced  differences. 

Finally,  for  a At  of  20  ysec,  Houbolt-MULE  linear-extrapolation 
predictions  as  well  as  equilibrium  Iteration  solutions  obtained  by  using 
two  different  iteration  convergence  criteria  are  shown  in  Pig.  19.  Also 
shown  in  Pig.  19  is  the  Houbolt-MULE  linear-extrapolation  prediction  for 
the  transient  w at  (x,y)  « (0,0)  using  a At  of  0.5  ysec;  this  prediction 
should  be  accurate”  and  serves  as  a yardstick  against  which  to  'Measure  the 
” worth”  of  the  other  predictions  shown.  Of  the  two  At  = 20  ysec  predic- 
tions, only  the  equilibrium  iteration  scheme  in  which 

■ II{^'“U1 

is  used  for  ** iteration  convergence**  appears  to  be  plausible  over  the  entire 
time  span  shown*  Even  this  prediction  exhibits  an  ** excessively  smooth** 
transient  response  profile ^ and  also  seriously  overprcdicts  the  permanent 
deflection*  Clearly  At  « 20  psec  is  much  too  large  to  provide  an  accept-* 
able  transient  response  prediction  for  this  structural  response  problem. 

The  present  (modified  successive  substitution)  iteration  procedure 
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dope  not  provide  accurate  rosults.  Further » the  attendant  computational 
expense  for  the  iteration  schema  is  much  larger  a ('given  prediction 
accuracy"  than  the  Houbolt-MULB  linear-oxtrapolatic.'.  procedure.  It  would 
bo  useful  to  investigate  the  efficiency  ajitd  practi  jality  of  employing  the 
BPGS  iteration  method  cited  in  Subsection  7. 2. 3.1. 

7 . 2 . 3 . 4 Small-Strain. vs  Finite-Strain  Predictions 
Having  determined  the  necessity  of  using  double-precision  arith- 
metic for  the  present  calculations  on  the  IBM  370  and  the  superior 
accuracy/efficienoy  of  using  the  Houbolt  operate’'  *’ith  linear  extrapolation 
(compared  with  the  iteration  schemes  studied),  caxculations  for  narrow- 
plate  specimen  CB-4  were  then  carried  out  using  the  Houbolt  operator  and 
linear  extrapolation  with  a conservative  At  of  1 ysec.  Stated  concisely, 
used  were: 

Houbolt  Operator  with  Linear  extrapolation 
Doxdsle  Precision  IBM  370/168 
27  LLC  Elements  for  the  Quarter  Plate 
Consistent  Hass  Matrix 

EL-SH-SR  with  d ■=  6500  sec“^,  p = 4 and  the 

®T  , e*  Piecewise-Linear  Fit 
o 

given  in  Subsection  7.2. 3. 2 
At  = 1 microsecond 

SMALL  STRAIN:  von  K^rmfin's  Strain-Displacement  Equations 

for  Plates  (see  Eqs.  5.118  - 5.123) 
Small-Strain  Plasticity  Theory 
"conventional"  Formulation 

FINITE  STRAIN:  Finite-Strain  Strain-Displacement  Equations 

(see  Eqs.  5.118  - 5.123) 

Finite-Strain  Plasticity  Theory 
"Modified  Unconventional"  Formulation 

For  the  finite-strain  predictions,  the  terms  containing  the  second-order 
derivatives  of  u and  v in  the  strain-displacement  equations . Eqs . . 5 . 118 
5,123,  are  obviously  equal  to  zero  for  the  assumed  displacement  element 
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which  hCH  linear  (u)  - linear  (v)  - cubic  (w).  Although  for  general 
purpoaoft  a higher  order  (cubic-cubic-oubic)  plate  element  should  be  used  to 
treat  arbitrarily- large  rotation  problems,  studios  conducted  in  Ref.  2fl 
reveal  that  the  second-order  derivatives  of  the  in-plane  displacements  u and 
and  V have  a very  small  influence  in  the  predicted  strains  for  the  present 
kind  of  problems  (impulsively-loaded  narrow-plate  CB-4  being  discussed  now 
and  fragment-impacted  narrow-plate  CB-18  to  be  discussed  later). 

Predictions  for  both  the  small-strain  procedure  and  the  finite-strain 
procedure  were  made,  and  are  compared  hero  with  each  other  and/or  with 
experimentally-measured  data  for  the  permanent  deflection  and  for  transient 
strains  at  various  midwidth  spanwise  stations  on  the  upper  (non-loaded) 

and/or  on  the  lower  (loaded)  surface  of  explosively-impulsed  narrow-plate 
CB-4. 

The  computing  time  on  the  IBM  370/168  for  900  psec  with  the  same 
At  = 1 psec  and  the  Houbolt  operator  wast 

FINITE  STRAIN  (“MODIFIED  UNCONVENTIONAL" 

FORMULATION) 

SMALL  STRAIN  ("CONVENTIONAL" 

FORMULATION) 

Shown  in  Pig,  20  are  the  small-strain  and  the  finite-strain  predic- 
tions of  the  w displacement  at  the  plate-center  location  (x,y)  « (0,0); 
shown  also  is  the  observed  permanent  deflection  at  tliis  location.  It  is 
seen  that  these  two  predictions  compare  very  well  with  each  other,  and 
apparently  also  fairly  well  with  the  experimental  permanent  deflection. 

This  displacement  vs  time  comparison  is  shown  hefe  since  this  type  of 
comparison  is  an  almost-standard  one  found  -in  the  open  technical  literature; 
however,  it  is  a notoriously  insensitive  measure  of  tlie  prediction  accuracy 
of  any  method  for  the  present  type  of  geometrically  and  materially  non- 
linear elastic-plastic  transient  response  problem. 

A much  more  meaningful  and  sensitive  comparison  involves  predicted  vs 
measured  strains  since  for  ductile  materials  the  strains  are  a much  better 
indicator  of  impending  rupture  than  are  displacements.  Accordingly, 


^ 71  min 

^ 70  min 
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shown  in  the  foliowing  figures  are  the  small-^strain  and  finite-strain 

n 2 

predictions  of  the  spanwise-diroction  Green  strain  Yo  uppor  and/or 

the  lower  surface  of  spocimen  CB~4  (see  Pig.  8)  at  the  indicated  atations 
vs  the  measured  s train j 


Figure 

Station  |y|,  (in) 

2 

Time  Histories  of  y^  on  Surface 
Upper  (U)  or  Lower  (L) 

Predicted 

Measured 

22a, 22b 

4.00 

22c 

3.80 

L 

L 

22d 

3.80  ' 

0 

U 

22e 

3.00 

u 

U 

22f 

2.20 

u 

U 

22g 

1.40 

u 

U 

22h,22i 

0.0 

U,L 

— 

At  the  clamped  end  station  (|xl,  [y])  “ (0,4.00  in) , at  the  lower 

2 

(loaded)  surface,  a maximum  strain  “ +0.18  is  predicted  by  the  small- 
strain  procedure;  see  Figs.  22a  and  22b. 

station  ly|  = 3.8  in  is  near  the  clamped  end  (|y|  = 4.00  in);  hence, 
the  strain  each  surface  (see  Figs.  22c  and  22d)  consists  of  a sig- 

nificant "bending  contribution"  in  additlcai  to  the  "membrane  part"  of  the 
strain.  Thus,  as  expected,  this  strain  exhibits  a larger  tensile 
transient  peak  value  at  the  lower  (loaded)  surface  than  on  the  upper  (non- 
loaded)  surface.  Further,  On  this  lower  surface  where  larger  strains 
occur,  it  is  seen  that  the  consistent  finite-strain  prediction  differs 
significantly  from  the  small-strain  prediction,  and  the  finite-strain 
prediction  agrees  much  better  with  experiment  than  does  the  latter.  On 
the  upper  surface  at  [y]  = 3.80  in  where  smaller  levels  of  strain  occur, 

* 22  2 
Or  Y22»  since  beam  CB-4  is  initially  flat,  y “ “ ^22* 

A it 

To  assist  in  interpreting  these  results ^ Pig.  21  shows  a schematic  of  the 
finite  element  model  and  element  mambering. 
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thooo  two  iiroatotlono  oro  much  cloBot  to  oaoh  othor  (ooii  Piq.  22J) . 1 >o 

largo  ntcalnB  that  oocur  at  tlw  lowot  (loaaoa)  BUtfaoo,  at  tho  clani|»a  OB 
1,1  - a.oo,  |x|  . 0.00  havo  a voty  BlgniClcaat  Intlornoo  on  tho  bohavlor  of 
tho  Btialiw  at  O.S  In  from  tho  olampoa  ona,  tho  flnito  atrolnn  roBUlto 

bolng  much  oloBor  to  tlvo  oxporlmontal  valuoB. 

on  tho  uppor  Burfaoo  at  Btatlon  y - 3.00  in,  thoBO  two  proai=tion» 
oomparo  woU  with  oaoh  othor  in  an  ovorall  Bon«o  OB  Boon  fron,  Pig.  22o, 
bat  tho  poak  Btrain  proxllctoa  by  tho  "pro,»r>  tlnlto-strain  proaiotron 
procoanro  is  about  20  per  cent  largor  than  tho  Bball-strain  calculation 
roBUlt.  Tho  oxporimontal  valuo,  howovot,  appears  to  bo  oven  largor  up  o 
tho  instant  at  which  tho  strain  trace  was  lost  - probably  because  of  broken 
load  wires.  Koto  that  tho  finite  strain  results  are  closer  to  tho 

preaictod  strains  of  the  beam  finite  elements  (Pig.  .9a) . 

ht  station  |y|  = 2.20  in,  the  strains  consist  mainly  of  membrane 
bohavlor  with  a small  bending  contribution.  Figure  22f  shows  that  the 
tintte-otrain  and  tho.  small-strain  predictions  for  tho  upper-surfaco 
strain  are  close  to  each  othor.  However,  tho  finite-strain  prediction  is 
again  closor  tc  tho  ovorall  behavior  predicted  by  tho  beam  tlnlto  clement 
modeling  (Pig.  90  .Ince  it  does  not  exhibit  the  strange  behavior  at 
t = 300  uaec  that  the  small-strain  results  display. 

Station  jyl  = 1.40  in  is  nearer  than  any  of  the  others  to  the  end 
(lyl  = 0.90  in)  of  the  spanwisc  tegion  to  which  uniform  lateral  impulse 
loading  was  applied.  Hence,  one  expects  to  see  an  Important  bonding 
contribution  here  in  addition  to  the  aomlnant  membrane  behavior,  accord- 
ingly, somewhat  greater  dlfterencos  are  Been  and  aro  expected  hero  boWoen^ 
finite-strain  and  Bmall-stiain  predictions  than  at  |xl  “ 2.20  in— wh  cl  la 
more  remote  from  station  |x|  - 0.90  in.  barger  strains  are  predicted  by 
tho  finite-strain  than  by  the  snail-strain  procedure  at  lx|  - 1.40  in  as 
seen  from  Pig.  22g.  however,  it  a„,ear»  that  the  l*ak  experimehtai 
strain  is  even  larger  - l»sslbly  by  some  30  ix-r  cent  than  U.e  (better) 

finito-straiu  procuduro  pi-edicta. 

Finally,  at  the  plato-contcf  (midspan)  station  (x,y)  - (0,0),  ono 
observes  from  Figs.  22h  and  22i  for  the  upper  surface  and  tho  lower  surface. 


roapeotivalyi  that  thoro  ia  oarly-timo  agroemont  botWQon  tho  finito'-ntrain 
and  tho  amall-strain  pradictionn.  Boyond  about  200  microsocondo , hownvor^ 
thoro  are  some  diatinct  diCforoncos  in  tho  charactor  of  thoRO  prodlctionn* 
Observe  that  both  the  small-strain  and  the  finite-strain  predictions  at  the 
plate  center  using  plate  finite-o lament  modeling  agree  with  tho  finite- 
strain  predictions  at  the  same  location  when  using  beam  finite-element 
modeling  (Pig.  9a) , in  that  they  predict  a reverse  bending  that  occurs 
between  100  psec  and  400  ysec. 

Additionally f let  it  be  noted  that  although  many  of  the  traces  of  the 
experimentally-measured  strains  on  specimen  CB-4  were  terminated  before  the 
peak  values  were  reached i it  appears  that  the  experimental  peaks  would  have 
been  somewhat  larger  In  nearly  every  case  than  predicted  by  the  plate 
finite  elements.  The  cxibic-cubic  beam  finite  elements  show  better  strain 
results.  Improved  predictions  could  be  achieved  by  using  a greater  num- 
ber of  the  present  (too  stiff)  linear- linear-cubic  (LLC)  assximed-displace- 
ment  elements  or  by  using  the  fundamentally-better  but  more  costly  cubic- 
cubic-cubic  (CCC)  assumed-displacement  element  for  the  u#  v#  w displace- 
ment fields.  As  shown  in  Refs.  23  and  28  and  numerous  other  references, 
the  use  of  balanced-polynanial  assmed-displacement  elements  leads  to 
predictions  of  superior  accuracy  for  the  present  kind  of  problems  dompared 
with  unbalanced-polynomial  elements.  An  extension  of  the  present  investi- 
gation, therefore,  is  recommended  to  utilize  and  assess  the  benefits  to  be 
achieved  by  the  use  of  CCC  elements  for  finite-strain  predictions  in  the 
present  type  of  nonlinear  transient  response  problem. 

7.3  Impulsively-Loaded  Free  Circular  Ring 

Sought  is  a more  stringent  test  and  evaluation  of  the  present  finite- 
strain  predictions  vs  small-strain  predictions  vs  experiment.  Tnis  is 
afforded  by  the  experimental  data  from  Ref.  207  for  an  impulslVely-loaded 
free  initially-circular  aluminum  ring  since 

(1)  larger  comprossive  strains  are  present  (and  over  a larger 
circumferential  region) ; 

(2)  much  larger  rotations  are  present > and 

(3)  bending  rather  than  stretching  dominates  the  response  of 
the  structure. 
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7,3,].  pyoblotn  Pofinition 


An  rQportod  in  Roi.  207  a firao  initlnliy’'cijrcul,nj:  6061"T6  aluminum 
ring  (oallod  P15)  of  2,937-in  midnurfaoo  radiun,  0.124"in  thicknonn,  and 
a 1, 195-in  width  wan  loadnd  impulnlvely  unifoirmly  ovor  a 120-dogroo 
sector  (contorod  at  0 ^ 0®)  of  ito  oxtorior#  rociulting  in  on  inward  initial 
velocity  of  6853  in/soc  for  that  loaded  region.  High  spcjcd  photographic 
measurements  wore  made  of  tho  deforming  ring.  Also,  transient  strains 
were  measured  at  various  circumferential  stations  on  the  inner  surface  and/ 
or  the  outer  surface  of  the  ring.  Static  uniaxial  stress-strain  tests 
were  conducted  on  coupons  of  the  6061-T6  al\aninum  from  which  the  ring  was 
made.  The  mass  per  unit  volume  of  this  material  is  assumed  to  bo 
= 0.0002526  ( lb-sec^) /in^. 

For  the  small-strain  analysis > strain-displacement  relation  Type  c 
which  is  valid  for  arbitrarily  large  rotations  but  only  small  strains  was 
employed  and  the  following  t23,28]  stress-strain  pairs  were  used 

for  mechanical  sublayer  fitting  cf  the  static  stress-strain  data:  (t  “ 

(42,000  psi,  0.00476  in/in)  and  (58,219  psi,  0.2000  in/in).  The  material 
was  assumed  to  be  strain  rate  sensitive?  strain  rate  constant  values 
d = 6500  sec  and  p = 4 were  assumed  for  illustrative  purposes. 

For  the  finite-strain  analysis,  strain-displacement  relation  Type  F 
which  is  valid  for  finite  strains  and  finite  rotations  was  used  and  the 
static  uniaxial  stress-strain  data  were  recast  into  T Vs  e*  where 

~ ^u  " ^ piecewise  linear  fit  of  this 

<3^ta  of  Ref,  207  was  made  as  follows  for  use  in  the  mechanical- 
sublayer  material  model:  (T^  , e*)  = (42,974  psi,  0.0040679),  (52,150  psi, 
0.07000),  and  (107,383  psi,  8.615).  For  this  calculation  also,  it  was 
assumed  for  illustrative  purposes  that  the  material  strain  rate  constants 
wajfG  d « 6500  sec  and  p « 4. 

-?_v3.2  Comparison  of  Small-Strain  vs  Finite-Strain  Predictions 

For  economy  and  convenience  reasons  in  both  calculations,  advantage 
was  taken  of  symmetry  by  modeling  the  half  ring  with  18  uni form- length 
CC  4DOF/node  curved-ring  elements,  thereby  resulting  in  72  unknown  DOF. 

The  finite  element  properties  were  evaluated  numerically  by  Gaussian 
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qunUraturo  with  4 ftpanwioo  and  4 dopthwinn  Gaunnlan  ntationn  in  nnch 

ninmont*  A connintont  mam  matrix  wan  unod.  Both  aaiculationn  omployod 

thn  conrral""dif fnrmico  tlmwinn  oporatpr  witVi  At  ^ 0.6  micronocond;  tor 

thlf)  raodol  U)  2. 5730  x iO^  rad/noc,  no  0.9  (2/m  ) ^ 0.62  ynoo  han  not 

max  m<»« 

boon  oxcondncl  by  tho  aoloctod  At. 

2 

Comparifionn  ol?  prodtotcid  clrcuroforontinl  Croon  ntrain  both  tho 

fimnll“0 train  and  tho  finito-otrain  proeoduro  nro  nhown  vornuo  oach  othor 
and/or  oxporiniont  in  tho  £oJ.lowin9  indioatod  figuros  at  variouo  oircum” 
furuntial  locationo  0 on  tho  Innor  (non-loadod)  surface  or  on  tho  outer 
(loaded)  surface: 


Figure 

e-Location  (deg,  min) 

Surface 

Inner 

Outer 

23a 

92°  30* 

X 

23b 

92°  30* 

X 

23c 

0 

CM 

0 

a> 

X 

23d 

86°  10' 

23e 

176° 

23f 

16° 

X 

23g 

16° 

HH 

At  all  of  these  locations  except  for  9 “ 16°,  the  predicted  and  measured 
strains  indicate  the  presence  of  a very  significant  bending  contribution  — 
the  inner-surface  and  the  outer— surface  strains  are  of  significant  magni- 
tude and  of  opposite  sign.  It  is  seen  that  finite-strain  predictions  in 
nearly  all  cases  differ  considerably  f;:oro  the  small-strain  predictions,  and 
also  are  in  better  agreatnent  with  experiment  than  are  the  latter  predictions. 

At  0 = 16°,  note  that  membrane  compression  behavior  is  dominant  at 
both  surfaces  the  predicted  Y^  compression  and  the  values  of  Y2  o*' 
inner  surface  differ  little  from  those  on  the  outer  surface.  At  these 
0 = 16°  inner-surface  and  outer-surface  locations,  it  is  seen  that  tlie 
finite-strain  and  the  small-strain  predictions  are  in  better  agreement  with 
each  other  than  at  the  other  locations  - where  bending  behavior  is  very 
prominent. 


shown  in  Pig.  ?A  in  a comparinon  of  mnnRurnmontn  vn  procUctionn  of 
timo  hintory  of  tho  ring's  midpiano  cnntorlino  noparation  clintanco.  Roth 
procUctionn  aro  in  fairly  good  agmomont  with  moanurod  valuon.  Tho  CinltO'- 
ntrain  procUction  shown  a nmallor  oxtromo  noparation  clintanco  than  tho 
nmall-ntrnin  procUction  and  occurn  at  about  1250  micronocondn  whiJ.o  that 
Cor  tho  nmall-ntrain  calculation  oc(3urn  at  about  1400  vinoq. 

Noto  that  near  1500  pnoo,  tho  ring  in  in  a aovoroly  doformod  ntnto. 

At  thin  condition,  it  in  of  oomo  Intoront  to  oxainino  tho  circumforontial 
diatribution  of  thu  circumforcmtial  ijtrain  Y2  along  both  tho  outor  ourfuco 
and  tho  inner  aurfaco.  l-’inltu-atrain  prodictiona  for  thia  information  a;; 
well  as  moasurod  valuos  aro  shown  in  Picj4  25 » It  is  soon  that  in  tho 
region  3 ° ^ 0 105°  there  are  very  scjvoro  spatial  gradients  in  the  strain 

along  each  surface.  Regions  of  (a)  mainly  membrane,  (b)  mainly  bending, 
and  (c)  combined  behavior  are  evident.  Despite  the  severe  spatial 
gradients  in  the  strain,  it  is  seen  that  the  finite-strain  predictions  are 
in  reasonably  good  agreement  with  measurements  at  this  time  inst.ant. 

7.3.3  Comments 

This  impulsively-loaded  free  initially-circular  ring  is  of  special 
interest  in  the  present  f iniro-strain  study  since  not  only  are  strains  of 
significant  magnitude  produced  but  also  certain  regions  of  the  ring  under- 
go very  large  rotations  — conditions  whicdi  are  accommodated  properly  in 
the  present  theory  and  analysis.  NOW  one  finds  significantly  improved 
qualitative  and  quantitative  agreement  between  measurements  and  finite- 
strain  predictions  compared  with  the  former  small-strain  predictions . 

The  large  differences  between  the  small-strain  and  the  finite-strain 
predictions  at  0 = 92°  30',  0 ■=<  87°  20',  and  0 = 86°  10'  take  place 
because  these  locations  are  close  to  a region  where  compressive  strains 
of  more  than  14%  are  present#  and  hence  these  locations  are  also  affected 
appreciably* 

Finally#  note  that  in  both  cases  the  vector  (unconventional)  form  of 
the  equations  of  motion  was  used  and  solved  with  the  timewise  central- 
differcncc  operator* 


2* 4 impulnlv«ly^i<oadod  sgnaro  Thin  cj-ftt  Plato 


7,4.x  ProbXnm  Doginition 

An  roportocl  In  Rof,  2,  Hqunrn  thXn  C0C>X"T6DX  aXurninum  fXat  pannXft 
(nominaXXy  0.060  by  fl.OO  by  8,00  Xn  ■”™  non  Pig,  26)  with  nlX  four  niclnn 
idoaXXy  oXampod  worn  nubjoctod  to  Impulnivo  Xoadinq  on  thn  Xowor  nurfaoo 
ovor  a 2-in  by  2-in  region  ccmtorcid  at  tho  pnncii-aontnr  loeation 
(x,y)  1=^  (0»0).  A Behomatic  of  t*‘ ia  cixporimont  in  given  in  Pig.  27, 

SoXoctod  for  examination  hero  in  elampod  panoX  opocimon  CP-2j  itn 
dimenoiono  are  0.0623  in  by  8.00  in  by  8.00  in.  Tho  explooivoly-impartod 
impuXoo  rooulted  in  an  “initial  velocity”  of  16,325  in/aoo  for  the  2-in 
by  2-in  HE- loaded  region  (2],  Thin  condition  produced  a very  large 
permanent  deflection  of  tho  panel,  moaouromonts  for  which  are  reported 
in  Ref.  2.  in  addition,  a portion  of  the  upper  surface  of  specimen  CP-2 
had  on  it  a mechanically  lightly-scribed  closely-spaced  grid  whose  pre- 
test and  post-test  spaclngs  were  measured,  thereby  providing  permanent 
relative  elongation  data.  Also,  at  various  (x,y)  locations  on  the  upper 
surface  .at  Indicated  orientations  0 (see  Pig.  26),  high-elongation  strain 
gages  were  attached  and  used  to  meeisure  transient  relative  elongations j 
these  transient  strains  were  displayed  and  recorded  photographically  from 
oscilloscopes.  Finally,  permanent  relative  elongations  were  measured 
from  all  surviving  strain  gages. 

This  problem  provides  a well-defined  initial-value  problem  for  a 3-D 
structural  response  situation  wherein  measurements  have  been  made  success- 
fully of  transient  strains  as  well  as  large  permanent  deflections  and 
strains.  Moreover,  the  maximum  permanent  strains  produced  are  very  close 
to  the  rupture  threshold;  In  fact  near  (x,y)  ■=  (-0.65  in,  -0.7  to  +0.7  in) 
incipient  cracking  occurred.  At  a corresponding  location  (i.e.  x >=  +0.65 
in  and  -0.7  < y < +0.7  in)  very  severe  straining  but  no  evidence  of 

IV  IV 

cracking  was  observed.  Accordingly,  specimen  CP-2  serves  as  a stringent 
test  of  the  accuracy  and  reliability  of  the  present  finite-strain  formula- 
tion and  calculation  procedure. 
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■■  ^ ■>  P^p..:l.on  ot  ptn---—”--*"  va.  EW-tlgat, 

^ ^ 1 Plnltn-straln  anil  nnltn-Eloi«»nt  Aiwlyala  Modal 
por  ooBfutational  oaonany  «na  offlclonoy,  aavantago  wan  takan  of 
ioablo  oyn^otty  £of  thla  CP-2  plato  problo».  banco,  only  one  quactaf  of 
tto  Plato  waa  modolod  by  finite  olononta.  Tho  roaaltlng  11  by  11  »ah 
of  m quadtllatoral  flat-plato  blC  olononta  la  ahown  la  Plq.  i-clnd- 
l„o  ol«nt  dlmonaiona,  node  noitatln,,  and  olaaont  numboxlng.  »oto  that 
tho  inpalalvely-loadod  1-ln  by  1-ln  qnattor-plato  region  contorod  at 
(x,y)  = 10,0)  has  bean  modeled  by  4.5  elemente  In  each  direct 
the  aaaembled-atructure  nodea  lying  Inalde  thla  dotted  region  account 
for  the  plate  mane  to  which  was  Imparted  a uniform  w-directlon  veloclw 
i . 16,325  in/sec,  accordingly,  each  of  the  cited  nodea  was  given  this 
/,  thereby  defining  an  Initial  kinetic  energy  (KE)^  for  both  the  actua 
plate  and  the  finite-element  model  of  the  plate  to  be  8,402  in-lb,  where 
the  6061-T651  aluminum  material  la  assumed  to  have  a mass  per  unit  Initial 

volume  P of  0.000253828  (Ih-sec  )/in  . . , , t. 

With  the  available  funds  and  computing  system,  this  11  by  11  mesh 

o,  finite  elements  is  about  the  largest  feasible  slse.  Phe  ,222-ln  by 
.222-ln  element  size  selected  for  the  Impulsively-loaded  region  where 
severe  straining  occurs  was  expected  to  be  nearly  adequate,  although 
OCC  element,  rather  than  the  present  bbC  elements  would  provide  a muo 
better  rupresentatlon  of  the  behavior.  Also,  a continuation  o 
element  size  to  (x,y)  - (2,2)  would  heve  permitted  a better  modeling  o 
the  expected  strain  behavior  In  this  region,  however,  the  result  ng  o a 
number  of  degrees  of  freedom  and  computer  storage  would  have  exceeded 
that  currently  "allowable"  at  the  c»g>ut.r  facility  used.  Thus,  a 

ooarser  mesh  was  used  beyond  (x,y)  - (I.IU,  1-1U>  • “ 

Pig.  28.  Hence,  the  selected  finite-element  meal,  resulted  in  a total 
of  144  nodes  at  6 hoP/Hode  or  864  HOP.  Since  23  nodes  at  6 DOP/Hode 
are  ideally-clamped  (along  x - 4,  y - 4) , a total  of  20  nodes 
symmetry  at  3 bOP/HOde,  and  the  center  node  at  (x,y)  - (0,0)  has  double 
symmetry  Imposed  at  5 bOP/Hode,  a total  of  203  restrained  DOP  are 
involved.  Hence,  the  total  number  of  unknown  DOP  - 864-203  - 661  DOP. 


311 


Ao  roportod  in  Rof.  2,  static  uniaxial  stress-strain  moasuromonts 

were  conducted  on  coupons  of  material  whoso  axes  were  (1)  parallel 

(longitudinal,  h)  with  or  (2)  porpondicular  (transverse,  T)  to  the  plate- 

roll  direction  of  the  thick-plate  stock  of  6061-T651  aluminum  material 

from  which  apeclraon  CP-2  was  preparedj  the  x and  the  y direction  of 

specimen  CP-2  corresponds,  respectively,  to  the  T and  tho  L direction. 

These  static  stress-strain  tests  revealed  that  this  60C1-T651  plato-stock 

material  is  not  exactly  isotropic,  as  Pigs.  29a  and  29b  of  Ref. 2 show  for 

the  L-  and  the  T-direction,  respectively.  However,  since  the  analysis 

and  the  computer  program  employed  assume  that  initially  the  material  is 

P 

isotropic,  the  cited  Ref.  2 data  were  recast  into  ^ 

o o 

G*  = in  (1  + E ) and  the  average  data  were  fitted  in  a piecewise-linear 
fashion  by  the  following  (T^  ,e*)  pairs  for  use  in  the  mechanical-sublayer 
modelt  (t^j,ej)  •=  (0,0),  (4§,000  psi,  .0045),  (52,400  psi,  .0960),  and 
(72,000  psi,  .505) . 

Note  should  be  taken  of  additional  information  pertaining  to  the 
"non-isotropic“  character  of  this  6061-T651  aluminum  plate  material. 

First,  static  tensile  tests  of  coupons  revealed  that  the  static  relative 
elongations  at  fracture  were  about  .75  and  .40  for  the  L and  T specimens, 
respectively?  hence,  the  T-direction  exhibits  rupture  at  a substantially 
smaller  level  of  strain  than  does  the  L-direction.  Accordingly , incipient 
rapturing  of  “T-direction  fibers”  in  a plate  specimen  such  as  CP-2  would 
be  expected  first  before  rupturing  of  ”L-direction"  fibers?  this  indeed 
was  the  case  for  specimen  (X*-2  which  exhibited  threshold  rupturing  of 
T-direction  material  at  x =>  -0.65  in  along  y « -.70  to  » y » +.70  in. 

Because  of  the  very  severe  impulsive  loading  to  which  specimen  CP-2 
was  subjected,  certain  regions  of  this  specimen  will  experience  very  high 
strain  rates  at  least  at  early  times.  Thus,  even  though  the  6061-T651 
aluminum  might  not  be  particularly  strain-rate  sensitive,  one  expects 
nevertheless  a significant  effect  of  the  strain  rate  on  the  transient 
structural  response.  Accordingly,  two  calculations  were  carried  out 
(a)  one  for  zero  strain- rate  sensitivity*  ’ « p « 0 or  EL-SH  and  (b) 
EL-SH-SR  where  tho  strain  rate  parameter  values  assumed  were  d « 6500  sec 
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and  p 4.  For  case  (a)  calculations  for  600  micropeconde  of  structural 

rcaponsp  wore  carried  out,  but  only  300  psoc  for  case  (b)  bocauso  of  the 

computational  oxponHo  involved.  For  this  PE  model,  it  v?as  found  that 

ai  ra  .354328x10^  rad/soc;  honco,  0.8  (2/tt)  „„)  » 0.4S2  psoc, 
max  max 

Finally,  it  should  bo  noted  that  the  present  LLG  assumed  displacement 
element  is  too  stiff  and  displays  only  a state  of  constant  displacement 
gradients^;  a higher  order  element  such  as  a CCC  would  be  better  from  the 
viewpoint  of  accuracy  as  well  as  reducing  roundoff  error  but  time  has  not 
permitted  including  that  type  of  better  element  in  the  present  study. 

7. 4. 2. 2 Transient  Strain  Comparisons  and  Transient  Displacements 

In  the  following  listed  figures,  measured  transient  relative  elonga- 
tions at  the  indicated  (x,y)  locations  and  accompanying  0 -orientations 
on  the  upper  (non- loaded)  surface  of  flat-panel  specimen  CP-2  are  coitipared 
with  finite-strain  predictions  obtained  from  a timewise  solution  of  the 
modified  unconventional  equations  of  motion  together  with  Unear  extrapola- 
tion of  the  pseudo  loads  (MULE)  and  the  use  of  the  Houbolt  operator  with 
At  «=  1.0  psec: 


Upper-Surface  Location 

Distance  from 
Plate  Center 
(in) 

strain  Gage  Data  (2) 

Figure 

x(in) 

y(in) 

0 (deg) 

Gage  No. 

Peak 

Transient 
Rel.  Elong. 
(per  cent) 

29a 

0 

1.50 

90 

1.50 

3,  18* 

5.3,  6.7 

29b 

0 

2.00 

90 

2.00 

4 

2.7 

29c 

1.061 

1.061 

45 

1.50 

6 

6.1 

29d 

1.414 

1.414 

45 

2.00 

- 

- 

29e 

1.50 

1.50 

45 

2.121 

7 

2.2 

29  f 

2.00 

# 

o 

o 

45 

2.828 

B 

1.03 

*Ga 

ge  18  was  located  at  (x,y#0)  « (0#  -1*50 

in,  270  dbg 

.) 

Figures  29a  and  29b  show  predicted  (EL-SH  and  EL-SH-SR)  and  measured 
transient  relative  elongations  on  the  upper  surface  of  specimen  CP-2  along 
the  9 = 90-deg.  direction  at  (x,y)  « (0,  1.50)  and  (0*  2.00  in),  respec- 
tively. Since  the  Pig.  29b  location  is  at  a greater  distance  from  the 

'^’The  LLC  assumed-displacement  element  used  provides  displacement  gradients 
u and  v which  are  constant  in  the  x direction,  and  displacement 
qfadients'^u  and  v Whiah  are  constant  in  the  y direction. 

^ >y  »y 
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Plato  contar  than  tho  Pig.  29a  location » ono  oxpocta  for  thia  problom 
that  tho  poak  transiont  atraln  at  tho  Pig.  29b  location  will  bo  aignifi- 
cantly  sraallor  than  that  for  tho  Pig.  29a  location.  Both  moasuromontR 
and  prodiotiona  confirm  thia  expectation.  For  tho  (x,y)  « (0,  1.50) 
location  for  tho  Pig.  29a  display,  one  soos  that  tho  peak  predicted 
rolatlvo  elongation  for  the  BI>-SH  calculation  is  about  15  per  cent  and 
occurs  at  about  100  ysoc.  whereas  the  peak  measured  values  are  about  5.2 
and  6.2  for  gages  S and  18.  respectively,  and  occurred  at  about  85  psoc. 
However,  the  BL-SH-SR  early  peak  predicted  is  about  6.9  per  cent  and 
occurs  at  about  60  psec.  Hence,  the  EL-SH  prediction  appears  to  over- 
estimate tlie  magnitude  of  this  early  peak  very  substantially,  whereas 
the  BL-SH-SR  prediction  is  in  reasonably  good  agreement  with  the  measured 
early  peak.  Note  that  although  the  measured  relative  elongation  traces 
were  obtained  successfully  only  to  about  150  psec.  the  BL-SH-SR  predicted 
transient  response  appears  to  be  in  good  agreement  both  qualitatively  and 
quantitatively  with  the  measured  responses. 

At  the  more  distant  location  (x.y.9)  =■  (0,  2.00  in.  90  deg.,) . the 
EL-SH  arid  the  EL-SH-SR  prediction  give  time  histories  in  good  qualitative 
^md  quantitative  agreement  with  each  other.  Further,  these  two  finite- 
strain  predictions  are  in  fairly  good  agrement  with’ the  measured  transient 
response  data  (see  Pig.  29b) . Also,  the  longer  duration  EL-SH  prediction 
indicates  that  a predicted  permanent  relative  elongation  here  would  be 
about  2.5  per  cent?  the  measured  [2]  permanent  relative  elongation  at 
that  location  was  1.8  per  cent. 

Figures  29c.  29d.  29e.  and  29£  pertain  to  measured  and  predicted 
upper-surface  transient  relative  elongations  along  a ray  at  6 = 45  deg 
from  the  plate  center  at  distances,  respectively,  of  1.50,  2.00,  2.121, 
and  2.828  inches.  At  these  locations  the  peak  and  permanent  relative 
elongations  are  expected  to  decrease  at  these  4 "successively  more  distant 
locations"?  the  measured  data  show  this  to  be  the  case,  as  tihe  above- 
tabulated  measured  peaks  show. 

Note  that  the  measured  peak  relative  elongation  at  1.50  in  ftom  the 
plate  center  along  0 = 90  deg  and  0 = 45  deg  (see  Fig.  29c)  are  in  close 
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aiiroamont»  gagoo  3 and  X8  nt  0 - 90  deg  indicate,  ronpactivoly,  5.3  and 
6.7  per  cent  while  gage  6 at  0 - 45  dog  indicaton  a peak  af  about  6.X  per 
cent.  Figure  29c  aXfio  nhown  that  the  Eli-SH-SR  tranaiont  roaponoo  predic- 
tion ia  in  much  better  agroomont  -with  the  moasurod  roaponfie  than  in  the 
EL-SH  prediction. 

Obaorvo  from  Figs.  29a  and  29c,  whore  both  Xocationa  are  1.50  in 
from  the  plato  center  but  the  former  is  oriented  at  0 ° 90  dog  while  the 
latter  is  oriented  at  0 >=  45  deg,  that  the  general  magnitude  of  the 
measured  relative  elongation  time  histories  is  "tlie  same"  but  the  early 
portion  of  tlie  time  history  at  these  two  "equivalent  locations"  is 
distinctly  different.  Note  that  the  EL-SH-SR  prediction  also  exhibits 
this  qualitatively  different  early-time  response  — in  agreement  with 
measurements.  Prom  Pig.  29c  where  a "measured  strain  trace"  was  obtained 
from  0 to  about  340  .ysec,  one  sees  that  tile  peak  (6.1  per  cent)  was 
reached  before  150  usec  and  the  strain  level  changed  very  little  there- 
after. It  is  expected  that  had  this  trace  been  obtained  for  a much 
longer  duration,  very  little  change  in  this  "subsequent"  strain  level 
would  have  been  seen;  this  is  consistent  with  the  fact  that  tliis  strain 
gage  showed  a permanent  relative  elongation  of  5.4  per  cent  at  this 

location. 

At  a 2-in  distance  from  the  plate  center.  Pig  29b  shows  measured  and 
predicted  transient  relative  elongations  at  (x,y,0)  = (0,  2.00  in,  90  deg) 
while  Pig.  29d  shows  only  predictions  at  (x,y,0)  = (1.414,  1.414  in, 

45  deg) . For  the  former,  generally  good  theoretical-experimental  agree- 
ment is  observed;  note  also  that  the  measured  peak  (2.7  per  cent)  is 
reached  before  170  ysec  and  the  subsequent  strain  level  does  not  change 
very  much,  but  the  predictions  would  indicate  a somewhat  larger  value. 

At  the  Fig.  29d  2-in  location  (along  O = 45  deg)  no  transient  response 
measurement  was  obtained  (only  a permanent  relative  elongation  of  2.5  per 
cent  was  measured) , but  the  EL-SH  and  EL-SH-SR  predictions  appear  to  be 
plausible  qualitatively  compared  with  the  Pig.  29c  predictions  at  the 
1.50  in  distance  along  0 = 45  deg.  However,  the  "predicted  permanent 
strain  levels"  are  much  higher  thai->  one  expects  (and  measures)  at  this 


2. 00“ in  location. 
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rlquco  290  BlKJwo  lUooflurOTonto  ond  Ptodictiono  at  » aomowhat  orootor 
dlotanoo  (2.12  In)  Ctm  tlio  Ploto  oontor  alon9  6 - 45  dog.  HoK,  tho 
„,a»«od  ntrntn  ttaoo  to«clu.n  n pook  (=  2.2  pot  oont)  PoCoto  a)=out 
Mooc  and  olmngon  l.tn  lovol  voty  lltUo  tt»roottot,  tUn  gogo  gavo  a 
pormnont  tolatlvo  elongation  ct  1.7  pot  cant.  The  11-9H-9R  Ptodletlon 
appoats  to  1=0  plaueiblo  £ot  pothapn  .tho  fltnt  200  o£  tho  300  p.oc  dotation 
nhown,  but  tho  “ntoady  lovol”  achlovod  bofoto  200  pooo  In  at  about  4 pot 
oi-nt  attain  lovol  (va.  about  2 pot  cont  onpotlmontally) . on  tho  other 
hand,  tho  F.L-SU  ptodlotlon  rtiooa  a poak  attain  lovol  (at  about  300  uaoo) 
uhleh  la  algnlfloantly  larger  than  that  of  thla  aamo  BL-SH  ptodletlon  a 
tho  oloaot-ln  2.00-ln  location  ahoon  In  Pig.  29d.  Honco,  It  la  apparent 
that  at  those  -moto  distant  loeatlona”.  tho  Bb-SH  calculation  la  0=<hlblt- 
ing  a numerical  deterioration* 

Ptcnouncod  ovldonco  of  this  "late  tla»”  numotlcal  dotetlotaUon  la 
exhibited  in  Pig.  29£  «hat«  the  measured  transient  relative  elongation 
at  the  2.828-ln  distance.  (x.y,6)  - (2.00,  2.00  In,  45  deg)  Is  shown 
and  compared  «lth  BL-SH  and  BL-SH-SR  predictions  at  this  location, 
experimentally,  a peak  strain  of  about  1.03  per  cent  was  reached  at  =^u 
220  naec,  and  the  strain  level  changed  very  little  thereafter.  On  the 
other  hand,  at  this  location  the  relative  elongation  predicted  by  tto 
EL-SH  calculations  behaves  plausibly  and  exhibits  a reasonable  level  of 
strain  for  about  the  first  200  Rsec.  but  then  exhibits  an  almost- 
exponential  growth  with  time  - reaching  20  per  cent  at  about  500  Rsec. 
n.e  BL-SH-SR  calculaUon,  on  the  other  hand,  does  not  exhibit  this  type 
of  clear  deterioration  during  its  300  Rsec  duration,  but  it  Indicates 
a -permanent  strain  level”  of  about  3 per  cent  which  Is  much  larger  than 
measured  at  this  location.  Based  upon  the  Pig.  29s  results  (and  ^ose  of 
Pig  29f ) , the  EL-SH  and  the  EI^SH-SR  predictions  must  be  regarded  w 
suspicion  in  the  ”cuter  rone”  spanned  by  the  finite  element  region 
-enclosed”  by  elements  S through  10  and  76  through  111  at  time,  beyond 

about  200  MSQC. 

information  supplementing  those  Indications  of  numerical  deteriora- 
tion (despite  the  use  of  double  precision  on  the  IBM  370/168)  Is  given 
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in  Toblofl  3 and  4 for  tho  el-SH  and  tho  EL^SH-SR  caicuiation,  rnnpootlvoly. 
Shown  in  thono  tabion  aro  tho  tlmo  hintorioo  of  tho  uppor-nurfaco 
uroun  strain  at  oach  nodal  otatlon  along  y « o.  Also  shown  aro  tht/uppor- 
surfaco  principal  Groan  strains  at  tho  centers  of  olcmont  1 through  6. 

Those  tabulations  show  that  plausible  time  hiatorioa  of  strain  arc 
predicted  at  jjll  timos  for  (a)  tho  "closc-in  nodal  stations"  (that  is, 

X N 1.00  in)  and  (b)  tho  centers  of  elements  1 through  6 for  both  the 
EL-SH  and  tho  EL-8H-SR  calculation,  although  tJio  values  predicted  by 
tlie  latter  are  much  more  reasonable.  At  nodal  locations  beyond  about 
X 1.00  in  (except  at  node  12  (x  =>  4.00  in)),  one  observes  a progressive 
deterioration  in  that  tlie  predicted  strains  continue  to  grow  implausibly 
to  unrealistically  large  levels. 

Shown  in  Pigs.  30a,  30b,  and  30c  aro  the  EL-SH  and  EL-SH-SR  predicted 
time  histories  of  the  principal  strain  at  the  center,  respectively,  of 
elements  1,  3,  and  6;  these  elements  (see  Pig.  28b)  lie  adjacent  to  the 
y * 0 symmetry  line  and  their  centers  are  located  at  the  following  respec- 
tive locations  (x,y)  « (.lu,  .m  i„)  , (.333^  ^ 298,  .111). 

At  the  first'  two  locations,  these  principal  strains  increase  quiejely  and 
reach  a "plateau"  by  about  80  ysec,  and  change  very  little  thereafter; 
further,  in  both  cases,  the  "plateau  principal  strain"  levels  are  substan- 
tially smaller  for  the  EL-SH-SR  than  for  the  EL-SH  calculation,  as 
expected.  At  the  center  of  element  6.  the  principal  strain  time- history 
for  the  EL-SH  calculation  is  similar  to  those  for- elements  1 and  3; 
however,  the  EL-SH-SR  predicted  principal  strain  first  rises  rapidly  and 
tlien  increases  slowly  for  the  remainder  of  the  300  ysec  time  history 
rather  than  reaching  a plateau.  To  supplement  this  information,  the 
principal  strain  at  the  center  of  elements  1 through  6 is  given  at  various 
time  instants  in  Tables  3 and  4 for,  respectively,  the  EL-SH  and  the 
EL-SH-SR  calculation. 

It  is  instructive  also  to  examine  tlio  spatial  distribution  of  the 
predicted  strain  in  tho  panel  at  various  fixed  instants  in  time.  Accord- 
ingly, shown  in  Pigs.  30d  and  30e,  respectively,  are  EL-SH  and  EL-SH-SR 
predictions  of  tlie  x-direction  upper-surface  Green  strain  yj  at  nodes  1 


317 


through  12  (aoe  Pig.  28a)  along  tho  y •=•  0 nymmotry  lino  from  tho  panol 
contor  (x,y)  " (0,0)  to  tho  clampod  odgo  (x,y)  (4.00,  0) > thin  infcrma” 

tion  in  aloo  givon  in  Tahlon  ^ and  4,  rospoctlvoly . 

For  tho  BL-SH  calculation,  Pig.  30d  nhowo  that  va.  x at  GO  mboc 
ia  of  tho  oxpGctod  form  for  thlo  phyaical  oituation  — dinplaying  nmoothly 
varying  largo  values  within  and  just  beyond  tho  1.00-in  odgo  of  the 
impulsive- loading  zone,  and  then  decroaaing  rapidly  to  nmall  values  for 
X > 1.50  in.  At  100  yseo,  tho  strain  has  increased  significantly  at 
station  x ® 1.111  and  1.486  in  but  remains  close  to  tho  60  (jbcc  values 
at  the  other  locations.  At  200  ysec,  the  yj  strain  distribution  remains 
similar  to  that  at  100  nsec  except  that  a substantial  increase  in  the  yj 
strain  occurs  at  stations  x » 1.861  and  2.486  in  where  the  values  are, 
respectively,  13.21  and  5.17  per  cent.  At  location  x = 1.861  in  (which 
ia  remote  from  the  impulsive- loading  zone) , this  strain  value  should  be 
very  similar  to  (or  perhaps  Jjetween)  those  exhibited  in  Pigs.  29a  (at 
x,y  =.0,  1.50  in)  and  29b  (at  x,y  « 0,  2.00  in)  since  these  locations 
"span*'  the  station  in  question,  where  the  respective  BL-SH  predicted 
values  are  5.7  and  3.7  per  cent  and  the  measured  values  are  z 4.0  and  2.0 
per  cent,  whereas  a value  of  13.2  per  cent  is  EL-SH  predicted  at  station 
X =■  1.861  in.  For  this  x =>  1.861-in  station,  an  examination  of  Table  3 
indicates  that  a numerical  deterioration  of  the  calculation  is  occurring 
here  beyond  about  120  hsec  since  as  time  progresses  the  EL-SH  predicted 
strain  continues  to  grow  "unrealistically"  and  reaches  a value  of  31.2 
per  cent  at  600  ysec,  whereas  the  measured  peak  [2]  at  the  "spanning 
stations"  did  not  exceed  about  6 and  2.5  per  cent,  respectively.  Further 
evidence  of  this  calculation  deterioration  in  the  mesh  region  spanned  by 
nodes  8 through  11  and  85  through  121  can  be  seen  by  examining  (a)  the 
plotted  predicted  strain  profiles  at  t = 300  psec  and  600  ysec  in  Pig.  30d 
and  (b)  the  time  histories  of  the  predicted  strains  at  these  nodal 
stations  as  given  in  Table  3.  Further,  the  measured  permanent  strains 
at  X > 1.4  in  were  smaller  by  at  least  a factor  of  4 than  the  predicted 
values  listed  in  Table  3 at  t = 600  psec.  Also,  observe  that  the 
predicted  strains  in  the  region  0 £ x < 1.11  in  quiclcly  reached  fairly 
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lartjo  vaXaofi  and  eoBontiaXly  ''rotnlnod”  thooo  vaXuon  throughout  tho  600 
|.iBQc  timo  poriodj  fJtraiuH  in  thlo  region,  thoroforo,  nro  boXiovod  to  bo 
valid  and  not  affoatod  by  tho  citod  timowiao  progronnivo  numorioal 
dotorioration  of  the  calcuXotlon  in  tho  indicated  monh  portion  of  thin 
largo-DOP  problem. 

P iguro  30o  ahown  a Hlmilar  aoquonco  of  predicted  atrain  profiloo  for 
tlic  EL-SH-SR  calculation.  Although  tho  magnitudoa  of  tlio  predicted 
strains  are  considerably  smaller  than  for  tho  corresponding  locations 
and  times  in  tho  EL-SH  calculation,  tho  timewise  trends  are  similar  to 
those  of  Pig.  30d.  For  the  EL-SH-SR  calculation  also,  there  is  evidence 
from  Pig.  30e  and  Table  4 of  a progressive  deterioration  of  the  numerical 
predictions  in  the  region  spanned  by  nodes  8 through  11  and  85  tlirough  121. 

Given  in  Tables  3 and  4 for  the  EL-SH  and  the  EL-SH-SR  calculation, 
respectively , are  the  values  of  Green  strain  yj  at  tho  nodal  stations 
along  y ••  0 (nodes  1 through  12)  at  about  20-y sec- intervals.  Note  that 
the  peak  and  the  permanent  strains  from  nodes  1 through  7 are  reached 
within  about  140  pseo.  Por  stations  8,  9,  10,  and  11  one  observes  a 
"deterioration"  in  the  strain  behavior  beyond  about  120,  240,  350,  and 
450  Usee  for  the  BL-SH  calculation,  and  beyond  about  100  and  260  psec 
for  stations  8 and  9 for  the  EL-SH-SR  calculation  which  was  carried  out 
for  only  300  ysec.  Thus,  in  the  region  beyond  x - 1.86  in  (or  in  the 
mesh  zone  bounded  by  nodes  8 through  11  and  85  through  121)  the  strains 
become  unrealistically  huge.  As  a result,  the  gross  w displacement  time 
history  at  "all  nodal  stations"  also  degenerates  in  the  sense  that  these 
displacements  continue  to  grow  in  the  region  0£x<2.5inina  vigorous 
manner  even  though  nearly  all  of  the  initial  kinetic  energy  has  been 
absorbed  already  by  plastic  work;  the  time  history  of  the  quarter-plate 
kinetic  energy  is  shown  in  Fig.  31.  This  "degenerate"  w-displacement 
time  history  is  shown  in  Pig.  31  at  (x,y)  = (0,0)  for  the  EL-SH  and  the 
EL-SH-SR  calculations;  both  calculations  indicate  w displacement  values 
which  are  much  larger  than  observed  experimentally.  The  excessively 
large  strains  predicted  in  the  mesh  region  spanned  by  nodes  8 through  11 
and  85  through  121  because  of  "numerical  deterioration"  cause  tho 
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w-dlfiplacomont  in  the  .region  0^x<3.0into  booome  unroalietioally 
large  aleo.  clearly  this  in  a nuroerical-dogenoration  problem  incurred 
doapito  the  uno  of  doublo-prooiaion  arithmetic  on  the  IBM  370/168  at  MIT. 
Further  study  is  needed  to  resolve  this  difficulty. 

7. 4. 2. 3 Permanent  Defloctiona  and  Strains 

Because  of  the  alroadyoitod  progressive  timewise  numerical 
deterioration  of  the  ualculationf  the  p'resont  calculations  do  not  provide 
valid  estimates  of  the  permanent  deflection  of  the  CP~2  impulsively** loaded 
thin  aluminum  panel.  However^  it  may  be  of  interest  to  compare  BL-SH  vs. 
EL-SH-SR  pbedioted  w-displacement  profiles  vs.  x along  the  fixed**y 
locations  y = 0,  1.111,  and  2.486  in  at  a fixed  instant  in  time,  such 
comparisons  are  shown  for  illustration  in  Pig.  32a  at  t = 300  visoc. 

Because  of  "strain-rate  stiffening",  one  observes  that  the  BL-SH  deflec- 
tions tend  to  be  much  larger  than  those  for  the  EL-SH-SR  calculation 
along  y » 0 and  y » 1.111  in.  However,  along  y » 2.486  in,  the  reverse 
is  true  because  the  “stiffer  EL-SH-SR  structure”  has  responded  more 
rapidly  (peaks  sooner)  than  has  the  "EL-SH  structure"  at  this  y = 2.486  in 
station. 

That  these  predicted  w-displacement  profiles  at  various  fixed-y 
locations  are  of  generally  plausible  character  (although  of  invalid 
too-large  magnitude)  can  be  seen  by  examining  the  experimentally-measured 
permanent  w-def lection  profiles  plotted  vs.  x in  Pig.  32b  for  various 
fixed-y  stations.  Note  that  a permanent  plate-center  deflection  of  about 
1.1  in  occurred  on  this  0.0623  by  4 by  4-in  square  clamped-sided  panel. 

It  is  evident  from  these  permanent-deflection  profiles  that  very  large 
strains  must  be  present  over  about  a central  1.5  by  1.5-in  region. 

Shown  in  Pig.  32c  are  the  measured  permanent  relative  elongations 
on  the  upper  surface  of  panel  specimen  CP-2  as  a function  of  pretest 
distance  x from  the  plate  center  along  y = 0 from  mechanically-scribed 
upper-surface  grid  measurements.  Also  included  are  pemanent-elongation 
data  from  strain  gage  measurements  [2] . Permanent  relative  elongation 
estimates  frean  each  of  the  two  present  calculations  are  shown  also  on 
Pig.  32c. 
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n itua,  o(  tto  Btraln  pradlcUona  tor  tho  EMH  oaao 

l»Uo«ta<l  that  tho  htraln  «t  thn  oontor  o£  tho  naaU  oloat^nta  Ih  tho  ro„ 
adjaoint  to  » » 0 ha4  onoontlaUy  tooghod  thn  Clnal  fltato  by  a u 
pnno,  in  tagt  an  'toblo  3 nhowa,  tha  ntralna  at  nodal  atntionn  tor 
0 < , < l.OO  in  romaln  alitont  unghandod  to  tho  600  pnno  ond  oC  tho  EL-SII 
oaloulitton.  Ihun.  the  tolatlvo  olondatlonn  at  nodon  1 thtonoh  6 at 
600  paoo  woro  ghoaen  tor  tho  permanent  ntraln  ootlmate.  Per  ntationo 
with  X > 1.00  in,  it  la  boUovod  that  tho  aoooolatgd  rolotlvoly  coaroo 
flnlto  element  meah  makee  the  predicted  strains  enreliable,  accordin,ly, 
no  permanent  strain  estimates  from  nodal  strains  are  made  in  this  re,ion. 

However,  at  the  location  o£  uppor-surtece  strain  gage  3.  (x,y,  - 

(0,  1.50  in,  00  deg),  the  BL-SH  predicted  transient  relative  elongat  on 
os  Shown  in  Pig'-  29a  was  used  to  estimate  a permanent  y-dlrect  on  relative 
olongauon  there  of  6.5  per  cent,  strains  in  the  region  of  ev  dent 
nemerlcal  deterioration  are  unreliable  and,  hence,  ore  not  employed  in 
making  these  permanent-strain  estimates.  It  is  seen  that  these  predicted 
permanent  relative  elongations  tend  to  he  larger  than  the  measured 

For  the  EL-SH-SR  calculation  which  was  carried  out  to  only  300  psec, 
the  permanent  relative  elongation  at  this  time  was  used  as  the 
strain  estimate"  for  nodal  and  element  center  stations  at  0 < X i 1.00  in. 
included  also  was  the  permanent  relative  elongation  (at  300  psec)  at  . e 
outer-surface  center  of  element  6.  It  is  seen  that  these  predicted 
Hh-SH-SH  permanent  relative  elongations  are  (1)  considerably  smaller 
than  from  the  Eh-SH  prediction  and  (2)  in  reasonably  good  agreement  with 
measured  values  with  a tendency  of  being  in  the  mean,  perhaps,  somewhat 

amaller. 

It  should  be  noted  that  the  LLC  assumed-displacement  elements  use 
provide  displacement  gradients  u^^,  which  are  const^  in  the  x 

direction,  and  displacement  gradients  u^y,  v^y  which  are  coj^^  in  the 
y direction.  This  element  is  much  too  stiff,  hbwever.  the  use  of  a much 
finer  mesh  of  the  LLC  elements  could  improve  the  prediction,  but  at  the 
cost  of  greater  storage  and  computing  expense. 


I 
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An  ovaJu^itlon  marjo  of  tho  pirinaipftj  sfrains  and  a^^ooiatnd 
diroctionfi  (0^)  on  nho  wppcnr  aujrfacB  at  tho  oontor  of  tho  "gmaU”  olomonto 
(Roo  Pig.  2Bb)  for  both  the  Pt^SH  and  tho  Eh-SH-’SR  oalcuiation.  .'n 
tnuntcatlon  of  thono  finitO“fltrain''prodiotQd  mnxlinum  prinolpa).  attain 
rooiUto  arc  given  in  Tabio  5.  An  inopootion  of  thooe  valuoo  indlcaton 

that  tho  mont  oxferomo  vvaluoa  occur  at  tho  oontor  of  tho  following  olomonto 
in  oaoh  rows 


BL-SH  Bii-SH-SR 


Row 

Element 

Value 
(Per  cent) 

Element 

Value 
(Per  Cent) 

1 

5 ' 

37.2 

1 

14.3 

2 

16 

40.0 

12 

13.0 

3 

27 

38.0 

23 

10.6 

4 

38 

30.4 

38 

9.5 

5 

57 

12.3 

56 

8.8 

Finally,  it  is  of  interest  to  note  that  the  pre-test  and  post-test 
measurements  of  the  spacing  of  the  mechanically  lightly-scribed  grids 
Oil  the  upper  surface  of  specimen  CP-2  permitted  determining  that  the 
permanent  relative  elongation  close  to  'but  not  exactly  at)  the  location 
of  incipient  rupture  (x  = 0.65  in  and  -0.7  < y < 0.7)  was  about  26.4 
per  cent  for  this  bi-  or  tri-axial  strain  state  whereas  in  the  "uniaxial 
coupon  static  tests",  the  rupture  value  of  the  relative  elongation  in 
the  corresponding  direction  (the  transverse,  T,  direction)  averaged  about 
40  per  cent.  It  would  be  useful  to  assess  the  experimental  CP-2 
incipient  rupture  conditions  with  respect  to  an  independent  strain  based 
incipient  rupture  criterion  for  this  type  of  aluminum  alloy : 6061-T651 

and  its  attendant  mill  preparation.  7)hls  matter  is  left  for  future 
study . 

The  computing  times  required  to  carry  out  the  finite-strain 
Houbolt-MOLE  predictions  of  the  transient  responses  of  explosively- 
impulsed  6061-T651  aluminum  thin  panel  specimen  CP-2  are  summarised  in 
the  following  for  the  EL-SH  and  the  BL-SH-SR  calculations.  These 


322 


ccmpntations  worn  peirCormod  In  dqubXa  prooision  on  tha  IBM  370/1B3  at 
MIT/  At  « I BROR  WRR  wro4  for  jauth  onlaulationB, 


Matl. 

Behavior 

No.  of 
Plato  PE 

Total 

Unknown 

BOP 

No.  of 
Cycluo 

CPU 

Timo 

(min) 

CPU  (min) 
OOP  byaloa 

121 

661 

600 

260.49 

6S6.8  K lO'*® 

EL-SH-SR 

121 

661 

300 

131.88 

66S.1  X 10“® 

Similai:  compariaons  for  othor  oxamplos  In  tlio  present  atudy  are  givan  in 
Subsections  7.6. 5.1  and  7.6.6. 

Ii5 — ggnt^_nmput-R^  Responao  of  T58  Turbine  Rotor  Tri-Hub  Burst  Attack 

7.S<1  Problara  Definition 

At  the  Naval  Air  Propulsion  Center,  various  aircraft  enc/lne  rotors 
have  been  smployed  in  spin  chamber  tests  in  which  the  rotor  has  been 
caused  to  fail  in  various  ways  while  rotating  at  high  rpm  1208-210] . The 
resulting  ro]:or  fragments  have  impacted  containment  rings  of  single-layer 
or  multi-layer  multi-material  construction.  High  speed  photography  has 
been  used  to  observe  the  ring-fragment  impact  and  interaction  from  initial 
impact  until  quite  late  in  the  response  history.  Transient  strain  and 
permanent  strain  measurements  at  various  locations  have  been  made  on  some 

of  the  rings.  Also,  the  permanently  deformed  ring  configurations  have 
been  measured. 

Selected  for  analysis  here  is  NAPTC  Test  201  in  which  a 4130  spin- 
cast  steel  containment  ring*  of  0.625-ln  thickness,  1.50-in  axial  length, 
and  IS.OO-in  inside  diameter  and  weighing  12.83  pounds  rested  horizontally 
on  smooth  support  wires  and  encircled  a T58  turbine  rotor  which  was  caused 
to  fail  in  three  equal  120-degree  segments  at  about  19,859  rpm  and  to 
impact  against  this  containment  ring.  Given  in  Table  2 are  the  weight 
and  geometric  data  defining  the  containment  ring,  the  rotor  burst  fragment 
properties,  and  the  test  conditions  for  NAPTC  Test  201  [208,209] . 


Prom  ACIPCO  billet  No. 2. 
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Each  fmcpont  conotated  of  a 120'’dogi:ofi  Roctor  of  tho  rim  with  flfivnn'' 
toon  nttachod  blndnnj  tho  dlntanon  from  tho  nxin  of  rotation  of  tho  rotor 
to  tho  cq  of  tho  fragment  wao  2,797  in.  At  tho  rotor  burnt  rpm  of  19 » 859, 
tho  trannlational  volooity  at  tho  eel  of  oaoh  fragment  wan  14 » 957,2  in/noc. 
Tho  r<'nulting  tot.il  kinetic  energy  of  tho  three  rnloanod  frngmontn  wan 
908,820  in- lb,  of  which  47(>,7C)0  in"lb  wan  trannlational  and  432,054  in-lb 
wan  rotational.  Ilonco,  ooch  fragment  had  nominally  158,922  in-lb  of 
trannlational  and  144,018  In-lb  of  rotationol  hinutio  energy. 

Tho  rooulto  of  an  oxtonoivo  analyoio  of  thin  teat  and  of  variouo 
small -ctrain  prodiotiono  for  tho  rosponsob  of  the  containment  ring  and  tho 
attacking  fragments  aro  reported  in  Ref,  30,  For  present  purposes, 
however,  only  one  of  the  analysis  models  considered  in  Ref,  30  will  bo  used. 
In  particular,  each  fragment  is  idealized  as  consisting  of  a rigid 
"cylindrical  disk"  of  2,555-in  radius  having  a maoo  and  a mass  moment  of 
inortia  matching  tho  actual  fragment  at  Its  instant  of  pre-impact  release 
from  the  rotor}  also,  the  translation  velocity  at  the  CG  of  the  idealized 
fragment  and  its  rotational  velocity  match  those  of  the  actual  fragment. 

The  entire  ring  was  modeled  (as  depicted  in  Fig.  33)  by  48  equal- length 
4DOP/node  ring  elements.  Local  ring-fragment  impact  was  treated  as  being 
perfectly  elastic}  hence,  a coefficient  of  restitution  e “ 1 was  used. 
Further,  it  is  assumed  for  present  purposes  that  the  impact-interaction 
between  each  fragment  eind  the  ring  Is  f rictionless . 

7,5,2  Comparison  of  Small-Strain  vs  Finite-Strain  Predictions 
For  the  small-strain  calculations  reported  in  Ref.  30,  National  Forge 
billet  static  tensile  stress-strain  data  supplied  by  the  NAPTC  [209]  wore 
used  to  analyze  the  Test  201  ring  since  according  to  Ref.  209  the  Test  201 
ring  material  is  almost  identical  to  the  National  Forge  billet.  Accord- 
ingly,  those  vs  static  uniaxia.'  tensile  stress-strain  data^  were 
approximated  by°piecewlse- linear  segments  defined  by  (T^  ,Y^^)  “ (0  psi, 

0 tn/in)}  (00,950  psi,  0.00279)}  (105,300  psi,  0.0225)°  and  (121,000  psi, 

0.2000)  for  use  in  the  mechanical  sublayer  material  model.  The  material 

^Material  rupture  occurred  at  “ 52.3  per  cent. 
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1b  aoBumad  to  bo  ntrain  rato  Ronaitivo  with  d =■  40# 4 rqc"'*'  and  p 5 which 
in  reported  to  bo  applicablo  [201]  to  mild  ntool.  Alno,  ntrain-’dinplaco- 
mont  roXatlon  Typo  a and  tho  ciVM"JET  4B  computor  progrom  [27]  which 
omployn  tho  timowino  oantral-difCoronco  oporator  wan  unod  for  tho  nmall'- 
strain  analynin. 

For  tho  finito-B train  analysia  tho  basic  finite  elomont  method  and 

impact-intoraetlpn  conditions  wero  the  oamo  as  before.  However,  strain- 

displacomont  relation  Type  P was  used.  Also,  the  National  Forgo  billet 

uniaxial  static  tensile  stress-strain  data  wore  recast  into  T ® (1  + 

u E 

Ey)  vs  = An  (1  + E^) , and  fitted  by  piecewise- linear  segments  with  the 
following  (Ty  ,e*)  pairs:  ,e*)  = (0,0),  (84  240  psi,  0.002890), 

(107,500  psi, °0. 0225) , (118, Oo8  psi,  0.0600),  and  (172,700  psi,  0.557). 
This  FE-modeled  ring  consists  of  196  unknown  DOP.  Taking  the  mass 


per  unit  initial  volume  as  0.000733  (lb-sec^) /in^  for  the  4130  cast  steel 

ring,  it  was  found  that  the  highest  natural  frequency  of  this  mathematical 

ring  model  for  small-displacement  linear-elastic  behavior  was  w_  •» 

^ ^ax 

0.4121789  X 10  rad/sec.  To  avoid  calculation  instability,  one  must  select 
At  < 0.8  a 3.88  psec;  for  convenience  a At  of  2.50  psec  was  used. 

The  central-difference  operator  is  used  to  solve  the  vector  (unconventional) 
form  of  the  equations  of  motion.  Finite  element  properties  are  evaluated 
numerically  with  three  spanwise  and  four  depthwise  Gaussian  stations. 

It  was  found  that  the  deformed  ring  configuration  and  fragment 
locations  in  this  _two-dimensional  impact-response  problem  cure  very  nearly 
the  same  at  a given  time  after  initial  impact  for  (a)  the  small-strain 
prediction  and  (b)  the  finite-strain  prediction.  Hence,  such  comparisons 
are  omitted  here.  However,  of  much  greater  interest  and  importance  are 
the  circumferential  inner-surface  and  outer-surface  strains  Small- 

strain  [30],  vs^finite-strain  predictions ++  of  the  inner-surface  and  the 
outer-surface  Y2  strains  at  the  midspan  stations  of  elements  1,  4,  6,  9, 

11,  and  47  are  shown,  respectively,  in  Pigs.  34a,  34b,  34c,  34d,  34e,  and 


A finite-strain-modified  version  of  CIVM-JET  4B  was  employed,  this  version 
is  called  CIVM-JET  4c  I. . ,.4] . 


++. 


For  the  present  finite  strain  calculation,  L « 0.497  in  was  chosen  since 
this  value  was  used  for  the  small  strain  calculations  of  Ref.  30.  otherwis: 
the  fnore  plausible"  value  L - 2h  = 1.25  in  would  have  been  preferred. 
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34f.  yhown  in  Fig.  3G  for  a timo  after  initial  impact  of  1180  pnoc^  are 
the  nmoll-otrain  and  the  finite-otrain  predictiona  of  the  circumferontial 
diotribution  of  Dutor~3urfaco  ntrainn 

Here  it  io  noon  that  tJiore  are  diatlnct  di.fforcnoon  botwoon  tho 
finite-strain  prodictionn  and  tho  nmnll-ntrain  prcidictionn  at  eomo  locationn 
and  vory  little  difference  in  othorn.  Generally,  however,  larger  Btrainn 
are  predicted  by  the  connistont  and  valid  finite-strain  formulation-and- 
nelution  procedure  compared  with  the  former  amall-atrain  procedure,  which 
is  consistent  with  tho  fact  that  for  tensile  strains  tho  finite-strain  ■ 
procedure  should  predict  larger  strains  than  the.  small-strain  procedure  If 
the  same  stress-strain  data  io  used  as  input  for  both  procedures. 

7.6  Steel-Sphere-Impacted  Narrow  Plate 

7.t>.l  Problem  Definition 

As  reported  in  Ref.  1,  initially-flat  narrow  6061-T651  aluminum  plates 
with  both  ends  ideally  clamped  have  been  subjected  each  to  perpendicular 
impact  at  its  midwidth-midspan  location  by  a 1-inch  diameter  steel  sphere 
at  various  velocities,  ranging  from  1893  to  3075  in/sec.  These  narrow 
plates  were  of  nominal  0.1-ln  thickness,  1.5-in  width,  and  8.0-in  span. 
Sphere  pre-impact  velocities  in  the  range  2485  in/sec  to  about  2800  in/sec 
were  found  to  produce  moderate  to  large  permanent  deformations  in  the 
plates;  rupture  of  the  plate  was  observed  for  steel  sphere  velocities 
above  about  2870  in/sec. 

It  was  noted  ttiat  except  in  the  near  viciinity  of  the  location  of 
initial  impact,  the  narrow-plate  specimens  exhibited  essentially  2-D 
deflections;  for  those  regions,  the  2-D  impact-response  codes  GtVM-JET  4B 
I27J  and/or  CIVM-JET  5B  [29]  would  appear  to  provide  useful  approximate 
predictions.  However,  significant  3-D  deformations  are  present  near  the 
impact  location";  hence,  modeling  of  the  behavior  of  the  structure  by 
plate  rather  than  beam  finite  elements  would  appear  to  permit  one  to  make 
more  realistic  predictions  of  the  actual  structural  response  both  near  and 
far  from  the  initial -impact  location.  Accordingly,  small-strain  and 
finite-strain  Calculations  were  carried  out  for  both  (1)  2-D  beam  modeling 
and  (2)  3-D  plate  modeling  of  the  structure. 

This  ia  essentially  the  time  of  occurrence  of  peak  straining. 
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To  iUuHtrato  tiumo  prodictionn  and  thoir  oompajrlnon  with  oxporlmont, 
aarrow-plato  Hpnrlmon  CD-ia  of  Rof.  1 wlXl  bo  analyxod.  Thin  plato  wao 
of  0.007^in  thicknonn,  X.498-in  width,  and  «.002-in  npan.  A X-in  dl.un..tor 
ntool  nphoro  woighing  GG.aiC)  gramo  with  a pro-impact  volocity  of  2794  in/ 
noc  impaotod  apooimon  CB-ia  approximately  0.0C.~in  from  thu  pXate-contor 
location.  ^ aohomatic  of  tho  model  nhowing  global  ooordinato  diroctiona 
io  given  in  Pig.  Jii.  m tl»io  toat  transient  rolativo  elongation  data 
wore  moacmrod  auccosafully  with  strain  gages  along  the  y-axia  (midwidtl» 
location)  at  y n + o.6-in  (upper,  surface),  y = 1.2-ln  (upper  surface), 
y = -1.5-in  (upper  surface),  and  y = X.5-in  (upper  and  lower  surfaces). 

For  botli  the  small-strain  and  tho  finite-strain  calculations,  the 
uniaxial  static  stress-strain  data  for  this  material  were  taken  to  be  the 
same  as  described  in  Ref.  30  and  in  Subsection  7.2. 3. 2f  namely,  (t  ,e*)  » 
(0,0),  (44,200  psi,  0.00442  in/in),  (49,200  psi,  0.075  in/in),  and 
(76,400  psi,  0.615  in/in)  for  use  in  the  mechanical  sublayer  material 
mcrf.1.  P=r  thl.  6061-T651  tho  rupturo  Xovol  of  croon  otroln  v 

for  untaxUl  static  toot  spoclmons  was  found  [21  to  bo  about  105  porcont” 
Pinolly,  sinco  both  s«ull-str.ln  and  flnito-otraln  prodlctlons  woro 
toportod  in  Rof.  30  for  tho  Impact-lnducod  transient  rosponso  of  spoclmon 
CB-18  - and  thoso  calculations  woro  mado  for  2-D  boam  olobont  modoUng  and 
fob  arg.  bcl,avloi[  only -tho  predictions  to  bo  prosontod  in  thin  report 

will  Include  oainly  El.s„  behavior  for  tho  .atorlal  of  narrcw-plato 
Specimen  CB-18. 

First,  in  subsection  7.0.2,  2-D  boab-elemont  and  idealised  2^0  Impact- 
Intcractlcn  modeling  and  rostsinso  will  bo  discussed.  Nc«t  in  subsection 
7.0.3,  tho  narrcw-plato  spoc,aon  (CB-18)  will  bo  modeled  with  plate 
clomonts  to  acocnwiodato  3-D  ntrnctural  rosponso,  also,  tho  attacking  sclid- 
sphero  fragment  will  be  modeled  faithfully  as  a sphorlcal  fragment  (rather 
than  as  an  "ogulvalont  cylindrical  fragment  as  In  tho  2-D  modeling  ease). 

.7*_^***  Bc«im  Finito  13Icinant:B 

In  modeling  the  tB-18  narrow  plate  by  beam  elements,  tlie  structural 
response  is  being  approximated  as  lelng  _atrtctly  two-dtmen.s^nnal  (2-D). 

Hence,  consiscent  with  this,  tho  attacking  fragment  is  idoaliaod  as  a 

2-D  fragment;  that  is,  tho  fragment  rather  than  being  a 1-ineh  diameter 
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tipJioro  in  idoaliand  nnd  vinualiisod  concpptualiy  an  a noltd  non~dofoirmablo 

cyiindrloal  fragmont  of  l-inch  dinmotor  and  oxtonding  no  onn  tho  entire 

width  of  tho  narrow-plate  npeciroen.  Thin  IdoaUnr.i  fragment  in  defined  to 

have  the  name  total  mann  an  the  actual  fragmont. 

The  entire  span  of  narrow-plate  opocimon  CB-10  hae  been  modeled  by  43 

equal-length  (0. 186-in) ' c»ibic-cubic  aonumed-dinplncoment  beam  elumonta  with 

4nOP/nodo  — baned  upon  extensive  studios  reported  in  Rof.  30.  The  mass  per 

-3 

unit  initial  volume  p of  tho  CB-18  material  ia  assumed  to  be  0.253B4  x 10 
2 4 ^ 

(lb-sec  )/in  . As  a result,  the  finito-olement  model  consists  of  157 

7 

unknown  DOF  and  its  maximum  linear-system  frequency  is  ® 0,2326  x 10 

rad/sec.  Accordingly,  since  the  CIVM-JET  4B  computer  program  (and 

modified  versions  tliereof)  utilise  the  timewise  central-difference  operator, 

one  must  choose  a time  increment  sise  At  of  about  0,8  (2/o)  ) » 0.688  usee 

max 

or  less  to  avoid  calculation  instability;  for  convenience  a At  of  0.50 
psec  was  employed  and  provided  converged  results.  Finally,  at  each  impact 
between  the  fragment  and  the  structure,  the  structure  is  asstuned  to  receive 
an  impact- imparted  momentvim  Increment  (see  Ref.  27)  on  a spanwise  length  of 
1/2 

At(E/p^)  = 0.0893-in  on  either  side  of  the  station  of  impact;  since 
initial  perpendicular  impact  occurred  at  the  midspan  station  of  the  center 
element,  this  criterion  resulted  (with  the  resident  computer  program  logic) 
in  the  imparting  of  velocity  increments  to  the  two  end  nodes  of  that 
element.  Each  of  those  assembled-structure  nodes  **accovmt  for  mass”  fremt 
half  of  the  center  element  and  half  of  the  next  element;  hence,  the 
effective  region  of  impact  influence  is  one  full  element  length  or  0.186-in 
on  each  side  of  the  station  of  impact.  This  effective  region  is  consistent 
with  that  estimated  in  Ref.  30  on  stress-wave  propagation  arguments  as 
approximately  2h  « 2 (b.097)  » 0.194  inch. 

For  the  small-strain  and  the  finite-strain  calculation,  strain- 
displacement  relation  Type  B (Eq.  4.90)  and  Type  P (Eq.  4.146)  , respectively, 
was  employed.  In  both  cases,  three  spanwise  and  four  depthwise* Gaussian 
stations  were  used  for  the  volume  numerical  integration  for  the  finite- 
element  property  matrices.  Also,  a diagonalized  (lumped)  mass  matrix  for 
each  element  was  used. 
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ThoHO  calculations  and  modeling  apply  to  both  tho  small-strain  nnd 
the  finite-strain  prndictions.  According ly^  thoso  2-D  prodictionn  can  not 
match  tlio  cxporimontal  results  noar  tho  impact  station  whore  distinct  3-D 
structural  rosponso  occurrod»  liowovor^  olnowhoro  (oxcopt  possibly  noar 
tho  clamped  ends) ^ one  can  oxpoct  to  find  ronaonablo  agroomont  botwoon 
those  predictions  and  oxporiraont. 

7.6.3  Modeling  by  Plate  Finite  Elements 

To  simulate  the  actual  physical  situation  of  the  CB-18  stoel-sphorc- 
impacted  narrow  plate  more  faithfully  — to  accommodate  tho  3-D  type  of 
structural  or  plate  deformations  which  arc  dominant  — specimen  CB-18  was 
modeled  with  plate  finite  elements  of  the  LLG  type  with  6DOP/nodo.  For 
computational  thrift  and  economy,  only  one  quarter  of  specimen  CB-18  was 
modeled  by  flat-plate  elements;  symmetry  conditions  were  imposed  along 
both  the  midspan  and  the  midwidth  station:  (x,y)  = (0,0) , and  ideally- 

clamped  conditions  were  imposed  at  the  clamped  end.  Initial  perpendicular 
impact  of  a 1-inch  diameter  non-deformable  spherical  fragment  was  assumed 
tc  occur  at  (x,y)  « (0,0)--  rather  than  about  0.06-in  from  this  point  as 

seen  in  the  CB-18  experiment.  The  element  mesh  of  flat-plate  elements 
employed  was  the  same  as  reported  earlier  (210)  for  the  small-sttain  calcu- 
lation; namely,  the  quarter  plate  was  represented  by  two  rows  of  11  span- 
wise  flat  plate  el(^ents  each  of  0.375-ln  widtli  and  each  with  spanwise 
lengths  as  depicted  in  Pig.  37a;  later  calculations  used  tlie  "refined" 
finite  element  mesh  shown  in  Pig.  37b.  The  flat  plate  elements  used  were 
the  same  LLC  elements  as  described  in  Subsection  7. 2. 3.1. 

For  the  FE  plate  modeling  of  specimen  CB-18,  the  small-strain  calcu- 
lations employed  the  von  Karman  strain-displacement  relations  (Eqs.  5.118  - 
5.123  and  the  attendant  following  paragraph)  while  the  finite-strain 
calculation  utilized  the  more  comprehensive  strain-displacement  relations 
given  in  Eqs.  5.118  - 5.123  (without  the  terms  involving  the  second  order 
derivatives  of  the  in-plane  displacements  u and  v,  since  the  assiuned  ‘ 
displacerooiit  field  for  the  LLC  finite-element  is  bilinear  in  u and  v) . In 
botl:  cases,  throe  Gaussian  stations  in  each  spanwise  direction  and  four 
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d(:>ptJiwl^a  Gnuofiian  ntatlonn  wore  unod  in  oach  flat-plato  olomont  to 

evaluate,  by  volume  numerical  integration,  tlio  proportion  of  each  element. 

Aloo,  a diagonalized  (lumped)  mans  matrix  wao  uand  for  each  element. 

The  maximum  linoar-Byatom  frequency  o)  of  the  Pig.  37a  finito- 

_max 

element  model  was  found  to  bo  0.2372  x 10 ' rad/sec.  Thus,  if  one  wore  to 

Compute  tho  impact-induced  transient  response  by  using  the  timowiso  contral- 

difforenco  operator,  a At  of  about  0.8  (2/w  ) o 0.67  usoo  would  be 

max 

required  to  avoid  calculation  instability.  However,  these  predictions 
were  parried  out  by  using  the  CIVM-PLATE  program  in  which  the  Houbolt 
operator  is  employed.  Accordingly,  a convenient  At  of  1.0  usee  was 
employed  which  earlier  experience  and  discussion  indicated  would  provide 
"reliable  converged  predictions". 

At  each  impact  between  the  fragment  and  the  plate,  it  is  assumed  that 

momentum  is  transferred  by  a perfectly-elastic  collision  to  a plate  region 

E 1/2 

(from  the  fragment)  defined  by  a circle  of  radius  L « At[-  ] ' « 

eff 

0,1985-in  centered  at  the  impact  location;  other  more  rational  selections 
for  could  be  employed,  but  this  one  is  used  for  present  illustrative 

purposes.* 


7.6.4  Comparison  of  Beam-Model  vs,  Plate-Model  Predictions 
First,  it  is  useful  to  compare  small-strain  vs.  finite-strain  predic- 
tions for  the  2-D  idealization  (with  beam  finite  elements)  of  the  CB-18 
impacted  narrow  plate.  Next,  similar  comparisons  will  be  made  for  the 
case  in  which  the  proper  3-D  structural  response  is  accommodated  by 
plate-type  fi*iite  elements  and  a spherical  impacting  fragment  of  the 
proper  size  and  shape.  Finally,  it  is  illuminating  to  compare  2-D  vs. 

3-D  predictions  only  for  the  consistently  formulated  and  implemented 
finite-strain  malysis . 
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7.0.4.],  Strain  Coroporisonfl 

Since  primary  Intoroat  contoro  on  tho  preSictod  and  measured  strains, 
comparisons  of  longitudinal  Croon  strain  made  in  tho  following 

indicated  figures  at  tho  specimen  midwidth  location  at  various  spanwiso 
locations  on  the  upper  (non-impactod)  or  lower  (impactod)  surface: 


1 FE 

Model 

Analysis 

Location  of  strain  Data 

HMI 

4 

lilMl 

ll^S 

Station 

1 Prediction 

r Experiment 

At 

At 

Lower 

upper 
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X 

- 

X 

X 

0 

X 

_ 

38b 

X 

- 

X 

X 

0 

X 

— 

38c 

X 

- 

X 

X 

0.3 

X 

•» 

38d 

X 

- 

X 

X 

0.3 

X 

M 

3de 

X 

- 

X 

X 

0.6 

X 

X 

38f 

X 

- 

X 

X 
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X 

X 
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X 

- 

X 

X 

1.50 

X 

- 

X 

38h 

X 
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X 

X 

1.50 

- 

X 

X 

38i 

X 

- 

X 

X 

3.00 

X 

- 

p 

38j 

X 

X 

X 

3.00 

- 

X 

P 

38k 

X 

- 

X 

X 
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X 

— 

p 
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X 

X 

X 

3.70 

- 

X 

P 
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- 

X 

X 
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X 
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- 
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X 
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- 
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tOMtlon  y . 0 l„  (at  tto  „ld„pa„  of  tho  boom)  oolnolaoo  with  tho  mldnpon 
c-iunolon  lnto,ratio„  ototlon  of  o tlnito  olonont.  locotlon  y - t 4.0  lo 
io  at  tho  olmpod  ond  of  tho  boom  ond  ooincldon  with  a tlnlto  olomoot  nodo 
.at  which  cla»pod-o„a  oondltlooo  have  boon  Impoood  (namely  that  tho  dlnplnoo 
month  V and  w and  tho  latoral-dlnplaoomont  grndlont  (.  nro  toro) . Ml  other 
.tatlono  occur  at  locations  Intctmodiato  botwoon  tho  ond  and  tho  midnpon 
of  a finite  element,  and  do  not  coineldo  with  npanwlno  Gauaolan  irttogra- 

tlon  points,  hlso,  measured  pormanont  strains  arc  indicated  on  thonu 
figures  where  available. 

These  figures  show  that  the  strains  predicted  (a)  by  the  current 
"finite-strain  procedure-  and  (b)  by  the  former  "small-strain  procedure" 
agree  reasonably  well  with  each  other  and/or  with  experiment  at  all  of 
these  stations  except  y » 0,  3.7,  and  4.0  in.  Large  strains  do  occur  at 
both  y “ 0 and  y = 4.0  in;  also,  the  occurrence  of  large  strains  at 
y = 4.0-in  exerts  a distinct  and  pronounced  effect  at  "nearby  station" 
y = 3.7  in  (located  in  the  element  adjacent  to  the  finite  element  at  which 
the  clamped  end  condition  has  been  imposed) . Although  the  calculations 
have  been  carried  out  for  only  900  microseconds,  it  appears  that  the 
current  "finite  strain  procedure"  would  provide  better  permanent  strain 
comparisons  with  measurements  at  all  spanwise  stations  (if  carried  out 
long  enough  in  time)  than  by  the  former  "small-strain  procedure". 

Figure  39  shows  that  the  time  histories  of  the  midspan  lateral 
deflection  w from  these  two  predictions  for  beam  CB-18  are  very  close  to 
other.  Finally,  the  time  histories  of  the  support  reactions  M , s , 
and  Py  at  station  x = 4.0  in  are  shown  in  Figs.  40a,  40b,  and  4qc,  * * 

respectively,  for  these  two  predictions.  The  agreement  between  these 
two  predictions  is  very  good  for  the  longitudinal  support  reaction  force 
Py  (associated  with  the  membrane  strains) , but  one  observes  some  differ- 
ences in  the  transverse  support  reaction  (shear)  force  s and  large 
differences  for  the  support  reaction  bending  moment  M . \hese  differences 
are  caused  by  the  fact  that  the  expressions  of  CIVM-JET  4B  for  the  bending 
part  of  tho  strain  are  valid  only  for  small  rotations  and  small  strains, 
while  tho  finite  strain  version  of  the  program  does  not  have  this 
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roBtrictiont  of  courao,  the  support  roaotlon  bonding  momont  M is  most 

X 

influoncod  by  tho  bonding  part  of  the  ntrain^dlpplacemont  rolatlono. 

Thp  Qomputinq  timo  roquirod  to  analysso  atool-^pphoro-impactod  boom 
CB-lB  by  tho  two  procodurop,  undor  othorwino-idontical  conditions,  io 
conveniently  displayed  in  tho  following  tabulation  (for  a time  stop  of 
0.50  mtcrosocond;  all  runs  were  conducted  on  an  IBM  370/168  computer) i 


Formulation 

No.  of 
Beam  FE 

No.  of  Gaussian 
Sta.  per  Elem. 
Spanwise  Depth 

Total  No. 
of  Unknown 
DOP 

Small  Strain 

43 

3 

4 

170 

Finite  Strain  43 

3 

4 

170 

Formulation 

Strain-Displ. 

Relation 

Type 

Mass 

Matrix 

Nc.  of 
Cycles 

CPU  CPU (min) 

Time  (DOP) (Cycles) 

(min) 

Small  Strain 

B 

DM 

22S0 

5.11  13.4  X lo"® 

Finite  Strain 

P 

DM 

1850 

6.81  21.7  X 10“® 

Here  again,  the  finite-strain-formulation  calculations  require  more  CPU 
time  per  (DOP) (cycle)  than  the  small-strain  formulation.  The  smaller  CPU 
time  per  (DOP) (cycle)  noted  here  for  steel-sphere-impacted  narrow  plate 
specimen  CB-18  compared  with  explosively-impulsed  narrow  plate  specimen 
CB-4  arises  frexn  the  use  in  the  latter  of  the  more-heavily  populated 
consistent  mass  matrices  vs.  diagonalized  mass  matrices  for  the  CB-18 
carculations,  and  the  use  of  3 rather  than  4 spanwise  Gaussian  stations 
for  the  CB-18  calculations. 

It  appears  that  (a)  the  use  of  the  proper  (second  Piola-Kirchhoff) 
stress  tensor  in  the  constitutive  equations  by  making  proper  transforma- 
tions of  certain  stress  and  strain  measures,  (b)  the  use  of  t vs.  for 

u u 

representing  the  monotonic  strain-hardening  antisymmetric  (in  tension  and 
compression)  mechanical  behavior  of  the  material  by  the  mechanical 
sublayer  model,  and  (c)  the  use  of  a finite-strain  strain-displacement 
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equation,  and  (d)  the  inolunion  of  thlcknoss  changon  provide  significantly 
improved  predictions  of  transient  strains  (the  most  important  and  sensicive 
quantities) , 

Next,  considor  the  plate-model  predictions > see  Pig,  41 » 
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- 

X 
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X 

0 

X 

- 

- 

41b 

- 

X 

X 

X 

0 

- 

X 

- 

41c 

- 

X 

X 

X 

3.40 

X 

- 

41d 

- 

X 

X 

X 

3.70 

X 

mm 

41e 

- 

X 

X 

X 

3.70 

X 

- 

41f 

- 

X 

X. 

X 

4.00 

X 

- 

- 

41g 

X 

X 

X 

4.00 

- 

X 

- 

At  the  plate-center  location  (x,y)  » (0,0)  where  initial  impact  occurs, 
it  is  seen  that  the  transient  strain  provided  by  the  consistent  finite- 
strain  prediction  is  substantially  leurger.  than  that  given  by  the  (now 
unreliable)  small-strain  calculation  . A similar  result  is  observed  at 
station  (Xry)  ^ (0,  3,70  in)  and  (0,  4.C50  in)  which  are,  respectively, 
near  and  at  the  clamped  end.  However,  at  station  (x,y)  » (0,3.40  in) 
which  is  more  ‘‘remote**  from  the  clamped  end,  one  observes  a much  smaller 
level  of  impact- induced  structural- response  strain;  a lesser  but  still 
significant  difference  exists  between  the  strains  predicted  by  these  two 
schemes . 


7*6. 4. 2 Deflection  Comparisons 

Since  only  permanent  deflection  data  (no  transient  deflections)  were 
measured  in  the  CB-18  experiment,  only  permanent  deflections  can  be  used 


Only  permanent  strain  was  recorded  at  this  location. 

^Note  that  the  static-test  uniaxial  rupture  level  for  y this  material 

(2j  is  about  1.05  or  105  per  cent.  ^ 
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to  compare  procliotionB  with  oxpfirlmont.  However,  It  in  Inntructivo  alRo 
to  compare  varioun  trannlont  diopiacomont  prodictlonn  with  each  other. 
Accordingly,  nuch  deflection  comparinonn  are  ahown  on  figuron  indicated 
in  the  following  tabuintioni 


PE  Model 

Analyoia 
Strain  Type 

StrofjQ 

Strain 

Predicted 

w-Diapl. 

Expt.  Perm. 

Dinpl. 

Location 

Figure 

Beam  Pluto 

Small  Finite 

Approx . 

Location 

(x,y) 

(x,y) , in 

42a 

X 

X 

EL-SH 

y <=  1.00 

Avg.  at 

and 

y » 1.00 

BL-SH-SR 

42b 

X 

X X 

EL-SH 

X “ 0 

- 

42c 

X 

X X 

EL-SH 

(0,0) 

(0,0) 

42d 

X 

X 

EL-SH 

At 

p 

x«0 

Along  X « 0 

840  ysQC 

VS.  y 

x«0.375 

• 

Along 

x=0.75 

(Estimated 

Permanent) 

42e 

X 

X 

BL-SH 

At 

X“0 

Along  X = 0 

840  usee 
Vs.  y 

x«0.375 

Along 

x=0.75 

(Estimated 

Permanent) 

42f 

X 

X X 

EL-SH 

Along  X « 

0 

Along  X = 0 

at  t « 840  Msec 

In  B’ig.  42a  it  is  soon  that  tho  PE  beam  model  small-strain  prediction 
f6r  the  transient  w-displaccft»ont  at  "2-D  location  y = 1.00  in'*  exhibits  a 
larger  peak  for  the  EL-SH  than  for  tho  BL-SH-SR  representation  of  tho 
material  behavior;  it  is  seen  also  that  the  BL-SH*SR  prediction  for  tho 
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pormanent  dioplacomont  at  thin  atation  ia  in  the  hn^^- , 

romlt. 

pr<,41rtio„„  thn 

rannl.,„t  .-o  _ 

™»t>«rPd  at  tho  mldtpm  “ "truptura  ato 

2 T“”  ^*«»"t-do£„™atl„„  o.tl.ato. 

dlffaront^'fl  tranalnnt  atraina  arc  significantly 

l»P»rt«„t  , ™»“-»train  „a.  tho  finlto-atroln  coloolatlon  at  tho 
tog  ona  »hich  aro  noat  nlhapan  and  near  tho  clampod  ond. 

Ch-18  a°tt„  ! nat  Plate  tinlto-olonont  ™=doU„g  of  tho 

at  tho  Dl  I Hoobolt-MUtE  w-dlaplaooBont  ptodiotlona 

:r„— arirr;::  ir~  - 

^aln  thoao  prodlctloha  compare  woU  with  each  othoAVt Vu^l“'pa“'' 
Po_  doflootloh  la  ptodlo^d  hp  tho  flhlto-attalh  oaloolaLr 

PUto™iol'nt°  dT“  »-alspl.oo..o„t  for  the  anall-attalh 

P olonant  aodol  oaloulatloh  la  shown  In  Pig.  «d.  Haro  at  t - 840 

IJsecp  the  w-displacement  is  shown  as  a Eunat^r.«  c i 

mldanan  f-v,  , function  of  spanwlsG  distance  from 

(centarllno)  atatlon,  half-way  to  tho  free  edge,  and  along  tho  free  odg. 

J<md  a^t  station  y . i.Jo  In,  the  w-dlsplaoo«„t  Is  soon  to  bo  nearly 
idoatloal  along  thoao  thtoo  wldthwlse  atatlons.  and  thus  Indloato^ 

cZt  ^l!'pb!to!*’“““ 

of  th  At  ^ ^ ponter  laipact  location,  howevar,  the  3-D  character 
Of  the  w-displacement  Is  clearly  evident. 

flalt^  TT  in  Pig.  430  for  tho 

lalte-atraln  plato-olonent-nodol  caloulaUon  at  t . 840  Lsoc  Both 

« Pig.  43d.  Plnally,  tho  P8  plate  model  onall-straln  Vs.  the  fiolta- 

: r --  - ----  in 

8.  43f.  Tho  mote  rcallatic  finite  otralh  prediction  lo  soon  to  orhihlt 

a slightly  more  "bulgy"  Droflla  tviim  4-u 

gy  P ofile  than  the  small-strain  prediction.  As 
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notod  ho»«v«r,  tho  dUdin  pr„aiotid„„ 

b.l«dn  thd  flnlto-ptraln  «„d  t.lu,  «,dl,-dlu-dl„  o,loui„t.ta„,  „lth  tho 
DTOor  bolnfl  la  muab  botto,  aarnamoat  »ltb  ,.«p„rl»oalal 

lilnaiant-Maal, 

Slaco  thn  (lalto  olomoat  madanag  nhowa  la  Mgn.  37a  aad  37b  {or  oao 
gwirtoc  o.«  aartow-plato  apoclnioa  CD-18  ««a  rathor  guarno  and  tburoby 
« tod  t.ho  rguiwaao  detail  »hloh  could  bo  aocoiramdatod,  It  van  doeldod 
to  employ  a ..rotiaod  ra  roproagat  tbo 

quarter  plate  ao  depleted  la  Plgo.  37c  aad  37d.  la  thio  roflaod-modb 
bodel,  eleaeata  of  o.l-la  by  0.1-1„  are  uaed  aear  the  "laltlal  iapact 
atatloa"  («,y)  = (o,o) , also  aear  tho  ebmpod  Bad  (y  = 4.00  la) , t»o  rows 
of  0.1-la  spaaulse  ie„ga,  employed.  ,heso  t»o  regioas 

are  those  la  which  proaouaced  3-.D  rospoase  effect,  aad  proaooaced  strala 
gradlQnts  are  to  be  expected* 

The  r«flaed-«esh  model  showa  la  pig.  37c  coaslets  of  75  ILC  guadrl ■ 
lateral  plate  elemeats.  The  assembled  structuro  has  96  nodes  with 
6 DOP/Hode,  'glvlhg  a total  of  576  OOP.  Symmetry  condition,  are  Invoked 
along  the  two  sides  at  x - 0 and  y » 0,  while  clamping  1.  imposed  along 
y » 4.00  la,  accordingly,  tho  restrained  DOP  are.  5 from  double  symmetry 
at  node  1,  3 each  at  19  slngle-symootry  nodes,  and  6 at  6 olamped-end 
nodes.  Hence,  the  unknown  DOP  » 576-5- (3) (19) -6 (6)  - 478.  Por  these 
calculations  a diagoaallted  (lumped)  mass  model  was  used.  Thus,  the 
^imum  linear-system  fregueacy  of  the  Pig.  37c  flaite-elemeat  model  was 
found  to  he  13.19775  x 10^  rad/aeo.  If  „„e  were  to  compute  the  Impaot- 
uduced  transient  response  by  using  tho  timewise  central-difference 
operator,  a At  of  about  0.8  (3/.,^^,  a „.i2  ps„a 

avoid  calculation  Instability.  However,  the  present  predictions  were 
carried  oat  by  using  the  CIUM-PLSTP  program  in  which  the  Houbolt  operator 
is  ployed.  Accordingly,  a ooavoaioht  At  of  1,.0  pseo  was  employed,  which 
earlier  computational  expetiehco  with  Houbolt-nuhE  had  ladlcat.d  would 
provide  •' converged  predictions". 

At  each  Impact  between  the  fragment  aad  the  pi;, to,  it  is  assumed  that 
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nioinpntum  lo  tranoforr«a  t*y  a porfpotXy-pXaRtia  caXXifiiun  tq  a pXato  roglon 
(from  tJio  fracp.int)  4ofinod  by  a al.raXo  of  radiun  pontorod  at  tho- 
ImpflPt.  XQcaftion.  i-'tom  RtronH'-wavo  propagation  argwnnntn  glvnn  in  aubnna-’ 
Uon  of  Hof.  30,  ban  boon  ohonon  to  bo  twico  tho  thicknonn  h of 

narrow-pXfjfeo  opoolmon  CB-lOi  la  2 (.097)  b 0,194  j,p. 

Por  thin  rof inod-innnh  PR  inodol,  all  ofelwr  finitci  atrnin  foirmnlatlon" 
and"ealeulafeion  proeioduroo,  utrain-dinplacomont.  rolatlono,  und  othor  data 
wore  t-Xio  tiamo  an  for  tho  eoaroo^mooh  flnito-olomont  plato  modol  computa- 
tion. 

Shown  in  Pig.  43  uro  tho  coaroo-mooh  vn.  eofincd- mctih  platc-olomont 
finito-otrain  EL-SH  prodictiona  of  tho  ploto-contor,  (x,y)  « (0,0) , 
displacomont  w of  otuol-ophoro-lmiJaotod  60CX-T65X  almdimm;  narrow-plate 
opecinien  CB-X0,  An  oxpoctod,  tho  rofined-mooh  model  oxhibito  a largur 
peak  doflootion  later  in  time  compared  with  the  ooarae-mooh  model  predic- 
tion < 


PG  Plate  Model 

Coarse  Mesh 
Refined  Mesh 

However,  as  noted  earlier,  transient  (or  permanent)  displacements  are  not 
a sensitive  indicator  of  the  accuracy  and/or  reliability  of  the  predic- 
tion. Strains  on  the  other  hand  are  of  primary  interest  and  concern,  and 
provide  a much  more  sensitive  and  meaningful  indication  of  prediction 
adequacy.  Hence,  strain  predictions  are  examined  next. 

Compared  in  Pigs.  44a  through  44o  are  Coarse-mesh  vs.  refined-mesh 
plate-element-model  finite-strain  predictions  of  transient  longitudinal 
Green  (bagraagian)  strain  the  surface  at  various  spanwise  stations 

of  steel-spbore-impacted  6061-T651  aluminum  narrow-plate  specimen  CB-18. 
Experimental  transient  and/or  permanent  strains,  as  appropriate  and  avail- 
able, are  included  also.  Summarized  in  the  following  are  tlie  figure 
number  and  associated  station/surfaco  at  which  these  strains  are 
compared: 


Peak  w(in)  Time  at  Peak  (ysec) 

0,970  690 

0.987  750 
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Plato  tocatlon  of  y„  Strain  Data  Along  the 

Figure  PF  Model  Plato  Midwidtn  (X'»0)  Station 


Coarse 

Rpfinod 

station 
y (in) 

Prodiction 
Upper  j:40wor 

Exporimant 
Upper  bowor 

44a 

X 

X 

0 

X 

tfl 

44b 

X 

X 

0 

- 

X 

- 

- 

44c 

X 

X 

0.30 

X 

- 

- 

44d 

X 

X 

0.30 

mm 

X 

- 

- 

44o 

X 

X 

0.60 

X 

- 

X 

- 

44f 

X 

X 

0.60 

- 

X 

- 

- 

44g 

X 

X 

1.20 

X 

- 

X 

- 

44h 

X 

X 

1.50 

X 

- 

X 

- 

44i 

X 

X 

1.50 

- 

X 

- 

X 

44j 

X 

X 

3.00 

X 

- 

44k 

X 

X 

3.00 

- 

X 

- 

44)1 

X 

X 

3.70 

X 

- 

- 

44m 

X 

X 

3.70 

- 

X 

- 

p* 

44n 

X 

X 

4.00 

X 

- 

- 

- 

44o 

X 

X 

4.00 

— 

X 

*Only  permanent  strain  was  recorded  at  this  location. 

Figure  44  shows  that  at  the  upper  (non-impacted)  surface  at  the 

initial-impact  station  (x,y)  = (0,0) , the  refined-mesh  plate-element 

2 

model  predicts  a peak  Y2  strain  of  about  59.7  per  cent  at  time  after 

initial  impact  TAII  = 750  psec.  While  the  corresponding  coarse-mesh  model 
2 

predicts  a peak  strain  of  about  35.6  per  cent  at  TAll  = 690  ysec.  A 
sindlar  disparity  is  seen  (Fig.  44b)  at  the  lower  surface  at  station 
(x#y)  » (0)r0)^  but  the  refined*“inesh  model  predicts  a compressive  strain 
peak  of  much  smaller  magnitude  than  that  from  the  coarse-mesh  model. 

Hence ^ the  refined-mesh  model  predicts  larger  membrane  strains  at 

(x^y)  « (0,0). 

At  station  (x,y)  = (0,  0.30  in),  the  more  accurate  refined-mesh  model 
2 

prediction  of  Y2  significantly  from  the  coarse-mesh  model 


339 


prediction*  an  Pigs.  44c  and  44d  ohow.  Evidonco  of  "roversod  curvature" 
in  proHont  ""  tho  lower  eurfaco  oxporionaoH  a larger  peak  r train  than 
doon  the-  upper  eurfaco,  and  both  aro  toneilo. 

At  ntntion  (x,y)  (0,  0,60  in)  which  in  moro  romoto  from  tho 

2 

iaitlnl*’ impact  ntation,  tho  prodlctod  pook  (longitudinal)  atrainn  aro 
of  tonnllo  chnractor  on  botti  nurfacon  (boo  Plgo.  44o  and  44f) > tho  poak 
y^  atrain  for  tho  rofinod'-moah  model  vo.  tlio  coarao-moah  model  ia  about 
9.0  and  17.5  por  cent  higher  for,  roopoctivoly , tho  upper  and  tlie  lower 
surface,  whore  tho  refined-mosh  result  is  used  as  a roferonco.  Por  the 
upper  surface  (Pic  44e) , the  experimental  transient  strain  trace  agrees 
reasonably  well  with  both  predictions  until  about  500  microseconds  when 
tlie  experimental  strain  trace  was  lost.  On  the  upper  surface,  permanent 
strain  measurements  of  2.24  and  2.36  per  cent  were  obtained  at  respective 
stations  (0,  +0.60  in)  and  (0,  -0,60  in);  it  is  evident  that  the  "refined- 
mesh  prediction"  of  the  permanent  strain  would  be  close  to  these  values. 

It  should  be  noted,  however,  that  for  computational  efficiency  and 
economy  reasons,  only  one  quarter  of  narrow-plate  specimen  CB-18  was 
modeled  by  finite  elements.  Furthermore,  it  was  asstmed  in  these  calcula- 
tions that  initial  impact  occurred  at  station  (x,y)  = (0,0) ; in  the  actual 
e;q>eriment,  however,  initial  impact  occurred  at  about  (x,y)  ■=  (+.057,  -.019 
in) . Therefore,  the  locations  of  strain  gages  relative  to  the  actual 
impact  location  are  different  from  those  wich  respect  to  the  "assvimed" 
initial-impact  location  (x,y)  = (0,0).  Therefore,  the  computed  and  the 
measured  strains  compared  here  are  actually  at  somewhat  different  distances 
from  the  initial  impact  point.  Accordingly,  this  effect  should  be  respons- 
ible in  part  for  the  discrepancies  between  meastired  and  predicted  strains, 
especially  at  those  stations  near  the  initial  impact  location.  At  more 
distant  stations,  however,  this  factor  assumes  a lesser  to  negligible 
importance . 

On  the  upper  surface  at  station  (x,y)  ^ (0,  1.20  in).  Pig.  44g  shows 
2 

that  the  peak  y^  strain  from  the  coarse-mesh  calculation  is  about  36  per 
cent  smaller  than  that  for  the  refined-mesh  prediction  (3.13  per  cent). 

From  0 to  200  psec,  the  measured  strain  trace  agrees  very  well  with  both 
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prodictioriR j from  300  to  475  ynoc,  it  agroao  bettor  with  tho  coorfio-monh 
moult I and  boyond  about  475  ynoo,  thn  monBurod  trnnoiont  otroin  io  in 
bottor  aqrcomont  with  tlio  rotinod-mooh  prodiotiont  Tho  mcaournd  poriiianont 
otrain  ngronn  roaoonably  woll  (and  boot)  with  tho  coarHO-mofth  oalcuXationt 
Although  tho  roCinod-monh  prediction  wan  oarriod  out  to  only  800  onoo,  it 
appoarn  that  tho  “indicatod"  pormanont  attain  would  bo  larger  than 
moasurod;  this  of foot  is  not  unoxpoctod  at  this  particular  (loas  important) 
location  since  a rathor  largo  (0.50-in  long)  finite  olomont  was  used  and 
contains  tliat  (x^y)  (0»  1.20  in)  station  — the  use  of  smaller  elements 

to  span  this  region  would  likely  improve  the  prediction  in  this  region  of 
relatively  small  strains. 

More  distant  from  the  initial-impact  location  is  station 

2 

(x,y)  = (0,  1.50  in)  where  y predictions  and  measurements  are  shown  in 

Figs.  44h  and  44i,  respectively,  for  tne  upper  and  the  lower  surface.  At 

2 

this  location,  the  coarse-mesh  calculation  indicates  larger  peak  y^ 

strains  on  both  surfaces  than  given  by  the  refined-mesh  prediction;  in 

both  cases  the  peak  values  are  less  than  2.5  per  cent.  The  measured 
2 

transient  y^  strain  on  the.  upper  surface  is  larger  than  either  prediction, 
but  at  the  lower  surface  the  measured  Information  is  in  reasonably  good 
agreement  with  predictions.  Finally,  the  measured  permanent  strain  at 
(1)  upper-surface  stations  (x,y)  = (0,  1.50  in)  and  (x,y)  =>  (0,  -1.50  in) 
was  1.48  and  1.13  per  cenc,  respectively  and  (2)  the  lower-sxurface 
stations  (x,y)  =■  (0,  1.50  in)  and  (x,y)  = (0,  -1.50  in)  was  1.31  and  1.27 
per  cent,  respectively;  the  refined-mesh  prediction  is  seen  to  be  in  good 
agreement  with  those  measurements. 

2 

Coarse-mesh  and  refined-mesh  predictions  for  the  transient  y^  strain 
at  station  (x,y)  ■=  (0,  3.00  in)  are  shown  in  Figs.  44 j and  44k,  respec- 
tively, for  the  upper  and  the  lower  surface.  Here  the  peak  strains  are 
small,  emd  the  coarse-mesh  calculation  predicts  somewhat  larger  peak 
values  than  does  the  refined-mesh  computation.  On  tho  upper  surface' the 
refined-mesh  prediction  indicates  the  closer  agreement  with  the  measured 
strain. 

of  greater  importance  and  interest  are  the  strains  at  stations  close 
to  the  clamped  end.  Hero  significant  spatial  strain  gradients  and  strain 
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valuQfi  theweelvoa  must  occur.  Honce,  statlona  (x,y)  " (0»  3.70  in) 

(x,y)  » (0,  4.00  in)  arc  oC  particular  intoroat.  coarsc--moah  and  finn^ 
rooah  tranaient  Yg  strain  predictions  aro  shown  in  Pigs.  44a  and  44m  for 
station  (x,y)  - (0.  3.70  in)  and  in  Pigs.  44n  and  44o  for  station 
(x,y)  . (0,  4.0Q  in)  at,  respectively,  the  upper  and  the  lower  surface 
for  each  station.  Since,  a finer  olomont  mesh  is  used  in  this  region 
for  the  refinod-meah  model  compared  with  the  coarse-mosh  model,  the 
former  is  expected  to  provide  substantially  more  reliable  predictions, 

especially  at  the  clamped  end  (x,y)  “ (0,  4.00  in) . 

On  both  the  upper  and  the  lower  surface  at  station 
(x,y)  = (0,  3.70  in),  the  peak  strains  predicted  by  the  refined-model 
calculation  are  much  smaller  than  from  the  coarse-mesh  prediction.  The 
measured  permanent  strains  on  the  (1)  upper  surface  at  (x,y)  » (0,  3.70  in) 
and  (x,y)  « (0,  -3.70  in)  were  0.56  and  0.68  per  cent,  respectively,  and 
(2)  lower  surface  at  (x,y)  - (0,  3.70  in)  and  (x,y)  « (0,  -3.70  in)  were 
1.07  and  0.47  per  cent,  respectively.  It  is  seen  Cat  the  refined-mesh 
predictions  are  in  close  agreement  with  these  measured  permanent  strains. 

At- the  clamped-end  station  (x,y)  - (0,  4.00  in),  very  severe  bending 
strains  occur.  As  Pig.  44n  shows,  the  upper  surface  at  this  station 
experiences  sequential  transient  compression,  tension,  compression,  and 
finally  tension  as  the  membrane  effect  overwhelms  the  bending  contribution 
- according  to  the  (more  reliable)  refined-mesh  prediction.  The  coarse- 
mesh  prediction  shows  a similar  sequence  except  that  the  final  state  is 
one  of  compression  rather  than  the  tension  predicted  by  the  refined-mesh 

calculation • 

on  the  lower  surface  at  (x,y)  = (0,  4.00  in) , very  large  tension 
strains  y'  are  expected  from  the  additive  effect  of  membrane  and  severe 
bending,  this  is  seen  to  be  the  case  from  the  predictions  shown  in 
Pig.  44o.  Note  that  the . coarse-mesh  calculation  predicts  a peak  tensile 
strain  of  11.5  per  cent  at  this  location  while  ^e  more  reliable 
refined-mesh  computation  predicts  a peak  tensile  Y2  Strain  of  22.6  per 
cent.  Although  no  strain  measurements  were  made  at  the  lower  surface  at 
(x,y)  « (0,  4.0  in),  it  is  evident  from  visual  inspection  of  the 
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RpQcimons  that  the  ponnanont  strainn  thQra.(at  the  cXmnpod-cmd  lowor 
surfaco)  arc  largo.  NonhoroogonoouR  doformatton  ip  propont  with  an  orango'^ 
poQi  kind  of  purfacof  thin  kind  of  purfacc  was  noticed  in  ptatic  unioKial 
tonnilo  toptp  of  the  Romo  batch  of  606i*«*r65i  aluminum  u»Rod  for  tho  Cb~lfl 
plato  spocimon  for  tonnile  0 trains  of  about  18  per  cent  or  more.  Recall 
that  tho  initial*" impact  station^  the  rofined"*meQh  calculation  prodictp 
a peak  tonoilo  Y2  ^t^^ain  of  59.7  per  cunt*  Hcncoi  it  is  apparent  that 
the  3-D  structural  r capons o behavior  accommodated  by  tho  plato-finito- 
olemont  model  would  result  in  predicting  incipient  rupture  of  the  present 
type  of  steel-sphere-impacted  6061-T651  aluminum  narrow  plate  to  occur 
at  tho  midspan  initial-impact  station  rather  than  at  the  clamped  end  as 
predicted  by  the  2-D  model  (compare  Pigs.  38a  and  38n  at  stations  y » 0 
and  4.00  in^  respectively) . The  experimental  specimen  CB-16  did  break  [1] 
near  the  point  of  impact  rather  than  at  the  clamped  end,  when  subjected 
to  steel-sphere  impact  with  a velocity  slightly  higher  than  than  the  CB-18 
velocity. 

One  point  that  deserves  further  investigation  is  the  "exact  distribu- 
tion of  strain  in  the  impact  region.  While  the  computer  predictions 
indicate  that  the  maximum  strain  occxirs  at  the  initial-impact  point  (the 
midpoint  of  the  plate) , the  actual  experiments  show  that  the  maximum 

tskes  place  at  about  0.2  in  from  that  location.  One  reason  for 
this  discrepancy  might  be  the  presence  of  transverse  shear  strains  at 
that  location  (the  computer  predictions  do  not  take  this  type  of  straining 
into  account) , Another  reason  may  be  that  the  local  impact-interaction 
details  between  the  steel  sphere  and  the  plate  involve  contact  and  stress 
Wave  propagation  details  that  the  present  Impact  procedure  does  not  take 
into  account;  instead  a high  simplified-interaction  model  is  used  — as 
described,  for  example,  in  Refs.  23,  27,  and  30. 

The  computing  time  required  to  carry  out  the  finite-strain  Houbolt- 
MOLE  predictions  of  tte  transient  responses  of  steel-sphere-impacted. 
6061-T651  aluminum  narrow-plate  specimen  GB-18  on  the  IBM  370/168  in 
double  precision  at  MIT  are  summarized  in  tho  following  for  both  the 
coarse-mesh  and  the  refined-mesh  finite  element  model;  At  = 1 Usec  was 
used  in  both  cases: 
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PE  Model 

No,  of 
Plato  PE 

Total 

Unknown 

DOP 

No,  of 
Cycles 

CPU 

Time 

(min) 

CPU (min) 
DOP  Cycles 

Coarse 

Mesh 

22 

157 

900 

62.4 

462.8  X lO"^ 

Refined 

Mesh 

75 

478 

800 

202.6 

529.8  X lo"® 

AS  pointed  out  in  Subsection  7.6.4. 1,  the  computing  time  in  terms  of  CPU 
time  per  (OOP)  (cycle)  for  the  finite-strain  prediction  of  specimen 
CS-18’s  response  when  modeled  by  (2-D)  beam  elements  was  21.7  x lo"®. 
Thus,  it  is  seen  that  the  plate-element  finite-strain  3-D  structural 
response  is  about  24  times  "more  expensive"  than  the  simpler,  less 
reliable  2-D  model  and  calculation. 
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SECTION  B 


SUMMARY  AND  CONCLUSIONS 


8.1  Summary 

The  prQSont  atudy  ia  dovotod  principally  to  developing  and  validating 
a method  of  analyaia  for  thin  atructuros  (beamo,  rings^  plates,  and  shells) 
that  incorporates  finite-strain,  elastic-plastic,  strain-hardening,  timo- 
dopendent  material  behavior  implemented  with  respect  to  a fixed  reference 
configuration  (total  Lagrangian  formulation)  and  which  is  consistently  valid 
for  finite  strains  and  finite  rotations.  As  a result,  accurate  finite-element 
predictions  of  transient  strains  and  large  transient  deformations  of  beams, 
rings,  and  plates  subjected  to  known  forcing  functions  have  been  demonstrated 
(see  Section  7) . A practical  problem  to  which  the  present  method  of  analysis 
has  been  applied  is  that  of  structural  (containment)  ring  response  to  engine 
rotor*- fragment  impact* 

The  theory  is  formulated  systematically  in  a body-fixed  system  of 
convected  coordinates  with  materially-embedded  vectors  that  deform  in  common 
with  the  continuum,  and  in  the  traditional  space-fixed  system  of  variable 
coordinates  and  constant  vectors  used  by  most  books  on  Continuum  mechanics. 
Tensors  are  considered  as  linear  vector  functions,  and  use  is  made  of  the 
dyadic  representation  (instead  of  simply  considering  tensors  as  a collection 
of  components) , because  these  conoise  tools  are  helpful  to  clarify  the 
physical  laws  under  which  materials  deform.  The  kinematics  of  a deformable 
continuum  is  treated  in  considerable  detail,  carefully  defining  precisely 

all  quantities  necessary  for  the  analysis. 

The  finite-strain  plasticity  theory  of  Hill  is  extended  to  include  very 
complex  material  behavior  (like  elastic-plastic  unloading,  the  Bauschingnr 
effect,  and  hysteresis)  by  means  of  the  "mechanical  sublayer  method"  pioneered 
by  Prandtl,  Timoshenko,  and  Duwez.  Strain-hardening  and  complex  strain-rate 
dependence  of  the  material  are  easily  accommodated  by  this  model.  This 
plasticity  theory  is  referred  to  quantities  associated  with  a fixed  reference 
configuration  by  means  of  proper  transformations  between  the  tensors  associated 
with  the  present  and  with  the  reference  configuration. 
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Strain-dloplacomont  equations  which  arc  valid  for  finite  strains  and 
rotations  and  which  include  thinninq  of foots  arc  derived  for  bcnins,  rings, 
Pintos,  and  oholln. 

Thn  finite  oionjont  concept  is  usod  in  con junction  with  the  Principle 
of  Virtual  Work  and  D'Alembert* n Principle  to  obtain  tho  equations  of  motion 
of  a general  solid  continuum  which  in  permitted  to  undergo  arbitrarily  large 
rotations  and  strains.  A now  constant  ^3tiffnclss  formulation  of  tho  finite 
element  equations  of  motion  is  dovolopod.  This  new  formulation  in  more 
efficient  computationally  and  better  conditioned  numerically  than  the 
conventional  pseudo-force  formulation.  Furthermore,  this  new  formulation 
is  valid  for  finite-strain  behavior  of  any  kind  of  material,  while  the 
conventional  pseudo-force  formulation  is  valid  only  for  small-strain  elastic- 
plastic  materials. 

The  resulting  equations  of  motion  consist  of  a finite-size  system  of 
second  order  ordinary  (coupled)  nonlinear  differential  equations  with  the 
unknowns  to  be  determined  being  the  values  of  the  degrees  of  freedom 
(displacements  and  displacement  gradients)  at  the  nodes  of  the  finite-element 
assemblage  which  represents  the  continuum.  This  set  of  equations  is  solved 
stepwise  in  time  by  using  a nximerical  integration  scheme  with  an  appropriate 
finite-difference  time  operator. 

An  assessment  of  this  method  of  analysis  is  made  by  means  of  a sequence 
of  problems  for  beam,  ring,  and  plate  structures  which  are  subjected  to  initial 
impulsive  loading  or  to  impact  by  rigid  fragments.  The  present  finite-strain 
predictions  are  compared  with  reliable  experimental  data  and  with  small-strain- 
theory  predictions.  The  central-difference  operator  and  the  Houbolt  finite- 
difference  operator  are  used  for  the  timewise  calculations.  Either  linear 
extrapolation  of  the  nonlinear  internal  forces  or  iteration  of  the  nonlinear 
equations  Of  motion  is  employed  when  the  (implicit)  Houbolt  operator  is  used. 

The  predictions  of  the  finite-element  computer  programs  that  incorporate 
the  finite* atraln  elastic-plastic  time-dependent  theory  developed  are  compared 
with  experimental  data.  The  missiles  and  targets  introduced  in  these  experi- 
ments (steel-sphere  missile^  c .juped-end  thin  beams,  and  thin  square  panels 
with  all  four  sides  ideally  clamped)  pose  well-defined  configurations  and 
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co„dlUo„„  f„,  «,uch  and 

dotlootlon  data  of  hldtl  quality  hayo  boon  obtatnod. 

Thano  tont  conditionn  have  includod  Impulna  loading  or  fragroont  impact 
w th  voxocition  nuificiont  to  produce  rooponnon  of  varioun  aovorltion  up  to 
and  including  thrcnhold  rupture  conditionn,  often  finite  ntrainr.  well  beyond 
the  "nmnll  ntrain"  range  vroro  obaorvod. 

Prom  tl,cae  compariaona  it  appoarn  that  the  uao  of  the  proeont. finite- 
strain  elantic-piaatic  formulation  can  provide  significantly  improved  prodic 
t ons  of  transient  strains  (the  most  important  and  sonsitlvo  quantities)  in 
thin  2-D  and  3-D  structures  which  are  subjected  to  severe  impulse  or  impact 
loads,  compared  with  the  previously-employed  small-strain  procedure. 

&*2  Conclusioiia 

on  the  basis  of  the  present  study,  the  following  conclusions  may 
be  stated! 

(1)  For  general  application,  finite-strain  theory  rather  than  small- 
strain  theory  should  be  used  in  nonlinear  analysis  of  transient 
response  by  computer  methods  since  tlie  former  is  valid  for  all 
levels  of  strain  whereas  the  latter  is  valid  for  only  a poorly- 
defined  small  level  of  strain* 

;2)  Large  differences  between  the  finite-strain  theory  results  and 
the  small-strain  theory  results  are  found  in  the  cases  studied 
herein  for  (a)  strains  of  the  order  of  about  5 per  cent  and 
larger  and  (b)  at  regions  where  significant  strain  gradients 
occur  (where  the  peak  strains  are  larger  than  about  10  per  cent) . 

(3)  The  use  of  the  present  finite-strain  formulation  for  thin 
structures  (beams,  rings,  and  plates)  provides  physically 
realistic  and  superior  strain  results  compared  with  small-strain 

formulation  predictions,  as  the  present  theoretical-experimental 
comparisons  show* 

(4)  The  use  of  the  present  finite-strain  formulation  involves  practically 
no  additional  cost  over  the  use  of  the  small-strain  formulation  for 
the  present  types  of  nonlinear  transient  structural  response  problems 


(5)  plnlto-Btraln  olastl.C'’plafltio  theory  can  be  (and  haa  been) 

Iroplementod  oaniJ.y  in  a total  baqranglan  roforonco  .framof  thie 
appoarn  not  to  have  boon  domonntrated  and  impletnentod  horetoCoro, 

(6)  Whoroao  tho  uho  of  tho  propor-and-’OonQiatont  finito^ntrain  nnnlynin 
and  procedure  appoarn  to  affoct  tho  prediotod  tranniont  dlnplnoemonta 
very  little  comparod  with  omall-otraln  caloulationn,  tho  prodictod 
strains  (the  most  important  data)  are  af footed  significantly. 

(7)  Tho  theoretical -experimental  comparisons  for  the  finite-strain 
calculations  show  generally  good  agreement  for  thin  structures 
subjected  to  explosive-impulse  loadings  or  to  impact  by  a rigid 
fragment. 

(8)  The  Kirchhoff  stress  (not  to  be  confused  with  the  1st  or  the  iind 
Piola-Kirchhoff  stress)  should  be  used  in  the  formulation  of  finite- 
strain  plascicity  problems  because  oft 

(a)  theoretical  considerations  — based  on  the  simplicity  of  the 
thermodynamic  equations  which  employ  the  Kirchhoff  stress » 
as  well  as  the  exiscence  of  a rate  potential*  and 

(b)  numerical  considerations  — the  existence  of  an  incremental 
variational  principle  and  a symmetric  tangent  stiffness 
matrix . 

Additional  merits  include i 

(c)  the  Kirdihoff  stress  is  easily  measured  in  experiments  such 
as,  for  example,  the  classical  experiments  of  G.I.  Taylor 
and  A.  Nadai,  and 

(d)  the  Kirchhoff  stress  represents  the  actual  behavior  of  the 
material  in  simpler  terms  than  by  other  stress  measures. 

(9)  The  mechanical  sublayer  model  Of  plasticity  is  superior  theoretically 
to  the  popular  isotropic  and  kinematic  hardening  rules  of  plasticity. 
The  present  strain— rate  sensitive  mechanical  sublayer  model  of  finite 
strain  elasto-viscoplasticity  provides  a very  powerful  tool  to 
describe  the  complex  problems  of  impact  and  explosive  loading  of 
structures . 
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(10)  Tho  now  (finite)  ntmln)  conotant  Htlffnonn  formulation  of  tho 
finito  olomont  oquatlonn  wan  shown  to  bo  more  officiont  computa- 
tionally and  bottor  conditlonod  numorically  than  tho  convnntional 
(omaU-Htrnln)  pnoudo-forao  conntant  ntlffnonn  formulation  for  tho 
problomo  tontod  in  thin  work, 

(11)  Tho  ronultn  (diaplacomonta  and  atra.inn)  of  tho  analyain  (2-d  and 
3-D)  of  tho  oxplooivoly-lmpulBod  aluminum  otructuroa  wore  much 
donor  to  tho  Gxporlmontul  rooultu  whon  tho  aluminum  alloy  wau 
analyzed  as  bolng  strain-rate  aonsitivo  than  as  atrain-ratu 
insensitive.  This  is  so,  even  though  there  is  considerable 
uncortainty  in  the  apprapr lateness  of  the  strain-rato  constants 
used  in  the  analysis.  As  far  as  how  representative  these  values 
are  of  the  actual  material  properties,  and  how  appropriate  it  is 
to  consider  these  strain-rate  "constants"  as  being  constant  over 
widely  different  levels  of  strain-rate  and  strain  encountered  in 
the  course  of  the  transient  response  remain  uncertain.  Moreover, 
the  ^train-rate  dependence  was  considered  to  be  isotropic,  while 
in  the  actual  material  this  strain  rate  dependence  could  be 
anisotropic* 

(12)  The  ^ analysis  of  steel-sphere  impacted  narrow  beams  is  quite 
satisfactory  as  far  as  the  transient  displacement  response  predic- 
tions are  concerned.  Howev-r,  if  detailed  transient  and  permanent 
strain  information  is  needed,  and  in  particular  if  the  occurrence 
of  rupture  is  to  be  predicted  adequately,  a 3-D  analysis  is 
necessary,  in  effect,  while  the  2-D  analysis  (2-D  structtire  and 
2-D  fragment)  predicts  that  the  highest  strains  (and  hence  rupture) 
of  the  narrow  beams  will  occur  at  tlie  clamped  ends,  the  3-D 
analysis  predicts  that  the  largest  strains  occur  at  the  region  of 

impact,  which  agrees  with  both  experimental  results  and  expecta- 
tions . 
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B.3  suggoBtiona  fog  Putqro  Rosoargh 

It  io  advinnblo  to  pwrauo  tho  inolueion  of  tho  following  aflpoatB  In 

futviro  analynin  dovoloproontni 

1.  To  ntudy  tho  implicit  Pack  operator,  thnt  appoarn  to  ponnonn  bottor 
Calno-clairtplng  and  frequoncy’’tHfltortion  Coaturon  than  thono  of  thn 
Houbolt  oporntor,  but  ito  porformanao  coatn  have  not  boon  oomplotoly 
noDOBDcid  for  tho  prooent  eotogory  of  problomu. 

2.  To  invoatigato  tho  utilization  of  quani-Nowton  Itoration  mothodo 
(like  Broydon'u  mothod  or  tho  BPGS  method)  within  oach  time  stop 

ao  required  to  achieve  convorgenco  in  accord  with  opocifiod  criteria 
of  the  nonlinear  equations  that  have  to  bo  solved  with  implicit 
operators  like  the  Houbolt  or  Park  operators. 

3.  The  development  and  implementation  of  an  efficient  shell  finite- 
element  analysis  of  finite-strain  elaatic-viscoplastic  problems. 


4.  The  inclusion  of  transverse  shear  deformations. 

5,  The  inclusion  of  anisotropic  material  effects. 
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TABLE  2 


DATA  CHARACTERIZING  NAPTC  TEST  201  FOR  T58  TURBINE  ROTOR 
TRI-HUB  BURST  AGAINST  A STEEL  CONTAINMENT  RING 


Containment  Ring  Data 

Inside  Diameter  (in)  15.00 

Radial  Thickness  (in)  0.625 

Axial  Length  (in)  1.50 

Material  4130  cast  steel 

Elastic  Modulus  (psi)  29  x 10^ 

4130  Cast  Steel 

Fragment  Data* 

Type  T58  Tri-Hub  Bladed  Disk  Fragments 
Material  Diskt  A-286  Blades:  SBL-15 

Outer  Radius  (in)  7.00 

Fragment  Centroid  fiom  Rotor  Axis  (in)  2.797 

Pragr int  Pre-Test  Tip  Clearance  from  Ring  (in)  0.50 

Fragment  CG  to  Blade  Tip  Distance  (in)  4.203 

Fragment  Weight  Each  (lbs)  3.627 

Fragment  Mass  Moment  of  Inertia  about  its  . 

CG  (in  lb  seq2)  666x10*^ 

Rotor  Burst  speed  (rpm)  19,859 

Fragment  Tip  Velocity  (ips)  14,557.2 

Fragment  CG  Velocity  (ips)  5816.7 

Fragment  Initial  Angular  Velocity  (rad/sec)  2079.6 

Fragment  Translational  KE  (in-lb) 

Each  Fragment  158,922 

Total  for  Thzee  Fragments  476,766 

Fragment  Rotational  KE  (in  lb) 

Bach  Fragment  144,018 

Total  for  Three  Fragments  432,054 

* 

Applies  to  each  fragment  unless  specified  otherwise. 
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TABLE  3 — CONCLUDED  (EL-SH) 


UPPER-SUItf'ACB  PRINCIPAL  GREEN  STRAIN  (PER  CENT) 


Elomont 

1 

2 

3 

4 

5 

6 

Center 
Loc.,  x(ln) 

.111 

.333 

.555 

.in 

.999 

1.298 

Time 

(ysQc) 

20 

.35 

1.01 

5.15 

10.29 

34.50 

.12 

40 

3.92 

7.93 

12.10 

21.16 

35.54 

10.06 

60 

16.73 

20.94 

24.61 

23.24 

37.02 

10.81 

80 

21.06 

26.21 

23.57 

22.16 

37.17 

11.02 

100 

21.13 

26.12 

23.17 

21.40 

36.99 

11.44 

120 

21.11 

26.05 

23.24 

21.28 

36.12 

10.93 

140 

21.08 

26.11 

23.35 

21.43 

35.18 

10.94 

160 

21.07 

26.15 

23.38 

21.56 

34.96 

10.60 

180 

21.06 

26.20 

23.42 

21.52 

34.58 

10.27 

200 

21.06 

26.20  . 

23.37 

21.48 

34.63 

10.04 

220 

21.06 

26.22 

23.42 

21.57 

34.69 

10.17 

240 

21.05 

26.18 

23.36 

21.52 

34.72 

10.25 

260 

21.05 

26.18 

23.37 

21.50 

34.66 

10.22 

280 

• 21.05 

26.18 

23.38 

21.49 

34.64 

10.18 

300 

21.06 

26.20 

23.37 

21.46 

34.63 

10.20 

350 

21.07 

26.20 

23.37 

21.47 

34.68 

10.27 

400 

21.08 

26.20 

23.38 

21.44 

34.65 

10.29 

450 

21.08 

26.21 

23.38 

21.43 

34.68 

10.34 

500 

21.09 

26.23 

23.41 

21.47 

34.74 

10.42 

550 

21.09 

26.26 

23.43 

21.56 

34.79 

10.61 

600 

21.10 

26.26 

23.42 

21.57 

34.82 

10.71 
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TABUS  4 — CONCLUDED  (EL-8H-8R) 


r 

UPPER-SURFACE 

PRINCIPAL  GREEN  STRAIN 

(PER  CENT) 

1 

2 

3 

4 

5 

6 

.111 

.333 

. .555 

.rn 

,999 

1.298 

Time 

(ysec) 

1.39 

20 

.89 

3.00 

6.12 

6.88 

4.90 

40 

10.28 

10.93 

10. 5u 

8.98 

6.30 

4.69 

60 

13,87 

12.73 

10.03 

7.65 

8.44 

5.99 

80 

14.27 

12.90 

9.44 

7.27 

8.60 

6.25 

100 

14.07 

12.86 

9.n 

7.3’ 

7.41 

6.78 

120 

14.01 

12.91 

9.92 

7.50 

7.04 

7.25 

140 

14.13 

12.87 

9.59 

7.30 

7.39 

7.22 

160 

14.08 

12.90 

9.77 

7.50 

7.28 

7.36 

180 

14.14 

13.00 

9.88 

7.45 

7.23 

7.56 

200 

14.05 

12.82 

9.63 

7.44 

7.49 

7.61 

220 

14.15 

12.97 

9 76 

7.42 

7.55 

7.94 

240 

14.05 

12.87 

9.74 

7.51 

7.49 

8.24 

260 

14.09 

12.84 

9.59 

7.35 

7.66 

8.38 

280 

14.11 

12.88 

9.63 

7.34 

7.59 

8.66 

300 

14.11 

12.87 

1 65 

7.39 

7.59 

8.81 
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NO. 

1 

2 

3 

4 

5 
d 

12 

13 

14 

15 

16 
17 


PTNl0.E-.aTRMN  PREDICTION  OP  THE  MAXIMUM  PRINCIPAD  STmiNE 

” AND  ASSOCIATED  DII^CTIONS  ON 

1ME  CENTER  OP  CERTAIN  El^MENTS  OP  EXPLOSIVEDY 

THIN  uMim  9r.mu  ci-a 

Eltfroont 


Contor  Ijocation 
x(tn)  y(in) 


47 

48 

49 

50 

56 

57 
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(b)  Properties  of  the  Elastic,  Perfoctly-Plastic  Sublayers 


FIG.  2 APPROXIMATION  OF  A UNIAXIAL  STRESS-STRAIN  CURVE 
BY  the  MECHANICAL-SUbLAYER  MODEL 


STRAIN"HARDENING 


H ■ 


(c)  Schematic  of  Loading,  Unloading,  and 
Reloading  Paths 


PIG.  2 CONCLUDED 


3' 


«:i 


(c)  More  General  Strain-Hardening  Material 


3 CONCLUDED 


iini  > iiwi  yffiHiTiHf 


Xi"Si(5**0) 


PRESENT 

CONFIGURATION 


OB  SORFACE 


NOTENCXATOHE  for  SHF.TJi  ge<m 


•trLSIVELY-LOADED  6061-T651  AIJJMINUM  MARK3W-PIAIE  SPE( 


(PER  CENT) 


PIG.  9 MEASUREMENTS  AND/OR  PREDICTIONS  OF  TRANSIENT  LONGITUDINAL 

GREEN  (LAGRAHQIAN)  STRAIN  ON  THE  SURFACE  FOR  VARIOUS  SPANWISE 
STATIONS  OP  EXPLOSIVELY- impulsed  6061-T651  ALUMINUM  NARROW  - 

Plate  (beam)  cb-4  modeled  by  beam  elements 


388 


(PER  CB«T) 


2 


ooc 


— EXPERIMENT 

PREDICTION  (4  DOP/N  BEAM  ELEMENTS 
20  ELEM/HALP,  EL-SH-SR) 

X SMALL  STRAIN 
0 PINITE  STRAIN 


TIME  (MICROSECONDS) 

(c)  Upper-Surface  Transient  Strain  aty*2.20  in 


PIG.  9 CONTINUED  (CB-4) 


390 
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(b)  Response  for  I«onger  Duration 
FIG.  18  (C@NCI.aDEC) 


!•! 


404 


PREDICriCHS  3Bt)5i  TEB 


00 


T 


T 


2 

1 

0 


-I 


"2 


9 

9 


-3  h 


o 

X 


27  LLC  PLATE  PE/QUARTBR  PLATE 
HOUBOLT  OPERATOR 
LINEAR  EXTRAPOLATION 
At  » 1 JJSBC 


-10  h 


-11 


“12  h 


-13  h 


o 

‘b 

O 

X% 

O 

X 


CONSISTENT  MASS 

DOUBLE  PRECISION  IBM  370 

BL-SH-SR  f O FINITE  STRAIN  THBORV 

PREDICTIONS  i X SMALL  STRAIN  THEORY  * 

STRAIN . COMPUTED  AT  A NODE  OP  i 

ELEMENT  27 


.o 


e®®OGOo  a«xxx  ®o 
xxfidC*  ^xx 


O X X X * 
% X** 

K ^ 

V 


-14  L 1 , I 

0 100  200 


-± I 1 I I 

300  400  500  600  700 


TIME  (MICROSECONDS) 

A 

(a)  Upper-Surface  Strain  at  Station  (x,y)  «=  (0,4.00in) 

PIG.  22  COMPARISON  OP  FINITE-STRAIN  PREDICTIONS,  SMALL-STRAIN  PREDICTIONS, 
AND  MEASUREMENTS  OP  THE  TRANSIENT  LONGITUDINAL  STRAIN  AT  VARIOUS 
SPANWlSE  STATIONS  ON  THE  UPPER-  AND/OR  THE  LOWER-SURFACE  OP 
EXPLOSIVELY- IMPULSED  MARROW-PLATE  SPECIMEN  CB-4 


406 


A.A 


®Og 


PTn  97  CONTINUED  (FINITE  STRAIN,  SMALL  STB 


3 100  200  300  400  500  600  700 

TIME  (JiSEC) 

2 

(d)  Upper-Surface  Strain  Y2  at  Station  <x,y) = (0, 3,80in) 

PIG.  22  CONTINUED  (FINITE  STRAIN,  SMALL  STRAIN,  EXPT.,  CB-4) 


409 


STRAIN  Y. 


■\7.m  5.TTJW5IT 


1 


6 h 


5 h 


4 h 


O)  Ol 


2 h 


o 


.••••«SS88.i 


STRAIN  COMPUTED 
AT  n = 0.25  OF 
ELEMENT  21 

J L 


HOOBOLT  WITH  LINEAR  EXTRAPOLATION 

EL-SH-SR 

CONSISTENT  MASS 

27  ELBM/QUARTER  PLATE 

DOUBLE  PRECISION  IBM  370 

At  = 1 liSEC 

SMALL  STRAIN  PLATE 
FINITE  STRAIN  PLATE 


100 


200 


300 


400 


500 


600 


700 


TIME  (USEC) 


(g)  Upper-Surface  Strain  at  Station  (x,y)  = (0,3.00in) 
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413 


(PER  GENT) 


o 


,x  V * 


o\  ® ^)5 

o o 

O.  -D 


HOOBOLT  OPERATOR  WITH  LINEAR  EXTRAPOLATION 

CONSISTENT  MASS 

EL-SH-SR 

DOUBLE  PRECISION  ON  IBM  370 
At«l  ySEC 

27  PLATE  FINITE  ELEMENTS/QUARTER  PLATE 


. STRAINS  COMPUTED  AT 


{' 

1 t X 


0 PINITO  STRAIN  THEORY 


FIRST  NODE  OF  ELEMENT  1 [ X SMALL  STRAIN  THEORY 


TIME  (ySBC) 

(i)  Lower-Surfaco  Strain  y®  at  Station  (x,y)«(0,0) 
PIG. 22  CONCLUraiD  (FINITE  STRAIN,  SMALL  STRAIN,  EXPT.,  CB-4) 


415 


! 


I 


I 

\ 


417 


FXG*23  CONTINUED  \FREE  RING^  EXPT.»  PKEDICTION) 


FIG. 23  CXJUnHOED  (FREE  KTOG,  BXPT.,  PRBDICTICaJ) 


FIG.  23  COOTINOED  {FBEE  KING 


Uuao  Had)  mmiiS  Naans 


420 


FIG- 23 


i 


GREEN  STRAIN,  CENT) 


t’lG.25  PREDICTED  CIRCUMI-'ERENTIAL  DISTRIBUTION  OF  INNER-SURFACE  AND 

OUTER-SURFACE  STRAIN  AT  1500  MICROSECONDS  FOR  IMPULSIVELY-IOADKD 
FREB  Clt^CULAR  6061-T6  ALUMINUM  KING 


423 


5/8D  HOLES 
FOR  MOUNT- 
ING BOLTS 


r 

1.475 


6061-T651 


3750 


00  H Lrt  <n 

VO  ^ ro  <M  H 

< I I ^ 

> ' 

' ' 

« I 

O I <N  ! c>l  (N  I (N 

tn  I I cN  <N  I (N 

N I fN  fN 

rn  I <vi  I <v| ' r>t  I O'! 

. I . I .(  • I • 

till 


-1 

VO 

H CO 

VO 

CN| 

0) 

H CO 

VO 

oi 

X 

r-i  00 

VO 

C4 

2222 


UPPEtl  (MC»lfIjQRDEtl)  SURFACE  Of  EXPLOSIWLI^-IMPUt^ED  6061-T651  THIN  AHJMpJOM  PANEL  CP-: 


FIG.  29  CONTINOED  (CP-2,  FINITE  STRAIN  PREDICTION,  EL-SH,  EL-SH-SR 


29  CONCLCDED  (CP-2,  FINITE  STRAIN  PREDICTION  EL-SH,  EL-SH-SR,  EXPT5 


iinipi]iiHiiiniuwwfiHF 


Q 


30  <30Mei4P9sp  (qp~g^  .giB^niE  s* 


SQU^  PANEL  CP-2  WITO  Ali.  SI^S  jOAMPED 


GRID  DATA  ALONG 


442 


(c)  Upper-Siirface  Permanent  Relative  Elongation 
FIG.  32  CONCLCTED  (CP-2,  FINITE  STRAIN  PREDICTION,  EXPT) 
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(c)  Circianferential  Distxibution  of  Inner-Surface  Strain  at  TMI  = 1180  usee 
nnar^irntm  (NftPTC  TEST  201  RING,  FIHITB  STRAIN  VS.  SMAIi  STRAIN  AT  TAII  = 1180  USEC) 


FIG.  36  SCHEMATIC  OF  A 6061-T651  ALOMINaM  NARROW  PLATE  MOOCL  SUBJECTED  TO  MIESPAN 
PERPENDICULAR  IMPACT  BY  AN  ONE-INCH-DIAMETER  SOLID  STEEL  SPHERE 
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FIG.  38  COWEIHOED  (C3-18) 


FIG.  38  CONTINDED  (CB-18) 
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FIG.  38  CC»ITINDED  (CB-18) 
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FIG.  40  FXNTFB  ELEMENT  FREDICI1(»IS  OF  SUPB(Xa  REACTIONS  OF  STEEL-SPHEHE-IMFi 
PLATE  CB-18 
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FIG.41  CONnUlIED  (FINITE  STRAIN,  SMAUt.  STRAIN,  EXPT.,  CB-18) 
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FIG.  41  CONTINUED  (FINITE  STRAIN,  SMAIL  STRAIN,  CB-18) 
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(Ni)  M ‘ANawaDvidsia 
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FIG.  42  CONTINOED  (CB-18,  w-DISPLRCEMENT, 


(Ni)  « 'itNawaovidsia 
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FIG.  42  CONTINUED  (CB-18,  w-DISPIACEMENT , FINITE-STRAIN  PRBDICTICai,  EXPT.) 
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(COARSE  MESH,  REFIHED  rffiSH,  FINITE  STRAIN,  CB-18) 


FIG.  44  COirriNUED  (COARSE  MESH,  REFINED  MESH,  FINITE  STRAIN,  CB-18) 


APPENDIX  A 


DEFINITION  OP  THE  FINITE  ELEMENTS  USED  IN  THE  TEXT 

A.l  Vi'Ariablo^Thicknnnn  Arbltrayily-Curyod  Bornn  Finito  BlPtnonto 

Connidor  an  initiaUy-undoTormod,  nrbitrn»:ily''aurvod,  variabln^thicknonn, 
ninglo-layor  bonm  or  rinq  nubjaotod  to  prooeribod  tronnicmt  oxtornnlly-appliod 
ourfaco  loadn  and  to  only  D’Alombort  body  forcoo  (inertia  loodo) . Let  it  be 
asBumod  that  the  ring  conoioto  o£  duetllo  metal  and  that  a lurgo-doflootion, 
olaatic-plaBtic  transient  roaponoo  will  bo  produced.  For  analyuis  the 
structure  will  bo  reprouentod  by  a compatibly-joined  assomblage  of  N finite 
olemonts,  ono  of  which  is  depicted  in  Pig.  A.l  where  its  geometry  and 
nomonclaturo  are  shown  and  whero  the  deformation  plane  is  n»  the  coordi- 
nate Ti  along  and  if  normal  to  the  centroidal  reference  axis  of  tho  beam  are 
employed  as  the  reference  coordinates  for  this  curved  beam  element. 

It  is  useful  and  convenient  to  use  the  following  geometry  to  describe 
this  typical  curved  beam  element  and  to  approximate  the  actual  given  complete 
beam  or  ring  by  a finite  number  of  these  "typical  elements".  Note  first 
that  a global  Y,Z  Cartesian  reference  axis  system  as  well  as  a local  y,zi 
Cartesian  reference  axis  system  are  defined;  for  the  latter#  the  +y  axis 
passes  through  the  ends  (that  la,  nodes  1 and  i+1)  of  the  element  and  makes 
an  angle  +Ct  (for  this  ith  element)  with  the  +Y  axis.  The  slope,  (|),  of  the 
reference  circumferential  axis  r),  which  is  the  angle  between  the  tangent 
vector  a to  ri  and  the  y-axis  of  the  local-reference  Cartesian  frame  may  be 
approximated  by  a second  degree  polynomial  In  n»  as  follows  [17] » 

K <A-i) 

where  the  constants  and  b^  can  be  determined  from  the  geometry  of 

the  curved  beam  element  as  described  next.  Assume  that  the  change  in 
element  slope  t|)  between  nodes  i and  i-fl  is  small  such  that 

cos  ^^4,  ■ ^i)  ~ ^ 

and 

“ ’^i)  ^ (A.2b) 
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rwflP 


uywniu  '.■■M'l  <PF' 


Thifl  rootriotfl  tho  slppo  ahanga  within  an  olowont  to  <15  dofjjroon,  I'ho  arc 
length,  r||^^  olnmnnt  i is  approxJ4natod  to  bo  the  name  an  thn  length  of  a 
oiroular  arc  panning  through  tho  nodal  pointn  at  tho  nlopon  ijij^  and 
honco,  in  givon  by 


7.  “ 


L,  ^() 


i 5jVl  / ^‘*<  ' 


■) 


(A.3u) 


whore  ie  the  length  o£  the  chord  joining  nodos  i and  itl,  and  la  given  by 

I 


(A.  3b) 


The  three  constants  in  Eg.  A.l  are  then  determined  from  the  relations 


<P  (*>)  = <t>i 

= t*,  „ 

Iti 

J 5in  ^ J <P(^) 


= O 


(A.4) 


(A.5) 


From  Eg.  A.4,  the  constants  in  Eg.  A.l  are  found  to  be 

b,  = <<>i 

b,  = t)/^i 

^2  = 

Accordingly!  thn  radius  of  curvature!  Uf  of  the  centroidal  axis  may  be 
expressed  as  R » '“(9^/9t|)  ^ “ •(bj^*f2b2n)  and  the  coordinates  y(n)  and 
Z(Tl)  of  the  centroidal  axis  are  given  by 


(A. 6a) 
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and 


'i 

Z(?)=  z,  + i 5/» 


(A.  6b) 


whoro 


s:  tan 


-I 


z..  - 1 

X..  - X 


(A«6c) 


ThG  tihlckUGss  variation  h(r|)  alon^  the  element  is  approximated  as  being 
linear  in  n between  nodes  i and  i+1  listed,  respectively,  at  ri“0  and  r\^r\^i 


iH  7. 


(A.  7) 


This  completes  the  needed  description  of  the  geometry  of  the  .curved  beam 
•lement . 

The  displacement  field  v,  w of  the  beam,  was  derived  in  Subsection  4.2, 
and  was  shown  to  be  valid  for  arbitrarily  large  strains  and  rotations.  The 
displacements  v and  w anywhere  in  the  beam  are  specified  by  the  displacements 
v(n)  and  w(n)  at  the  centroidal  axis  (C»=o)  of  the  beam,  and  the  associated 
displacement  gradients  x and  tp,  respectively,  ass'^ 


^ ('i,V  = vf?)  - 


where 


[1+2  Y^(k)] 

[i  +2 


(A.  8) 


XM  = 


(A.  8a) 


P7f 




^Recall  that  denotes  the  C"<iirection  location  of  a particle  in  the 
initial  undeformed  state. 
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A cubic-aubic  polynomiol  interpolation  function  with  the  inclusion  of  rigid- 
body  modes  ropronented  explicitly  in  terms  of  the  angle  <|>>  is  chosen  for 
the  assumed  displacement  field  v,  w as  follows « 


9\n^ 

COS  4 


o o 


* J 


o 


or  in  more  compact  matrix  form,  Eq.  A. 9 becomes 


{f}  = [u«l]{fl 


(A. 9a) 


(A.9b) 


The  generalized  displacements  {q}  are  selected  so  that  there  are  four 


degrees  of  freedom  Vf 

X at 

each  node  of  the  element: 

T 

where 

m 

'^i  '^41 

]=[A]{?} 

(A. 10) 
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(A. 10a) 

506 


and 


A<s“  (X+r  X)  •*■  (^,z 


(A.lOh) 


Corresponding  to  the  assumed  displacement  field  Eq.  A. 9 (and  recalling  that 

i a _ J!i)  , one  finds  the  following  expressions  for  the  displacement  gradients 
R 3n 
X and  ijjs 


(A. 11a) 


where 


(A. lib) 


'(»S)  **  >t‘ ff'w) 

The  following  strain-displacement  relations  (type  F)  were  derived  in 
Subsection  4.2,  and  are  valid  for  arbitrarily  large  strains  and  rotations: 


y:  = y:  f 


(I  +2  fi) 


(A. 12) 


°3*  Z 


0 + 2 ^1) 


- I 


(A. 13) 


y;  = y;.y^r;.y,%y;  = y:  = ^ 


(A. 14) 


where  superscript  "o"  refers  to  quantities  evaluated  at  ^°=0.  The  membrane 
strain  defined  in  terms  of  the  displacement  gradients  X and  (j;  as 

follows ! 
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where 


Y!  = X 4r  Z + -T 


(A.15) 


v=K)ff}-Ki[An,).ui/,) 

Employing  Egs.  A. 11  and  A.iO,  the  membrane  strain  becomes: 


(A*  16) 


(A. 17) 


The  "cuirvature"  K appearing  in  Eq.  A. 12,  is  defined  in  terms  of  the 
displacement  gradients  X 'P 


(A. 18) 


The  derivatives  and  of  the  displacement  gradients  x 'I'  can  be 


e:ipressed  as: 


(A.  19) 


dr 


(A. 20) 


(A. 21) 
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(A. 22) 


mi 

^ 3*v 

- 

or 

— 

G 

• 7 

where 

_ I g^/|  \ 

“ f?  H i R/  ~ 


W« 


i± 

3^® 


J f f } “ I 1 = [ P+  j { ? } 


= [o  o o o (-^•|?-^l?)^ 


3^ 

Therefore,  the  "curvature"  K can  be  expressed  as 

^ = (l  + if  J{D])lPjff}*lfJfl5,}UJ{f} 


(A. 23) 


(A.  24) 


(A.25) 


A. 2 Plate  Finite  Elements 

The  geometry  and  nomenclature  of  a typical  rectangular  plate  element 
are  shown  in  Fig.  A2.  The  element  has  constant  thicltness,  h,  and  spanwise 
dimensions  a and  b in  the  x and  y directions,  respectively,  with  the  origin 
of  the  element  xyz  coordinate  system  located  at  element  node  number  1. 

The  midsurface  displacements  u,  v,  and  w are  approximated  within  each 
element  by  assuming  a bilinear  interpolation  for  the  inplane  displacements 
u and  V,  and  a bicubic  Hermetian  interpolation  for  the  transverse  displace- 
ment, w.  The  interpolations  written  in  terms  of  element  x,y,z  coordinates 
are 
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‘ ^ ,.T»y. 


“<M)  “ ^,  + «A  + yA  + "y^fs(c;,J  { ^} 
vf*,/)®  |^+  ^A+r(*r  + *y/!,sl<SvJ{i?} 


«f*.y) ‘ f^  + xl*yfi,+  xyfi,  * ;t* 

+*Vi^r  * + xV(»  + y*ft, 

+ + AV«  + *VV„  + 

= i GwJ  {?} 


^4 


(A. 28) 


Where  0^^,  0^  •••  ^24  are  unknown  parameters  which  will  be  related  to  the 
generalized  nodal  displacements  q , q , ...  q . 

In  order  to  obtain  a set  of  generalized  nodal  displacements  {q}  which 
can  be  related  to  the  24  0^'s,  the  generalized  nodal  displacements  chosen 

are  the  parameters  u,  v,  w,  w^^  s w^y  s and  w^^  a at  each  of 
t)»e  four  corner  nodes  of  the  element.  The  nodal  displacement  vector » {q}» 
for  the  element  is  thus 


U V W- 
2 2 2 


“4  '<♦  % 


(Hrl  _ 


(A. 29) 


By  evaluating  Eqs.  A. 26,  A. 27,  and  A.28,  and 

-57  = iO-.yHf} 
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(A.  32) 


^*v^/ 


= IW 


(obtained  by  differentiating  Eqs.  A.28)  at  the  nodes,  a unique  (invertible) 
relation  between  {q}  and  (3)  is  obtained: 


The  24  3^'s  can  be  related  to  the  2^  q^'&  by  inversion  of  Eq.  A. 33  so  that 


ffl-lBfff} 


(A.  34) 


and  the  displacement  interpolation  (Eq.  A.28)  can  be  written  in  terms  of 
nodal  generalized  displacements,  {q}. 

Therefore,  one  can  write:  . 


«=  Le.Jf?}  = 

I'  “ I =1  Ov\[&]  { f} 


•37=1.  = JI’B] 

= '{fj 
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"I. 


Tho  following  straln-displacemont  relotiona  which  aro  valid  for 
arbitrarily  large  diaplacementfl  and  atralns  wore  dorivad  in  Section  5 
(Eqa.  5.115-5.126)'*'* 

' ~K^*t  = 


V = 

Y 

•Vf 

“f 

'^33  ~ 

r(- 

A = ( 

''l  + z 

(A. 41) 


(A. 42) 


(A. 43) 


Here,  the  are  the  (menibrane)  strains  at  the  middle  surface.  They  are 


defined  as  follows  in  terns  of  the  displacement  gradients: 

t t ^ " /l  ^ fl  ^ X — 

Also,  in  Eq.  A. 41  the  changes  of  curvature  and  K^2  the  x and  y 
directions,  and  the  "torsion"  are  expressed  as  follows  in  terms  of  the 
displacement  gradients: 


(A.44) 


(A.45) 


(A.  46) 


A 


(A. 47) 


(A.40) 


(A. 49) 


We  that  z H 5°  = initial  undeformed  z-direct-ion  location  of  a particle. 
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where 


0^  = 


^ w 

d V 

" ( 

TT 

/ 

'i 

?u 

II 

V 

'+77) 

+ 77 

(A.  50) 


(A. 51) 


(A. 52) 


Since  the  strains  are  defined  in  terms  of  the  displacement  gradients,  the 
following  derivatives  are  derived  by  differentiation  of  the  displacement 
expressions  A«26’-A<28  in  order  to  compute  Y 

Otp 


77  = A+  y lV»  1 J f?} = lc5„.  J [ B f'  { f} 

(A. 53) 

(A. 54) 

(A. 55) 

(A. 56) 

(A.  57) 

(A. 58) 

(A. 59) 

(A. 60) 


2!fL  _ 2ji  S’y 

~ >y^'~7?  ‘ -Jp  ^ “ 


(A. 61) 


Slnco  a btunaar  polynomial  assumption  is  used  for  ths  in-plana  lataral 
dlsplaoanents  u and  v,  tha  second  derivatives  ifv,  and 

are  neoessarily  equal  to  zero.  Therefore,  the  !^ndinq  szpjLslons  ana 
<22#  become  11 


(A. 62) 


(A.  63) 


mixed  derivatives  and  of  the  in-plane  lateral  displacements, 
are  equal  to  constants  for  this  as.»»d-Mlinear-dlsplaoement  rectangular 
f nit.  eluent.  Hovever,  they  are  neglected  as  well  for  the  computation  of 
the  torsion  k^2*  The  strain-displacement  relations  become 


(A. 64) 


(A.65) 


(A.  66) 
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Tho  menibranQ  strains  and  avQ  dofinad  as  in  Eqs.  ft.44-A.46  and 

axQ  valid  for  arbitrarily  largo  strains  and  rotations.  Tho  oxprossiono  A 
and  a aro  dofinod  by  Eqs,  A. 43  and  A. 50,  rospootivoly.  Since  tho  second 
dorivativos  of  u and  v aro  nogloctod  in  those  strain-displaQomont 
rolations,  tho  bonding  oKprosaions  and  valid  for 

arbitrarily  largo  rotations.  However,  those  strain-displacomont  rolations 
A.64-A.66  aro  useful  for  situations  whore  finite  mombrano  strains  may  occur, 
and  whore  large  rotations  are  associated  with  small  curvatures.  Tho  error 
associated  with  this  approximation  in  the  analysis  of  large  deformation  of 
beams,  has  been  investigated  in  References  28  and  212.  In  effect,  studies 
conducted  in  Ref.  28  revealed  that  the  second  derivatives  of  the 
in-plane  displacements  u and  v have  a comparatively  small  influence  in  the 
predicted  strains  for  severely  loaded*  altaninum  alloy  beams  clamped  at  both 
ends.  Also,  observe  that  the  factor  A in  Eqs.  A.64-A.66  includes  the  effects 
of  finite  membrane  strains  in  the  reference  surface  as  wall  as  change-of- 
thickness  effects  due  to  finite  membrane  strains. 


Both  by  explosive  loading  and  rigid-fragment  impact. 
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REFERENCE  CONFIGURATION 
(INITIAL  OR  UNDEPORMBD) 


<^(^)  “ + b;^  n + 

R(n)  = -(9i^/3n)‘^  NODE  is  n « 0 

h(n)  = (1  - ^)  + ^ NODE  i+is  n “ 


LOCAL  SYSTEM 

U»  C - COORDINATES 


v,w,)|;,x 


“ displacements 


ELEMENT  GENERALI ZBt 

displacements 


CARTESIAN  REFERENCE 

V,2  GLOBAL 

COORDINATES 

y»Z  - LOCAL 

COOI®INATES 


*^1  ^2  ^3  ^4  “ '"i  ''i  *^1  Xi 


^l> 


V 

R 


X 


4.  W 

9n  ^ R 


PIG.  A.l 


NOMENCLATURE  FOR  OEOMBTRV,  COORDINATES 
A CURVED-BEAM  FINITE  ELEMENT 


AND  DISPLACEMENTS  OF 
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B'lG,  A 


Xj.X2,X3 


x,y,z 


h 


a^b 


u,  V,  w 


w 


.y 


3w 

3y 


w 


rxy 


3 w 
3x3y 


Global  Roctangular  Cartesian 
coordinate  System 

Local  (clement)  Coordinate 
System 

Total  Element  Thickness 

Element  Spanwise  Dimension 
in  the  X and  y Directions 


Generalized  Nodal 
Displacements 


2 GEOMETRY  AND  NOMENCLATURE  FOR  A UNlFORM-THlCKNESS  RECTANGULAR 
PLATE  ELEMENT 


517 


appendix  d 


finite  element  PORMUIiATION  and  implementation  for  a IJIOHER 
ORDER  PLATE  FINITE  ELEMENT  (48  IKiF) 


B.1  RoloGtion  of  feho  AoBumod  Plfiplncomont  Finid 

Tho  ratj;a.in"'JioplQCpmQnt  rolatlono  for  largo  ntruino  and  rotationa  oC 
platoH  involve  aooond  ordor  dorivatlvoo  o£  all  throe  dioplaootnunt 
compononta  (vortical  dloplacemont  w and  In-plano  diaplacoinontu  u and  v) . 

Thin  implioa  that,  in  order  to  obtain  a finite  value  for  thu  atrain  energy 
from  tho  strain  energy  exprosaion,  at  least  the  first  order  derivatives  of 
tho  displacemonts  u,  v,  and  w should  be  continuous  everywhere  (e.g.  across 
finite  element  boundaries) . Otherwise,  the  .elements  would  be  incompatible. 

The  requirement  that  tho  slope  of  tlie  thro©  displacement  components 
to  be  continuous  across  the  element  boundaries  (continuity  inside  the  finite 
elements  is  ensured  by  selection  of  continuous  polynomials  as  interpolation 
functions) , plus  the  requirements  of  including  constant  strain  and  rigid 
body  modes  lead  to  bicubic  (in  x and  y)  polynomial  displacement  interpola- 
tion field  for  each  of  u,  v,  and  w.  This  finite  element  with  a bicubic  in 
u,  V,  and  w is  a rectangular  element  Consisting  of  4 nodes , with  12  degrees 
of  freedom  (DOP)  per  node  and  hence  a total  of  48  DOF  for  the  element. 

3u  3u  3v  3v 

The  degrees  of  freedom  at  the  nodes  are  u,  v,  -gj. 


2 2 

J.  V and  w.  1^,  It  is  easily  shown  that  the  derivatives  of  the 

Sxciy  ' 3y'  3x8y 

displacements  with  respect  to  x and  y are  continuous  across  the  element 

9^u  3^v  . 3^w 

boundaries.  Furthermore,  even  the  cross  derivatives  and 


are  all  continuous.  The  remarkable  thing  is  that  this  extra  degree  of 
continuity  (not  required  in  the  variational  principle  to  obtain  a finite 
energy)  does  not  seem  to  follow  from  the  usual  arguments.  (The  functions 


9 u 3 y 
9x9y'  3x3y 


and 


iJL 

3x3y 


are 


quadratic  along  each  edge, 


and  only  the  values  of 


2 2 2 

j U JLJL,  and  at  the  two  endpoints  are  automatically  held  in  common) . 

3x3y  9x3y 


Tho  48  DOP  Hemitc  bloublc,  bioubio,  bicubic,  oicmant  is  formulated  as  a 
roctanglQ,  but  by  Ruoparamotric  tranoformation  [Rof.  2M,  page  89J  can  bo 

transformod  into  a gonoral  quadrilatoral  with  straight  aides  but  arbitrary 
angles , 

Tho  PLATE  and  CIVM-PLATB  programs  [31]  use  rectangular  finite  elements 
with  a total  of  24  DOP;  the  assumed-displacement  interpolation  field  is 
bicubic  in  w and  bilinear  in  u and  v.  This  lower  order  element  presents 
^ 2 

lope  continuity  -g-  and  g]jj5y)aoross  the  element  boundaries  only  for  the 

vertical  displacement  w,  but  not  for  the  in-plane  displacements  u and  v. 
Also,  since  the  assumed-displacement  interpolation  field  is  only  bilinear 
for  the  in-plane  displacements  u and  v,  the  terms  that  involve  the  second 
derivatives  of  these  displacements  (present  in  the  large  strain  and 
rotation  strain-displacement  equatidns) , cannot  be  computed  in  an  analysis 
that  would  make  use  of  this  finite  element,  it  is  clear  that  this  24  DOP 
element  is  accurate  only  for  problems  where  the  vertical  displacement  w is 
much  more  important  than  the  in-plane  displacements  u and  v. 

It  is  also  clear  that  in  a general  large  strain  and  rotation  program, 
the  three  displacement  components  deserve  to  share  equal  importance  in  the 
assmned-displacement  field.  Also,  [Ref.  213,  page  215]  the  condition 
number*  for  cubics  is  only  slightly  worse  than  for  linear  elements,  so  that 
the  roundoff  errors  for  a given  element  size  (h)  are  comparable.  The 
discretization  error,  however,  is  an  order  of  magnitude  smaller  for  cubics. 
Therefore,  at  the  cross  over  point  where  roundoff  prohibits  any  further 
improvement  coming  from  a decrease  in  h„  the  cubic  element  is  much  more 
accurate.  This  applies  especially  to  the  computation  of  strains,  where 
differentiation  (or  differencing)  of  displacements  introduces  an  extra 
factor  h (h  for  bending)  into  the  numerical  error. 

One  can  express  the  displacement  field  u,  v,  w inside  an  element  by 
Hermitian  polynomials  ($)  that  interpolate  in  terms  of  the  generalized 
displacement  degtees  of  freedom  at  the  nodes  (q's) . Hence,  one  may  write 


raximum  eiger value  to  tlie  minimum 
the  mathematical  model  of  the  linear  structural  system. 


eigenvalue  of 
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I Xl^  liXI  / X I6>  f^XI  I XU  lixi 

Similarly,  tho  dorivativoa  may  bo  written  ap 


iXli  liXI  IX  /6XI 


Therefore,  one  has  to  store  matrices  (j^^J  , J • etc.)  that  involve  only 
16  terms  par  olomcnt  instead  of  48  because  exactly  tlie  same  interpolation 
polynomials  are  needed  for  each  of  the  three  displacement  components  u,  v# 
and  w*  This  is  a very  attractive  feature  of  the  large  strain  formulation 
when  a bicubic  displacement  field  is  used  for  all  three  displacement 
components ♦ 

B*2  Finite  Element  Formulation  and  Solution  Procedure 

As  noted  in  Section  6,  the  finite  element  formulation  and  solution 
procedure  used  herein  is  based  upon  the  Principle  of  Virtual  Work  including 
D ‘Alembert  inertia  forces;  further  the  unconventional  form  of  the  equations 
of  motion  (see  Eqs*  6.55  and  6*69)  are  utilized  rather  than  the  conventional 
form  (Bq.  6*68)  given  in  Subsection  6.2.3. 

In  the  process  of  a finite  element  dynamic  solution^  the  mass  matrix 

is  needed.  Mass  matrices  may  be  formed  in  various  ways:  (a)  “consistent” 

or  non-diagonal  and  (b)  “lumped”  or  diagonal.  Diagonal  mass  matrices  can 
be  formed  using  an  intuitive  physical  approach  (e.g.  by  “placing  masses”  at 
the  displacement  DOF)  or  by  using  a scheme  to  diagonalize  the  consistent 
mass  matrix  according  to  selected  rules.  The  consistent  mass  matrix  is 
obtained  from  the  e::pressidn  for  tho  kinetic  energy  through  volimie  integra- 
tion of  the  interpolation  functions. 

Botii  tho  mass  and  stiffness  do  not  change  during  tho  transient  solution 

and  are  not  a function  of  the  strain  or  stress  at  a given  time  or  location. 
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ThoBo  matricoo  havp  diman«ions  of  48  x 48  (2304  ontrlen)  for  tho  48  OOP 
finite  olomont  to  bo  uood  in  the  numorical  anolynis.  Taking  into  account 
Bymmotry  about  tho  diagonal#  thoro  ia  a total  of  possibly  [(48  x 48  - 48)/ 

2 + (48)]  1176  difforont  ontrioa  for  each  of  these  matricos. 

Because  of  tho  throvi  fold  symmetry  in  tho  interpolation  polynomials 
botwuen  tho  diaplaccsncnt  ccxnponcnts  u,  v,  and  w (tlio  same  Hormitian 
interpolation  polynomials  aro  required  for  each  displacement  component) # 
the  number  of  different  entries  is  reduced  dramatically.  The  exact  integra- 
tion of  the  element  consistent  mass  matrix  [m]  (Bq.  6.38)  has  revealed  only 
33  different  entries  (out  of  a possible  1176) . The  exact  integration  of 
the  element  linear  stiffness  matrix  [k]  (Eq.  6.63)  has  revealed  only  123 
different  entries  (out  of  a possible  1176) . 

Next,  note  that  the  consistent  externally-applied  prescribed  loads 
vector  {f}  for  each  element  arises  from  (a)  the  non-inertial  body  forces 
and  involves  an  integration  over  the  reference  volume  V„  of  the  element 
and  (b)  the  applied  surface  tractions  T involving  an  integral  over  the 
reference  surface  area  A„  # as  indicated  by  Bq.  6.41. 

The  remaining  terms  in  Eq*  6*37  for  the  unconventional  formulation 

pertain  to  6U  .(Eq*  6.18-6.19)  the  variation  of  tlie  work  of  the  internal 

stresses  From  Eq.  6.37  it  is  seen  that  the  element- level  contributions 

from  <5u  to  the  equations  of  motion  consist  of  {p}  and  [h]  {q}.  Also  note 

that  the  evaluation  of  {p}  and  of  th)  involves  an  integration  of  the 

stresses  and  strain-variation  quantities  over  the  reference  volume  of 

tile  element  V • When  applied  to  plate  or  shell  analysis,  these  integra- 
^n 

tions  are  performed  conveniently  in  -ermS  of  stress  resultants; 
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-r^FFrirr  r rrfri^w 


0 ^0 
where  C is  the  Lagrangian  or  material  thickness  ccordinato.  Since  S 

changes  with  time,  numerical  integration  through  the  thickness  is  used  to 

evaluate  also  to  complete  the  volume  integration,  numerical 

1 2 

integration  is  performed  over  the  x,y  or  the  ^ region  of  the  element. 

It  is  worth  pointing  out  at  this  stage,  that  another  attractive  feature 
of  the  48  DOF  element  is  that  it  requires  the  same  number  of  integration 
point/  as  the  lower  order  (and  hence  lower  accuracy)  element  which  has  24 
DOP.  The  reason  for  this  is  that  the  highest  order  polynomial  in  the  24 
DOF  element  (napely  the  complete  bicubic  in  w)  has  exactly  the  same  order 
as  the  polynomials  in  the  48  DOP  element  (complete  bicubics  in  u,  v and  w) 
Instead  of  proceeding  in  a routine  fashion,  taking  the  variation  and 
computing , the  resultant  terms  in  a straightforward  way,  the  terms  are 
grouped,  together  so  as  to  minimize  the  number  of  operations  and  storage 
in  the  computation  of  the  work  of  the  Internal  forces.  Also,  the  use  of 
Hermitian  interpolation  polynomials  and  the  threefold  symmetry  of  the  46 
DOP  element  also  helps  to  reduce  significantly  the  amount  of  storage  and 
computation. 

In  this  vector  formulation,  one  can  express  the  internal  force  arising 

fr<xn  the  linear  stiffness  and  the  geometric  and  material  nonlinearities 

simply  as  a column  vector  {l(t)}  defined  by 

48x1 


(B.4) 


46  A I 


4$  X I 


40X46  4#  A I 


Note  that  {l(t)}  consists  of  3 column  vectors  {l^(t) },  {l^(t)},  and  {l^(t) } 

16x1  16x1  16x1 

that  correspond  to  the  displacement  ccmiponents  u,  v,  and  w,  respectively. 


Further  the  same  16x1  interpolation  matrix  is  used  for  each  of  the  sub- 
matrices {l  },  {l  },  and  {l  }.  Applying  Eqs.  5.115-5.126  and  B.l  to 
V w 

Eq.  6*19#  otie  obtaihs: 

lix\  )4Xt  16X1  /iXI 

^That  is,  at  least  3 by  3 or  9 x,y  Gaussian  stations,  and  4 depthwise 
Gauss-ian-  stations  at  each  of  these  9 Gaussian  stations;  hence,  there 
would  be  a total  of  36  stations  per  element. 
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•('M'hfMt  .I'liHf  1 'f 


I 

I 


uxt  ^ 16X1 


5b) 


I^MI 


lixl 


xt 


UXI 


(Q.Sc) 


where 

' (B«5d) 


H.f«...<)-  H„ (i*^)  +H„4f  J,  - 

= H,,-^  + H,.  4y  - + J,.^ 


(B.5e) 


(B.5f) 


(B.5g) 


(B.5h) 


ay 


H>vCm,0  = H„4^  + 


(B.5i) 


(B.5j) 


I 
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■J-'""  [f  m“] 


(B.5k) 


(B.5R) 


(B.5m) 


(B.5n) 


L-'=  1 S"^3*  i M*"'=/S“W j 

(B.5q) 

and  a,  3#  Hr  have  been  defined  in  the  strain-displacement 

relations : Bqs • 5 * 115  5 • 126 » 

For  the  transient  response  solution,  it  is  recommended  that  one  employ 
the  vector  form  of  t^o  equations  of  motion  as  described  by  Eqs,  6 •89,  6*90, 
and  6.91.  These  equations  may  be  solved  by  Using  an  appropriate  timewise 
finite-difference  (or  finite-element)  operator  such  as  the  Houboltj  the 
Park,  etc.  — in  conjunction  with  (a)  extrapolation  of  the  nonlinear 
internal- loads  terms  without  iteration  or  (b)  by  iterating  to  convorgonce 
(if  possible)  within  a given  time  step  At  by,  for  example,  the  BFGS  method 
1704]  or  a quasi-Nowton  method  (215J . 
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APPENDIX  C 

ASSESSMENT  OP  STRESS-STRAIN  PROPERTIES  FROM  UNIAXIAD-TEST 
MEASUREMENTS  OP  INITIALLY-ISOTROPIC  MATERIAL 

As  indicated  in  Subsection  5.8,  the  axial’ relative  elongation  B of  a 
uniaxial  tost  specimen  is  defined  as  (Bq.  2.401) t 

fl_j> 

B = change  in  gage  length  _ o 
u “ original  gage  length  “ i 

o 

also  called  the  engineering  or  ncoiinal  strain,  and  it  is  a quantity 
or  measurement  which  extensometers  or  strain  gages  can  provide.  One  can 
ccanpute  the  logarithmic  strain  of  a uniaxial  test  specimen  in  terms  of 
E^  as  (Eqs.  2.407  and  2.410): 

5 

The  engineering  stress  of  a uniaxial  test  specimen  is  defined  as 
(Eq.  2.443):  _ 

01  = 

E (C.3) 

where  p is  the  force  transmitted  across  the  cross-sectional  area  of  the 
uniaxial  specimen  (the  applied  load)  and  A^  is  the  original  cross-sectional 
area  of  the  specimen.  The  engineering  stress  is  also  called  the  nominal 
or  1st  Piola-Kirchhoff  stress. 

One  can  compute  the  Kirchhoff  stress  of  a uniaxial  test  specimen  in 
terms  of  a and  E as  (Bq.  2.432); 

u U 

\ = '^E  (l  0 + ^a) 

Observe  that  the  Kirchhoff  stress  T can  be  very  easily  obtained  fr«tt 

experimental  measurements  of:  the  original  cross-sectional  area  A , the 

o 

applied  load  P,  and  the  axial  relative  elongation  (obtained  from  strain 
gages  or  extensometers) • These  quantities  (P|  and  E^)  are  the  quantities 
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that  have  been  and  ara  moat  often  moaaurod  in  oxporimonts , Many  authors 
have*  roforrod  to  tho  Kirchhoff  stress  as  the  ''true”  stross,  since  tho 
Kirchhoff  stress  is  defined  as  (Eqa.  2.425,  2.427,  and  2.432) 

4^  = “T—  ( I t ) * “T“  “T"  B CT  (C.5) 

W f A f r 

whore  ®.p  * ^ "true"  or  Cauchy  stress.  (Eq.  2.427) , (p)  is  the 

original  (present)  mass  density,  and  mass  conservation  given  by  p A A ■=  pAA 

o o o 

has  been  used.  Hence,  if  there  were  no  change  in  the  mass  density  (that  is, 

P “ P^)  t the  Cauchy  stress  would  be  equal  to  the  Kirchhoff  stress . It  is 
important  to  note  that  what  many  authors  plot  as  ^ approximate  "true"  stress 
(under  the  assumption  p ~ p^)  is  really  the  exact  measurement  of  the  Kirchhoff 
stress. 

For  example,  in  Eq.  8.3  of  Nadai’s  "Theory  of  Plow  and  Fracture  of 
Solids"  [115] , the  stress  measure  used  is  the  Kirchhoff  stress  (although  not 
so  stated)  and,  therefore,  the  stress  measure  labeled  as  "true  stress"  in 
the  graphs  pertaining  to  experiments  in  Nadai’s  book  is  really  the  Kirchhoff 
stress . 

Similarly,  G.I.  Taylor  used  the  Kirchhoff  stress.  For  example,  in 
Ref.  114,  it  is  not  clearly  stated  what  stress  measure  is  used.  However, 
one  can  deduce  what  is  the  stress  measure  used  by  G.I.  Taylor  from  the 
following  paragraph  (page  308,  Ref.  114) : 


"The  condition  for  fractvure  by  instability  owing 
to  the  formation  of  a local  "neck"  is 


T 


n 


(C.6) 


where  T is  the  stress,  Jl 


is  the  original  length  of  the  specimen,  and  A is 


the  present  length  of  the  specimen.  The  condition  for  "necking"  Iss 


dE, 


<o 


or 


d.Ok 

T1 


< o 


(C.7) 
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Slhco  tha  onginoQifing  atreBs  0^^,  la  rolatod  to  tho  Kirchhoff  atrosa  by 

(C.8) 


o’a  - Vr 


I 

u 


thon 


d.1 

is  equivalenu  to 


^ < o 


(C.9) 


< O 


(C.IO) 


or 


d(}) 


^9  ^ ^ T"  P 

i cLi  <L1 


< O 


(C.ll) 


or 


± i2a 

i 

oil 


V 


- < O 


(C.12) 


< 


X 


(C.13) 


Therefore,  one  obtains  the  following  inequalities  in  terms  of  the  Kirchhoff 
stress  s 


L ^'^u.  ^ I 


or 


^ C I 


(C.14) 


T„  J.I 


These  inequalities  are  exactly  the  same  as  Taylor's  inequalities  if  one  sets 

“J“  =:  'X  (C.15) 

The  stress  measure  T used  bV  G.I.  Taylor  is  the  Kirchhoff  stress.  Obviously, 
tho  stress  measure  T cannot  be  tho  true  stress  o^  because 
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■V* 


< o 


JLi 


T I 


JLi 


and  only  if  tho  donnity  in  constant, 


will  tho  truo  Htrosa  0,^,  bo  oqual  to  T ; 


(C.16) 


(C.17) 


/ = /o  T=cr^  = X (C.ie, 

Also  observe  that  J.F.  Bell  (]page  543,  Chapter  IV  of  Raf.  216)  is  incorrect 
when  ho  states  that  "Taylor  found  tliat  results  from  simple  tension  and 
compression  tests  on  poly crystal line  copper  coincided  when  nominal  or 
Piola-KirchhOff  stress  T (referred  to  original  area)  was  plotted  against 
logarithmic  or  "natural"  strain  (true  strain)".  Because,  as  just  shown,  T 
IS  the  Kirchhoff  stress  (and  to  a good  approximation  is  the  true  stress 
o^) » T is  not  the  hominal  stress  in  Taylor's  classic  work  (Ref,  114). 

^ In  preparing  the  uniaxial  static  tensile  test  data  in  Kirchhoff  stress 
versus  logarithmic  strain  (e*)  form,  the  data  in  the  strain  region 

where  necking  occurs  (that  is,  beyond  the  peak  in  engineering  stress 
dg  =>  P/A^)  should  be  modified  appropriately  to  "correct  for  necking", 
because  after  necking  occurs  a multiaxial  state  of  stress  is  developed. 
Various  schemes  for  making  such  corrections  have  been  developed.  See,  for 
example,  the  procedure  and  correction  factor  proposed  by  Bridgman  [217] 
based  upon  extensive  experimental  work.  For  more  information  on  necking, 
see  the  book  by  Lubahn  and  Felgar  [218] . Recent  work  on  computer  simulations 
of  tension  tests  of  ductile  metals  is  reported  by  Norris  et  al.  [219]  and 

by  Saje  [220] . An  excellent  recent  survey  article  on  this  subject  was 
prepared  by  Hutchinson  [221], 


+ 


Subscript  "o 


II 


refers  to  static  conditions. 
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0„=  approach  to  approximate  too  uniaxial  behavior  boyond  the  Incipiunt 

^tbt  and  tbo  rupturo  condition.  After  nockin,  occur,.,  it  in  bopol„„.  to 
ry  0 muanuro  tho  relative  olonuation  e with  oxtennumotorn  or  ntraln  ua,o„, 
etneo  too  prooino  location  of  the  nockin,  ntation  in  not  knovn  beforehand 
for  uniform  apecimonn,  and  bocauno  of  tho  non-uniform  ntate  of  ntrain  in 
t o nock  region.  Howovor,  tho  oronn-sootional  area  A of  tho  npocimon  at 
the  rupturo  atation  can  bo  measured  after  rupturo.  honoc,  one  can  oatimatc 
the  rue  streaa  (0^ , at  rupturo  (Ignorlag  any  olastio  rooovery,  asa.«,t„, 
a unifom  stress  through  the  cross-sectional  area  Aj,  and  Ignoring  the 
u iaxial  stress  conditions)  from  the  knovlodge  of  the  load  P,  at  rupture 

r!  ““  »f-  " v»f  °rder  to  compute  the 

logarithmic  strain  after  necking  occurs,  from  f knowledge  of  the  cross 

sectional  area,  it  is  necessary  to  assume  incompressibility,  since. 


* A.  C/+  ^ (C.15, 

and  for  incompressibility  (p  ::  p)  : 

A (C.20) 

Hsnee,  one  can  estimate  the  logarithmic  strain  at  rupture  (since  at 

the  associated  large  plastic  atraine,  tha  ductile  material  may  be  regarded 
fag^aving  in  an  incompressible  fashion)  by 

(e*)^  = (C.21) 

~~  S-  5 tor  ^=j> 

r~  R — I r 


(e*)^  = A 


(C.21) 


(C.22) 
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Finally#  th<3  "corrocted"  valuo  to  bo  uood  for  (T  in  aallod  (T^  ) 

9^  O 

and  may  bo  computod,  for  oxamplo,  by  uotng  Drldgman'H  [217]  oorrnction 
factor  by  (noa  Eq.  5,8  of  [210]) i 


- 


(C.23) 


where 


a “•  radius  of  the  (assumed  to  be  circular)  rupture  cross  section 


R o lateral  final  radius  of  curvature  of  the  tensile  test  specimen' 
at  the  rupture  station. 


Bridgman  [217]  presents  data  plots  (from  extensive  experiments)  from  which 
one  can  determine  the  ratio  a/R  from  a knowledge  of  Other  correction 

alternatives  may  be  found  in  Refs.  218-221. 

As  noted  in  Subsection  3.3.4,  the  static  uniaxial  stress-strain  data 

expressed  in  versus  e form  (including  the  data  points  at  incipient 
o 

necking  and  at  the  rupture  condition  as  just  described)  can  be  fitted  in  a 
piecewise-linear  fashion  for  use  in  the  mechanical-sublayer  material  model. 
Further#  data  from  uniaxial  stress-strain  tests  at  various  strain-rate 
levels  may  be  obtained  and  analyzed  to  deduce  the  approximate  rate  constants 
d and  p (or  ®d  and  ®p)  indicated  in  Bq.  3.64  (or  Eq.  3.43) . 


